
	

Continue

117083478518	14824685628	2235035242	184976168104	13184559360	8992634.6923077	16873948.518519	8705511.1866667	1674951564	146357173852	47989085.033333	23306264.862069	33534951	72050221.222222	338532787	1625369751	5256911.2876712	14866824.5125	67997047.25	13982403.57971	116753287.73333	181633294.8
32224624.892857	62953156.533333	13688590342	70301396.466667	59761392702	10317781.861111	8631149.525	112775135.38889	30884758.465517	79395385116	16781095.96

https://yubit.co.za/XSRYdR1H?utm_term=linear+algebra+and+its+applications+david+lay+pdf+online+free


Linear	algebra	and	its	applications	david	lay	pdf	online	free



Linear	algebra	and	its	applications	david	lay	6th	edition.	Linear	algebra	and	its	applications	david	lay.

Let	T	be	the	triangle	with	vertices	v1	,	v2	,	and	v3	.	12	6	9	15	13	5			1	5	2	6	7	3	2.	This	will	imply	that	their	union	is	also	a	subset	of	conv	.A	[	B/.	Recall	that	a	set	S	is	affine	if	it	contains	all	lines	determined	by	pairs	of	points	in	S	.	(See	Example	2.)	3.	33%	b.	You	would	have	to	know	that	the	solution	set	of	the	homogeneous	system	is	spanned	by	two
solutions.	By	the	Invertible	Matrix	Theorem,	A	is	invertible	and	its	columns	form	a	basis	for	R3	.	For	example,	every	column	of	1	u1	uT1	is	a	multiple	of	u1	.	Compute	q1	D	.p0	C	p1	/=2	and	r2	D	.p2	C	p3	/=2.	/	det	6	:	7	C	.	By	Theorem	5,	S	is	affinely	independent.	AAC	A	D	A	and	AC	AAC	D	AC	.	The	1	2	CHAPTER	1	Linear	Equations	in	Linear	Algebra
seismic	data	for	the	equations	are	obtained	from	underwater	shock	waves	created	by	explosions	from	air	guns.	[Hint:	See	Section	6.1.]	b.	C.,	and	F.	Explain	why	B	admits	a	QR	factorization,	and	use	it	to	create	the	Cholesky	factorization	of	A.	Find	the	smallest	eigenvalue,	accurate	to	six	decimal	places.	The	set	of	all	affine	combinations	of	points	in	a
set	S	is	called	the	affine	hull	of	S	.	The	set	is	linearly	dependent	because	the	zero	vector	is	in	the	set.	MATLAB	boxes	introduce	commands	as	they	are	needed.	Use	Exercise	5	and	an	eigenvector	basis	for	Rn	to	give	a	second	proof	of	the	decomposition	in	Exercise	4(b).	True	27.	2	3	8	X4	D	4	4	5	5	SOLUTION	The	sample	mean	is	02	3	2	3	2	3	2	31	2	3	2	3
8	7	4	5	1	20	1	@4	5	4	5	4	5	4	5A	14	5	4	5	2	C	8	C	4	2	C	16	D	4	MD	D	4	4	20	5	1	13	5	1	Subtract	the	sample	mean	from	X1	;	:	:	:	;	X4	to	obtain	2	3	2	3	2	3	4	1	2	O	1	D	4	2	5;	X	O	2	D	4	2	5;	X	O	3	D	4	4	5;	X	4	8	4	and	2	4	BD4	2	4	1	2	8	3	3	05	0	2	4	4	The	sample	covariance	matrix	is	2	4	1	SD	4	2	3	4	2	30	14	18	D	3	0	2	3	3	6	0	56	4	0	3	2	2	3	3	O4	D	405	X	0	1
2	8	2	4	4	4	1	2	3	2	2	4	0	18	24	24	10	0	24	5	D	4	6	0	96	6	8	8	3	4	87	7	45	0	3	0	85	32	To	discuss	the	entries	in	S	D	Œsij	,	let	X	represent	a	vector	that	varies	over	the	set	of	observation	vectors	and	denote	the	coordinates	of	X	by	x1	;	:	:	:	;	xp	.	P	D	4	1	1	0	1	0	0	1	2	2	3	3	0	0	0	1	1	1	1	05	1	0	5,	D	D	4	0	15.	T	F	F	d.	Orthogonal	matrices	will	appear	frequently
in	Chapter	7.	2	3	29:64	18:38	5:00	20:82	14:06	5	S	D	4	18:38	5:00	14:06	29:21	7.	for		D	6:8	5.	Figure	3	shows	grids	on	both	Spanfv2	v1	;	v3	v1	g	and	aff	fv1	;	v2	;	v3	g.	[M]	Let	A	D	6	6	7.	4	4	5,	4	6	5	1	6	2	7	2	3.	EXAMPLE	7	The	matrix	p	3=	11	6	p	U	D	4	1=	11	p	1=	11	2	p	1=p6	2=p6	1=	6	p	3	1=p66	7	4=p66	5	7=	66	is	an	orthogonal	matrix	because	it
is	square	and	because	its	columns	are	orthonormal,	by	Example	5.	If	xTAx	>	0	for	some	x,	then	the	quadratic	form	xTAx	is	positive	definite.	PROOF	The	columns	of	A	form	a	basis	fx1	;	:	:	:	;	xn	g	for	Col	A.	Show	that	if	A	is	an	n		n	positive	definite	matrix,	then	an	orthogonal	diagonalization	A	D	PDPT	is	a	singular	value	decomposition	of	A.	J.	Explain	why
fw1	;	:	:	:	;	wp	;	v1	;	:	:	:	;	vq	g	is	an	orthogonal	set.	Describe	a	linear	model	that	can	be	used	to	estimate	MA	and	MB	.	Also,	a	linearly	independent	set	cannot	be	affinely	dependent	and	therefore	must	be	affinely	independent.	F	T	F	c.	If	a	mixture	of	these	two	substances	at	time	t	D	0	contains	MA	grams	of	A	and	MB	grams	of	B,	then	a	model	for	the
total	amount	y	of	the	mixture	present	at	time	t	is	#	r	The	basic	idea	of	least-squares	fitting	of	data	is	due	to	K.	z	ì	ï	ï	ï	ï	ï	ï	í4	ï	ï	ï	ï	x2	ï	ï	î	x	x1	The	maximum	value	of	Q.x/	subject	to	xT	x	D	1	is	4.	Let	Xj	denote	the	observation	vector	in	R2	that	lists	the	weight	and	height	of	the	j	th	student.	3,	no.	2	3	2	3	2	3	1	0	0	617	617	607	7	6	7	6	7	EXAMPLE	2	Let
x1	D	6	4	1	5,	x2	D	4	1	5,	and	x3	D	4	1	5.	Then	by	Exercise	26	in	Section	7.2,	A	D	B	TB	for	some	positive	definite	matrix	B	.	Weight	these	data	half	as	much	as	the	rest	of	the	data.	Example	1	suggests	that	the	effect	of	A	on	the	unit	sphere	in	R3	is	related	to	the	quadratic	form	xT	.ATA/x.	The	following	theorem	handles	the	general	case	and	shows	how	the
concept	of	affine	dependence	is	analogous	to	that	of	linear	dependence.	Find	formulas	for	the	barycentric	coordinates	of	an	arbitrary	point	p	in	R3	.	This	is	impossible,	unless	each	weight	in	(8)	is	0,	because	S	is	an	affinely	independent	set.	In	each	case,	set	x0	D	.1;	0;	0;	0/	and	carry	out	approximations	until	the	approximating	sequence	seems	accurate
to	four	decimal	places.	Let	W	D	Span	fu;	vg.	For	all	k	,	the	Casorati	matrix	C.k/	is	not	invertible.	The	columns	of	X	are	orthogonal	because	the	entries	in	the	second	column	sum	to	0.	4	8	3.	6	4	:5	:5	:5	:5	5	:5	:5	:5	:5	Orthogonally	diagonalize	the	matrices	in	Exercises	13–22,	giving	an	orthogonal	matrix	P	and	a	diagonal	matrix	D	.	Hint:	Because	the	Xj
are	in	mean-deviation	form,	the	covariance	matrix	of	the	Xj	is	1=.N		1/	X1		XN		X1		XN	T	Compute	the	covariance	matrix	of	the	Yj	,	using	part	(a).	EXAMPLE	1	Find	the	maximum	and	minimum	values	of	Q.x/	D	9x12	C	4x22	C	3x32	subject	to	the	constraint	xTx	D	1.	Solve	the	expression	for	˛	to	see	that	t	D	.1	˛/m	C	˛M	.	[Hint:	Use	the	SVD	to	compute
ATA	and	AAT	.]	20.	Properties	of	conjugates	and	the	fact	that	xT	D	xT	;	b.	Not	orthogonal	2	17.	Corresponding	unit	eigenvectors	are,	respectively,	2	3	2	3	2	3	1=3	2=3	2=3	v1	D	4	2=3	5;	v2	D	4	1=3	5;	v3	D	4	2=3	5	2=3	2=3	1=3	The	maximum	value	of	kAxk2	is	360,	attained	when	x	is	the	unit	vector	v1	.	1;	0/,	.0;	2/,	.1;	4/,	and	.2;	4/,	assuming	that	the
first	and	last	data	points	are	less	reliable.	By	Theorem	1	in	Section	8.1,	v4	is	in	aff	fv1	;	v2	;	v3	g.	D	,	0	21	ˇ1	7:5	:20x	2	2	3	2	7:9	cos	1	9.	Since	p4	has	a	t	2	term,	it	cannot	be	a	linear	combination	of	p1	and	p2	,	so	keep	p4	.	Find	the	orthogonal	projection	of	t	3	onto	Span	fp0	;	p1	;	p2	g.	Individual	vectors	are	viewed	as	points.	2/k	,	then	ykC2	C	4ykC1	C
4yk	D	.	10	7	4	1=	12	5	p	1=	12	A49	3.	None	are	in	conv	S	.	Find	a	unit	vector	x	in	R3	at	which	Q.x/	is	maximized,	subject	to	xTx	D	1.			5	2	SOLUTION	The	matrix	of	the	quadratic	form	is	A	D	.	u1	D	4	5	5,	u2	D	4	9	5,	u3	D	4	0	5	21	32	3	2	3	2	3	2	3	28	38	21	b.	By	Axioms	1,	2,	and	then	1	again,	hu;	v	C	wi	D	hv	C	w;	ui	D	hv;	ui	C	hw;	ui	D	hu;	vi	C	hu;	wi.
Their	main	properties	are	given	in	Theorems	6	and	7.	Exercises	23	and	24	show		how	to		classify	a	quadratic	form	a	b	T	Q.x/	D	x	Ax,	when	A	D	and	det	A	¤	0,	without	findb	d	ing	the	eigenvalues	of	A.	By	Exercise	9,	rank	PA		rank	A,	and	rank	A	D	rank	P	1	PA		rank	PA.	y	D	6	405C4	0	3	2	17	7	35	1	15.			4	xO	D	17.	Find	the	best	approximation	to	p.t/	D	t	3
by	polynomials	in	Span	fp0	;	p1	;	qg.	4	1	0	0	3	3	1	1	2	3	2	3	7	4	4	3	2	4	5	05	6	25	20.	P	D	6	4	:5	:5	9	60	DD6	40	0	:5	:5	:5	:5	0	5	0	0	p	1=	3	6	p	23.	If	A	is	an	invertible	n		n	matrix,	then	the	ratio	1	=n	of	the	largest	and	smallest	singular	values	gives	the	condition	number	of	A.	Substituting	x	D	P	y	into	x0	D	Ax,	we	have	1.			4	11	14	,	then	the	linear
transformation	x	7!	Ax	maps	EXAMPLE	1	If	A	D	8	7	2	the	unit	sphere	fx	W	kxk	D	1g	in	R3	onto	an	ellipse	in	R2	,	shown	in	Fig.	From	the	formula	for	det.A	I	/	above,	the	algebraic	multiplicity	is	n	1	for	a	b	and	1	for	a	C	.n	1/b	.	0	2		2	3	2	3	4	1	0	8	1	15	5.	See	Computer	graphics	Heat	conduction,	131	Hermite	cubic	curve,	485	Hermite	polynomials,	229
Hidden	surfaces,	450	Hilbert	matrix,	116	Homogeneous	coordinates,	139–140,	141–142	Homogeneous	forms	and	affine	independence,	445,	452	Homogeneous	form	of	v	in	Rn	,	441–442	Homogeneous	system,	43–44	difference	equations,	246	in	economics,	49–51	subspace,	148,	199	Hooke’s	law,	104	Householder	matrix,	390	reflection,	161	Howard,
Alan	H.,	80	Hull,	affine,	437,	454	geometric	view	of,	441	Hyperbola,	404	Hypercube,	477–479	construction	of,	477–478	Hyperplane(s),	435,	440,	461–469	definition	of,	440	explicit	descriptions	of,	462–464	implicit	descriptions	of,	461–464	parallel,	462–464	separating	sets	of,	465–467	supporting,	470	Hyperspectral	image	processing,	429	Icosahedron,
435,	436	Identity	matrix,	38,	97,	106	Ill-conditioned	matrix,	114,	391	Ill-conditioned	normal	equation,	364	Image	processing,	multichannel,	393–394,	424–432	Image,	vector,	63	Imaginary	axis,	A5	Imaginary	numbers,	pure,	A5	Imaginary	part	complex	number,	A3	complex	vector,	297–298	Implicit	definition	of	Nul	A,	148,	200,	204	Implicit	description,
44,	263	Inconsistent	system,	4,	8	See	also	Linear	system	Indexed	set,	56,	208	Indifference	curve,	412–413	Inequality	Bessel’s,	390	Cauchy-Schwarz,	379–380	triangle,	380	Infinite	dimensional	space,	226	Infinite	set,	225n	Initial	value	problem,	312	Inner	product,	101,	330–331,	376	angles,	335	axioms,	376	on	C	Œa;	b,	380–382	evaluation,	380
length/norm,	333,	377	on	P	n	,	377	properties,	331	Inner	product	space,	376–390	best	approximation	in,	378–379	Cauchy–Schwarz	inequality	in,	379–380	definition	of,	376	distances	in,	377	in	Fourier	series,	387–388	Gram–Schmidt	process	in,	377–378	lengths	(norms)	in,	377	orthogonality	in,	377	for	trend	analysis	of	data,	385–386	triangle	inequality
in,	380	weighted	least-squares,	383–385	Input	sequence,	264	See	also	Control	system	Interchange	matrix,	106,	173	Interior	point,	465	Intermediate	demand,	132	International	Celestial	Reference	System,	448n	Interpolated	colors,	449–450	Interpolating	polynomial,	23,	160	Introduction	and	Examples,	10.1	Invariant	plane,	300	Inverse,	103	algorithm
for,	107–108	augmented	columns,	108	condition	number,	114,	116	determinant,	103	elementary	matrix,	106–107	flexibility	matrix,	104	formula,	103,	179	ill-conditioned	matrix,	114	linear	transformation,	113	Moore–Penrose,	422	partitioned	matrix,	119,	122	product,	105	stiffness	matrix,	104–105	transpose,	105	Inverse	power	method,	322–324
Invertible	I5	linear	transformation,	113	matrix,	103,	106–107,	171	Invertible	Matrix	Theorem,	112–113,	156,	157,	171,	235,	275,	421	Isomorphic	vector	spaces,	155,	230	Isomorphism,	155,	220–222,	249,	378n	Iterative	methods	eigenspace,	320–321	eigenvalues,	277,	319–325	formula	for	.I	C	/	1	,	134–135,	137	inverse	power	method,	322–324	Jacobi’s
method,	279	power	method,	319–322	QR	algorithm,	279,	280,	324	Jacobian	matrix,	304n	Jacobi’s	method,	279	Jordan	form,	292	Jordan,	Wilhelm,	12n	Junctions,	52	k	-crosspolytope,	480	Kernel,	203–205	k	-face,	470	Kirchhoff’s	laws,	82,	83	k	-pyramid,	480	Ladder	network,	128–129,	130–131	Laguerre	polynomial,	229	Lamberson,	R.,	265	Landsat
image,	393–394,	429,	430	LAPACK,	100,	120	Laplace	transform,	122,	178	Law	of	cosines,	335	Leading	entry,	12–13	Leading	variable,	18n	Least-squares	fit	cubic	trend,	372	(fig.)	linear	trend,	385–386	quadratic	trend,	385–386	scatter	plot,	371	seasonal	trend,	373,	375	(fig.)	trend	surface,	372	Least-squares	problem,	329,	360–375	column	space,	360–
362	curve-fitting,	371–372	error,	363–364	lines,	368–370	mean-deviation	form,	370	multiple	regression,	372–373	normal	equations,	329,	361–362,	370	orthogonal	columns,	364	plane,	372–373	QR	factorization,	364–365	residuals,	369	singular	value	decomposition,	422	I6	Index	Least-squares	problem	(continued)	sum	of	the	squares	for	error,	375,	383–
384	weighted,	383–385	See	also	Inner	product	space	Least-squares	solution,	330,	360,	422	alternative	calculation,	364–366	minimum	length,	422,	433	QR	factorization,	364–365	Left	distributive	law,	97	Left	singular	vector,	417	Left-multiplication,	98,	106,	107,	176,	358	Legendre	polynomial,	383	Length	of	vector,	331–332,	377	singular	values,	416
Leontief,	Wasily,	1,	132,	137n	exchange	model,	49	input–output	model,	132–138	production	equation,	133	Level	set,	462	Line(s)	degenerate,	69,	439	equation	of,	2,	45	explicit	description	of,	463	as	flat,	440	geometric	descriptions	of,	440	implicit	equation	of,	461	parametric	vector	equation,	44	of	regression,	369	Span	fvg,	30	translation	of,	45	Line
segment,	454	Line	segment,	directed,	25	Linear	combination,	27–31,	35,	194	affine	combination.	Theorem	5	characterizes	some	quadratic	forms	in	terms	of	eigenvalues.	This	fact,	which	is	also	true	for	any	square	matrix,	is	called	the	Cayley–Hamilton	theorem.	This	is	easily	verified	by	computing				1	6	A	D	:2	1	5	2		1	:2		D		7	1:4				1	D7	:2	The	sequence
fk	g	in	Example	2	converged	quickly	to	1	D	7	because	the	second	eigenvalue	of	A	was	much	smaller.	Let	A	be	an	n		n	symmetric	matrix,	let	M	and	m	denote	the	maximum	and	minimum	values	of	the	quadratic	form	xTAx,	and	denote	corresponding	unit	eigenvectors	by	u1	and	un	.	2	5	0	1	2	3			1	2=7	a.	The	smallest	eigenvalue	is	exactly	2.	4/2	C	82	D	84
p	The	least-squares	error	is	84.	¹	We	may	assume	that	W	is	not	the	zero	subspace,	for	otherwise	W	?	x32	4x1	x2	C	4x2	x3	7.	Show	that	the	Gram	matrix	of	any	matrix	A	is	positive	semidefinite,	with	the	same	rank	as	A.	A	GPS	satellite	calculates	its	position	relative	to	the	earth	by	measuring	the	time	it	takes	for	signals	to	arrive	from	three	ground
transmitters.	T	F	T	T	/x:	The	eigenvalue	is	5	.	Suppose	Ax	D	x,	with	x	¤	0.	Sections	1.1	and	1.2	present	a	systematic	method	for	solving	systems	of	linear	equations.	A	D	;	3:2	4:2											:5625	:3021	:2601	:2520	1	;	;	;	;	1	1	1	1	0		:5	:2	3.	P1	Then	p.A/x	D	.c0	I	C	c1	A	C	c2	A2	C				C	cn	An	/x	D	c0	x	C	c1	Ax	C	c2	A2	x	C				C	cn	An	x	D	c0	x	C	c1	x	C	c2	2	x	C				C
cn	n	x	D	p./x	So	p./	is	an	eigenvalue	of	the	matrix	p.A/.	Section	8.4,	page	467	1.	P	D	,DD	3	1	0	1	9.	Library	of	Congress	Cataloging-in-Publication	Data	Lay,	David	C.	Show	that	if	an	n		n	matrix	U	satisfies	.U	x/	.U	y/	D	x		y	for	all	x	and	y	in	Rn	,	then	U	is	an	orthogonal	matrix.	By	Theorem	11	in	Section	4.5,	dim	Col	B		dim	Nul	A.	When	m	is	1	or	2,	an	affine
combination	of	m	points	of	S	lies	in	S	,	by	the	definition	of	an	affine	set.	The	maximum	of	Q.x/	for	x	a	unit	vector	is	4,	and	the	maximum	is	attained	at		p				1=p2	1	the	unit	eigenvector	.	Currently,	this	ray-tracing	method	is	too	slow	for	real-time	rendering,	but	recent	advances	in	hardware	implementation	may	change	that	in	the	future.³	EXAMPLE	6	Let
2	3	1	v1	D	4	1	5;	6	2	3	8	v2	D	4	1	5;	4	2	3	5	v3	D	4	11	5;	2	2	3	0	a	D	4	0	5;	10	2	3	:7	b	D	4	:4	5;	3	and	x.t/	D	a	C	t	b	for	t		0.	The	normal	equations	are	D	,	whose	2	2	y	6	solution	is	the	set	of	.x;	y/	such	that	x	C	y	D	3.							1	0	2	15.	This	is	confirmed	by	the	graph	in	Fig.	Ab1	D	3b1	,	so	b1	is	an	eigenvector	of	A.	If	orthogonal,	find	the	inverse.	Write	your
answers	before	checking	the	Study	Guide.	Hint:	If	A	D	RTR,	where	R	is	invertible,	then	A	is	positive	definite,	by	Exercise	25	in	Section	7.2.	Conversely,	suppose	that	A	is	positive	definite.	P	D	Œ	p1	p2				pn	,	where	the	pi	are	probability	vectors.	Since	Nul	A	is	a	subspace,	all	linear	combinations	of	the	columns	of	B	are	in	Nul	A,	so	Col	B	is	a	subspace	of
Nul	A.	More	precisely,	the	angle	between	the	line	(subspace)	determined	by	Ak	x	and	the	line	(eigenspace)	determined	by	v1	goes	to	zero	as	k	!	1.	Then	there	exist	s1	and	s2	in	S	such	that	x	D	c	s1	C	d	s2	.	The	velocity	at	t	D	4:5	seconds	is	g	0	.4:5/	D	53:4	ft=sec.	Since	S	is	affine,	y	is	in	S	(by	Theorem	2).	A	quadratic	form	on	Rn	is	a	function	Q	defined
on	Rn	whose	value	at	a	vector	x	n	in	R	can	be	computed	by	an	expression	of	the	form	Q.x/	D	xTAx,	where	A	is	an	n		n	symmetric	matrix.	435	436	CHAPTER	8	The	Geometry	of	Vector	Spaces	FIGURE	1	The	five	Platonic	solids.	Find	the	matrix	of	the	quadratic	form.	and	the	utility	function	becomes	q.3x1	;	2x2	/	D	.3x1	/.2x2	/	D	6x1	x2	.	y	D	2	C	32	t	3.	All
multiples	of	4	p	p	56	7.	A	complete	explanation	is	provided	whenever	an	oddnumbered	writing	exercise	has	only	a	“Hint”	in	the	answers.	A	D	0	4	5	2	3	2	3	8	0	12	1	2	1	5,	x0	D	4	0	5	9.	Conversely,	suppose	y	D	c1	v1	C	c2	v2	C				C	cp	vp	(4)	where	c1	C				C	cp	D	1.	Q.x/	D	5x12	C	6x22	C	7x32	C	4x1	x2	(See	Exercise	1.)	4x2	x3	414	CHAPTER	7	Symmetric
Matrices	and	Quadratic	Forms	4.	A	basis	for	the	solution	set	of	this	equation	is	2	3	2	3	2	2	w	1	D	4	1	5;	w	2	D	4	0	5	0	1	(Check	that	w1	and	w2	are	each	orthogonal	to	u1	.)	(with	normalizations)	to	fw1	;	w2	g,	and	obtain	2	2	p	3	2=p5	6	u2	D	4	1=	5	5	;	u3	D	4	0	Finally,	set	U	2	1	AD4	2	2	Apply	the	Gram–Schmidt	process	p	3	2=p45	7	4=p45	5	5=	45	D	Œ
u1	u2	u3	,	take	†	and	V	T	from	above,	and	write	p	32	p	p	3	2	3"	p	2=p45	1=3	2=p5	1	3	2	0	1=p2	74	6	5	2	5	D	4	2=3	4=p45	5	0	0	1=	5	1=	2	2	0	0	2=3	0	5=	45	p	#	1=p2	1=	2	Applications	of	the	Singular	Value	Decomposition	The	SVD	is	often	used	to	estimate	the	rank	of	a	matrix,	as	noted	above.	[Note:	In	this	case,	the	combined	curve	is	still	C	1
continuous,	by	definition.	Some	mathematical	applications	are	integration	techniques,	polynomial	root	location,	conic	sections,	quadric	surfaces,	and	extrema	for	functions	of	two	variables.	0	3	0	0	3.	In	each	part,	A	represents	an	n		n	matrix.	Find	the	distance	from	y	to	the	subspace	of	R4	spanned	by	v1	and	v2	.	For	example,	include	just	two	adjacent
edges.	Let	p.t/	D	a0	C	a1	t	C	a2	t	2	C	t	3	,	and	let		be	a	zero	of	p	.	rank	A	D	3;	dim	Nul	A	D	3;	2	3	2	2	6	27	6	7	6	Basis	for	Col	A:	6	4	4	5,	4	2	3	2	3	6	3	607	37	7,	6	7	95	435	3	3	Basis	for	Row	A:	.2;	6;	6;	6;	3;	6/,	.0;	3;	0;	3;	3;	0/,	.0;	0;	0;	0;	3;	0/	2	3	2	3	2	3	3	0	3	607	6	17	6	07	6	7	6	7	6	7	617	6	07	6	07	7,	6	7,	6	7	Basis	for	Nul	A:	6	607	6	17	6	07	6	7	6	7	6	7
405	4	05	4	05	0	0	1	5.	P	D	4	1	1	0	1	0	0	1	17.	When	n	>	3,	formula	(2)	may	be	used	to	define	the	angle	between	two	vectors	in	Rn	.	The	ratio	for	v2	is	1	1	1	1	1		4	D	24	,	and	that	for	v4	is	12		4	D	48	.	0	2	11.	6	4	3	2	3	4	5,	4	5	3	2	3	6	17	7,	6	5	2	4	1	3	3	14	5	7	3	5	97	7	95	3	¹	See	Fundamentals	of	Matrix	Computations,	by	David	S.	(Of	course,	if	b	happens
to	be	in	Col	A,	then	b	is	Ax	for	some	x,	and	such	an	x	is	a	“least-squares	solution.”)	b	Axˆ	0	Col	A	Ax	Ax	FIGURE	1	The	vector	b	is	closer	to	AOx	than	to	Ax	for	other	x.	2/k	for	all	k	,	because	c	must	be	chosen	independently	of	k	.	D	2	.a	C	d	/	C	ad	b2	and	.	1	/.	2	/	D	2	.1	C	2	/	C	1	2	Equate	coefficients	to	obtain	1	C	2	D	a	C	d	and	1	2	D	ad	b	2	D	det	A.	2	vk2
D	2kuk2	C	2kvk2	.	(Explain	why.)	39.	6.3	a.	Conversely,	suppose	S	is	a	flat.	The	quotient	kbk=kbk	is	called	the	relative	change	in	b	(or	the	relative	error	in	b	when	b	represents	possible	error	in	the	entries	of	b/.	By	Theorem	6	in	Section	7.3,	the	maximum	value	is	the	greatest	eigenvalue	1	of	ATA.	Then	A	D	Œ	x1				xn		D	Œ	Qr1				Qrn		D	QR	The	fact
that	R	is	invertible	follows	easily	from	the	fact	that	the	columns	of	A	are	linearly	independent	(Exercise	19).	DEFINITION	A	set	S	is	affine	if	p;	q	2	S	implies	that	.1	t/p	C	t	q	2	S	for	each	real	number	t	.	The	convex	hull	of	the	profile	P	is	a	triangular	region.	See	Fig.	2	3	2	3	1	1	1	1	1	1	1	1	63	6	1	1	47	2	2	17	7		60	7	Œ	vQ	1	vQ	2	vQ	3	pQ			6	41	5	4	2	7	3	0	1
6	25	1	2	1	0	0	1	0	1	2	3	1	0	0	1:5	60	1	0	17	6	7				4	0	0	1	:5	5	0	0	0	0	By	Theorem	4,	1:5v1	v2	C	:5v3	D	p.	Show	that	this	implies	c2	D	c3	D	0.	u1	D	6	4	4	5,	u2	D	4	1	5,	u3	D	4	1	5,	u4	D	4	1	5,	1	1	4	1	2	3	10	6	87	7	xD6	4	2	5.	(b)	Infinitely	many	solutions.	This	construction	of	z2	is	just	the	Gram–Schmidt	process	of	Section	6.4.)	Since	the	eigenspace	is



twodimensional	(with	basis	v1	;	v2	/,	the	orthogonal	set	fv1	;	z2	g	is	an	orthogonal	basis	for	the	eigenspace,	by	the	Basis	Theorem.	P	D	"	p	1=p2	1=	2	p	1=	3	6	p	17.	You	can	avoid	tedious	calculations	if	you	use	the	program	gauss	discussed	in	the	Study	Guide.	Given	any	scalar	˛	,	let	z	D	y	˛	u,	so	that	(1)	is	satisfied.	Use	the	method	of	Example	2	and
subtract	one	point	from	the	other	two.	The	barycentric	coordinates	are	.	Add	2	times	equation	2	to	equation	1	and	obtain	the	system:	8	2	3	D	29	ˆ	1	0	0	29	j2	j		j3	j						jn	j	(1)	Strictly	larger	As	we	saw	in	equation	(2)	of	Section	5.6,	if	x	in	Rn	is	written	as	x	D	c1	v1	C				C	cn	vn	,	then	Ak	x	D	c1	.1	/k	v1	C	c2	.2	/k	v2	C				C	cn	.n	/k	vn	.k	D	1;	2;	:	:	:/	Assume
c1	¤	0.	kwk	6.	This	dependence	can	also	be	established	using	(d)	in	Theorem	5	instead	of	(c).	Then	the	affine	hull	of	fv1	;	v2	g	is	the	set	y	D	.1	t/v1	C	t	v2	;	with	t	in	R	(1)	This	set	of	points	includes	v1	(when	t	D	0)	and	v2	(when	t	D	1).	The	Cauchy--Schwarz	Inequality	For	all	u,	v	in	V	,	jhu;	vij		kuk	kvk	(4)	²	See	Statistics	and	Experimental	Design	in
Engineering	and	the	Physical	Sciences,	2nd	ed.,	by	Norman	L.	If	b	is	in	the	column	space	of	A,	then	every	solution	of	Ax	D	b	is	a	least-squares	solution.	Additional	component	images	can	also	be	constructed,	by	criteria	that	will	be	explained	in	Section	7.5.	393	394	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	Principal	component	analysis	is
illustrated	in	the	photos	below,	taken	over	Railroad	Valley,	Nevada.	p	p	p	p	p	19.	Algebras,	Linear–Textbooks.	Notice	that	B	,	or	rather	.A	˛I	/	1	,	does	not	appear	in	the	algorithm.	Show	that	if	Ax	D	0,	then	ATAx	D	0.	[M]	The	matrices	C	and	R	given	for	Exercise	35	work	here,	and	A	D	CR.	For	instance,	.5;	6:5;	3/	is	a	solution	of	system	(2)	because,	when
these	values	are	substituted	in	(2)	for	x1	;	x2	;	x3	,	respectively,	the	equations	simplify	to	8	D	8	and	7	D	7.	Show	that	a	set	fv1	;	:	:	:	;	vp	g	in	Rn	is	affinely	dependent	when	p		n	C	2.	6.6	APPLICATIONS	TO	LINEAR	MODELS	A	common	task	in	science	and	engineering	is	to	analyze	and	understand	relationships	among	several	quantities	that	vary.
Compare	this	with	the	cosine	of	the	angle	between	Au	and	Av.	d.	(If	rkk	<	0,	multiply	both	rkk	and	uk	by	1.)	This	shows	that	xk	is	a	linear	combination	of	the	columns	of	Q	using	as	weights	the	entries	in	the	vector	2	3	r1k	6	::	7	6	:	7	6	7	7	6	rk	D	6	rkk	7	6	0	7	6	:	7	4	::	5	0	That	is,	xk	D	Qrk	for	k	D	1;	:	:	:	;	n.	He	has	also	served	as	a	visiting	professor	at
the	University	of	Amsterdam,	the	Free	University	in	Amsterdam,	and	the	University	of	Kaiserslautern,	Germany.	EXAMPLE	4	Find	the	distance	in	Fig.	The	equations	p		4x1	5x2	C	2	D	x1	and	x2	D	2	6	x1	C	x3	are	both	linear	because	they	can	be	rearranged	algebraically	as	in	equation	(1):	p	3x1	5x2	D	2	and	2x1	C	x2	x3	D	2	6	The	equations	4x1	5x2	D	x1
x2	and	p	x2	D	2	x1	6	p	are	not	linear	because	of	the	presence	of	x1	x2	in	the	first	equation	and	x1	in	the	second.	Data	Files	Hundreds	of	files	contain	data	for	about	900	numerical	exercises	in	the	text,	Case	Studies,	and	Application	Projects.	(See	Section	5.2.)	Then	B	is	invertible	because	it	is	the	product	of	invertible	matrices.	[Hint:	The	eigenvalues	of
the	matrix	of	the	quadratic	form	Q	are	9	and	3.]	9.	Recall	from	v2		v1	Section	6.2	that	the	projection	of	v2	onto	v1	is	v1	,	and	the	component	of	v2	v1		v1	orthogonal	to	v1	is	3	2	3	2	3	2	1=4	1=2	1	v2		v1	1=2	405	D	4	1	5	z	2	D	v2	v1	D	4	1	5	v1		v1	2	1=4	0	1	7.1	Diagonalization	of	Symmetric	Matrices	397	Then	fv1	;	z2	g	is	an	orthogonal	set	in	the
eigenspace	for		D	7.	w1	D	4	9	5,	w2	D	4	13	5,	w3	D	4	7	5	3	2	3	Section	4.8,	page	251	1.	If	A	is	orthogonally	diagonalizable,	then	A	is	symmetric,	by	Theorem	2.	To	produce	a	QR	factorization	of	a	matrix	A,	a	computer	program	usually	left-multiplies	A	by	a	sequence	of	orthogonal	matrices	until	A	is	transformed	into	an	upper	triangular	matrix.		226	90
525	209	2		3	1	5.	.U	x/	.U	y/	D	0	if	and	only	if	x		y	D	0	Properties	(a)	and	(c)	say	that	the	linear	mapping	x	7!	U	x	preserves	lengths	and	orthogonality.					3	5	3	5	1.	[M]	Let	U	be	the	matrix	in	Exercise	25.	Find	the	maximum	value	of	Q.x/	D	7x12	C	3x22	2x1	x2	,	subject	to	the	constraint	x12	C	x22	D	1.	The	diagonalization	of	a	symmetric	matrix,	described
in	Section	7.1,	is	the	foundation	for	the	discussion	in	Sections	7.2	and	7.3	concerning	quadratic	forms.	If	the	eigenvalues	close	to	4	and	4	are	known	to	have	different	absolute	values,	will	the	power	method	work?	(In	Section	6.5,	yO	was	written	as	Ax	so	that	yO	was	in	the	column	space	of	A.)	Denote	the	entries	in	yO	by	yO1	;	:	:	:	;	yOn	.	Hint:	Write	X
and	y	as	in	equation	(1),	and	compute	X	TX	and	X	Ty.	17.	The	following	algorithm	gives	the	details.	The	orthogonal	change	of	variable	X	D	P	Y	means	that	each	observation	vector	Xk	receives	a	“new	name,”	Yk	,	such	that	Xk	D	P	Yk	.	2/k	D	c.	A	notable	feature	of	the	exercises	is	their	numerical	simplicity.	f	.x1	;	x2	/	D	3x1	C	4x2	and	d	D	13	3.	EXAMPLE
4	Compute	the	distance	between	the	vectors	u	D	.7;	1/	and	v	D	.3;	2/.	Compute	k	D	˛	C	.1=k	/.	TABLE	3	k	xk	yk	k	k	The	Inverse	Power	Method	0	1	3	4	:5736	4	:0646	5	1	2	3	5:0131	4	:0442	5	9:9197	:5054	4	:0045	5	1	2	3	5:0012	4	:0031	5	9:9949	:5004	4	:0003	5	1	2	3	5:0001	4	:0002	5	9:9996	3	:50003	4	:00002	5	1	2	3	5:000006	4	:000015	5	9:999975
2.03	2.0008	2.00005	2.000004	2.0000002	7.76	2	2	2	3	1	415	1	2	3	4:45	4	:50	5	7:76	3	9.9197	2	3	9.9949	2	3	9.9996	2	9.999975	If	an	estimate	for	the	smallest	eigenvalue	of	a	matrix	is	not	available,	one	can	simply	take	˛	D	0	in	the	inverse	power	method.	416	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	The	Singular	Values	of	an	m		n	Matrix
Let	A	be	an	m		n	matrix.	Exercises	21–24	refer	to	V	D	C	Œ0;	1,	with	the	inner	product	given	by	an	integral,	as	in	Example	7.	Section	4.9,	page	260	1.	p	3	0	p2	3		Find	an	SVD	of	each	matrix	in	Exercises	5–12.	2	3	2	3	5	9	5=6	1=6	6	1	6	77	5=6	7	7	7,	Q	D	6	1=6	13.	Suppose	the	first	few	Fourier	coefficients	of	some	function	f	in	C	Œ0;	2	are	a0	,	a1	,	a2	,
and	b1	,	b2	,	b3	.	p3	and	p4	are	outside	conv	T	.	The	accuracy	of	the	prediction	astonished	the	European	scientific	community.	Compute	the	orthogonal	projection	of	p2	onto	the	subspace	spanned	by	p0	and	p1	.	EXAMPLE	1	An	example	of	two-dimensional	data	is	given	by	a	set	of	weights	and	heights	of	N	college	students.	Describe	a	fast	way	to
determine	when	three	points	are	collinear.	When	A	is	symmetric,	the	sequence	of	orthogonal	matrices	combines	to	form	an	orthogonal	matrix	whose	columns	are	eigenvectors	of	A.	[Hint:	Use	a	theorem,	and	explain	why	the	hypotheses	of	the	theorem	are	satisfied.]	This	equation	is	extremely	important	in	statistics,	both	in	regression	theory	and	in	the
analysis	of	variance.	Subtract	M	from	the	observation	vectors	(the	columns	in	65	the	table)	and	obtain			10	5	5	5	15	BD	4	5	1	3	7	Then	the	sample	covariance	matrix	is	SD	1	5	1			1	400	D	4	190	10	4	190	100	5	5		5	1	D		5	3	100:0	47:5	15	7	6	6	6	6	4	47:5	25:0	2.	Legendre,	P.,	and	L.	By	(3),	the	x	that	corresponds	to	y	D	e1	is	the	eigenvector	u1	of	A,
because	2	3			1	u2	u	3	4	0	5	D	u1	x	D	P	e1	D	u	1	0	Thus	M	D	a	D	eT1	D	e1	D	uT1Au1	,	which	proves	the	statement	about	M	.	The	filter	equation	is	a0	ykC2	C	a1	ykC1	C	a2	yk	D	´k	ykC2	ykC1	2	kD0	kD1	6	6	::	6	:	6	6	6	6	6	6	6	4	kD7	19.	Q.x/	D	7x12	C	3x22	C	3x1	x2	7.	Hence	w	is	in	the	subspace	spanned	by	v1	,	v2	,	and	v3	:	37.	t	2	,	q.t/	D	3	C	2t	2	.
Johnson	and	Fred	C.	Since	A		.A	[	B/,	it	follows	from	Exercise	22	that	aff	A		aff	.A	[	B/.	EXAMPLE	5	Show	that	fv1	;	v2	;	v3	g	is	an	orthonormal	basis	of	R3	,	where	p	3	3=p11	6	7	v1	D	4	1=	11	5;	p	1=	11	2	SOLUTION	Compute	p	p	p	3=	66	C	2=	66	C	1=	66	D	0	p	p	p	v1		v3	D	3=	726	4=	726	C	7=	726	D	0	p	p	p	v2		v3	D	1=	396	8=	396	C	7=	396	D	0	Thus
fv1	;	v2	;	v3	g	is	an	orthogonal	set.	(See	Section	6.1.)	Using	properties	of	the	inner	product,	compute	z2		u1	D	.c3	u3	C	c4	u4	C	c5	u5	/	u1	D	c3	u3		u1	C	c4	u4		u1	C	c5	u5		u1	D0	because	u1	is	orthogonal	to	u3	,	u4	,	and	u5	.	The	simple	numerical	exercises	that	begin	each	exercise	set	only	help	you	check	your	understanding	of	basic	procedures.	d.	If	v1
;	:	:	:	;	vp	are	in	Rn	and	if	the	set	fv1	v2	;	v3	v2	;	:	:	:	;	vp	v2	g	is	linearly	dependent,	then	fv1	;	:	:	:	;	vp	g	is	affinely	dependent.	In	fact,	any	two	of	the	vectors	e2	;	:	:	:	;	e5	will	extend	fv1	;	v2	;	v3	g	to	a	basis	of	R5	.	Show	that	B	is	diagonalizable	by	finding	a	suitable	factorization	of	B	.	7.	In	Exercises	21	and	22,	all	vectors	and	subspaces	are	in	Rn	.	u2	yˆ	2
=	projection	onto	u2	y	0	yˆ	1	=	projection	onto	u1	u1	FIGURE	4	A	vector	decomposed	into	the	sum	of	two	projections.	An	orthogonal	basis	for	Col	A	D	Span	fx1	;	x2	;	x3	g	was	found	in	that	example:	2	3	2	3	2	3	1	3	0	617	6	17	6	2=3	7	0	7	6	7	6	7	v1	D	6	4	1	5;	v2	D	4	1	5;	v3	D	4	1=3	5	1	1	1=3	To	simplify	the	arithmetic	that	follows,	scale	v3	by	letting
v03	D	3v3	.	Although	the	set	of	all	linear	combinations	of	b1	,	b2	,	and	b3	is	all	of	R3	,	the	set	of	all	affine	combinations	is	only	the	plane	through	b1	,	b2	,	and	b3	.	Compute	the	least-squares	error	associated	with	the	leastsquares	solution	found	in	Exercise	4.	Suppose	x	is	a	unit	eigenvector	of	a	matrix	A	corresponding	to	an	eigenvalue	3.	6	6	6	6	6	AD6
6	6	6	6	4	6	1	3	6	2	3	2	1	3	2	6	3	1	6	1	2	6	1	3	6	2	3	2	1	3	1	67	7	27	7	17	7	37	7	27	7	35	6	36.	This	vector	0	1=	2	maximizes	the	quadratic	form	yTD	y	instead	of	Q.x/.]	7.4	THE	SINGULAR	VALUE	DECOMPOSITION	The	diagonalization	theorems	in	Sections	5.3	and	7.1	play	a	part	in	many	interesting	applications.	8	SOLUTION	Compute	By	Theorem	5,	y	
u1	D	11;	u1		u1	D	11;	yD	y		u2	D	12;	u2		u2	D	6;	y		u3	D	33	u3		u3	D	33=2	y		u2	y		u3	y		u1	u1	C	u2	C	u3	u1		u1	u2		u	2	u3		u3	11	12	33	u1	C	u2	C	u3	11	6	33=2	D	u1	2u2	2u3	D	Notice	how	easy	it	is	to	compute	the	weights	needed	to	build	y	from	an	orthogonal	basis.	2=	5	25.	The	reason	for	the	rapid	convergence	is	that	the	next-to-smallest	eigenvalue
is	near	.85.		D	1:	4	1	5;		D	2:	4	2	5;		D	3:	4	1	5	0	2	1	2	3	2	3	1	1	15.	The	next	theorem	provides	another	view	of	affine	combinations,	which	for	R2	and	R3	is	closely	connected	to	applications	in	computer	graphics,	discussed	in	the	next	section	(and	in	Section	2.7).	For	instance:	Section	6.6,	page	374	1.	By	part	(b),	w	x0	D	v1	C	c2	v2	C	c3	v3	T(u)	x1	2	27.
Suppose	observations	of	a	newly	discovered	comet	provide	the	data	below.													125	509	2045	5	29	1	;	;	;	;	;	253	1021	4093	61	1	13	6.	Find	the	best	approximation	to	p.t/	D	5	21	t	4	by	polynomials	in	P2	.	Let	A1	consist	of	the	r	pivot	columns	in	A.	x	D	2	4	2.	All	three	notions	are	defined	in	terms	of	the	inner	product	of	two	vectors.	Find	the	principal
components	of	the	data	for	Exercise	2.	A	(square)	matrix	A	is	invertible	if	and	only	if	there	is	a	coordinate	system	in	which	the	transformation	x	7!	Ax	is	represented	by	a	diagonal	matrix.	The	given	set	of	A	D	4	vT	5	D	4	1	T	v	1	2	5	A47	equations	is	Ax	D	b,	and	the	set	of	all	least-squares	solutions	coincides	with	the	set	of	solutions	of	ATAx	D	AT	b
(Theorem	13	in	Section	6.5).	2/3	1=3			:9	13.					1	0	1	0	7.	6	43	1	05	2	1	1	17.	Find	the	distance	from	b	D	.1;	1;	1;	1;	1;	1;	1;	1/	to	Col	U	.	Let	p0	,	p1	,	and	p2	be	the	orthogonal	polynomials	described	in	Example	5,	where	the	inner	product	on	P4	is	given	by	evaluation	at	2,	1,	0,	1,	and	2.	Verify	the	properties	of	AC	:	a.	p.t/	D	4p0	:1p1	:5p2	C	:2p3		D	4	:1t
:5.t	2	2/	C	:2	65	t	3	176	t	(This	polynomial	happens	to	fit	the	data	exactly.)	5.	Then	we	seek	an	xO	that	makes	AOx	D	yO	as	close	to	y	as	possible.	Thus	the	values	of	Q.x/	for	x	¤	0	coincide	with	the	values	of	the	expression	on	the	right	side	of	(4),	which	is	obviously	controlled	by	the	signs	of	the	eigenvalues	1	;	:	:	:	;	n	,	in	the	three	ways	described	in	the
theorem.	I	encourage	you	to	read	the	first	five	pages	of	the	Preface	to	learn	more	about	the	structure	of	this	text.	Explain	why	Q	is	an	orthogonal	matrix.	A	major	achievement	of	this	text	is	that	the	level	of	difficulty	is	fairly	even	throughout	the	course.	Thank	you	all	so	much.	Kincaid,	The	University	of	Texas	at	Austin	Douglas	B.	Hence	equation	(8)	has
a	solution.	1	15.	When	a	quadratic	form	Q	has	no	cross-product	terms,	it	is	easy	to	find	the	maximum	and	minimum	of	Q.x/	for	xTx	D	1.	Here	are	the	numerical	answers:	2	3	2	3	2	3	6	6	5	a.	5,	5.	(The	number	of	rows	always	comes	first.)	Matrix	notation	will	simplify	the	calculations	in	the	examples	that	follow.	2	2	3	6			6	37	2	6	7	is	in	21.	EXAMPLE	5
Compute	the	various	percentages	of	variance	of	the	Railroad	Valley	multispectral	data	that	are	displayed	in	the	principal	component	photographs,	(d)–(f),	shown	in	the	chapter	introduction.	²	If	the	measurement	errors	are	in	x	instead	of	y	,	simply	interchange	the	coordinates	of	the	data	.xj	;	yj	/	before	plotting	the	points	and	computing	the	regression
line.	Av1	D	v1	,	Av2	D	:5v2	,	Av3	D	:2v3	.	12.	Then	the	columns	of	P	are	Œu1	C	;	Œu2	C	,	and	Œu3	C	.	Prove	Theorem	6	for	an	affinely	independent	set	S	D	fv1	;	:	:	:	;	vk	g	in	Rn	.	If	a	square	matrix	has	orthonormal	columns,	then	it	also	has	orthonormal	rows.	See	the	Study	Guide	after	you	have	written	your	answers.	F	O	U	R	T	H	E	D	I	T	I	O	N	Linear
Algebra	and	Its	Applications	David	C.	329	330	CHAPTER	6	Orthogonality	and	Least	Squares	Both	the	NAD	and	GPS	problems	are	solved	by	finding	a	vector	that	“approximately	satisfies”	an	inconsistent	system	of	equations.	So	adding	scalar	multiples	of	the	rows	of	A	to	xT	can	produce	the	zero	vector,	which	shows	that	xT	is	in	Row	A.	[Hint:	Consider
quadratic	forms.]	28.	4	05	4	25	425	6	3	0	7.	79–100.	Show	that	the	mapping	x	7!	projL	x	is	a	linear	transformation.	If	Ax	D	x	and	kxk	D	1,	then	kAxk	D	kxk	D	jj	kxk	D	jj	(1)	If	1	is	the	eigenvalue	with	the	greatest	magnitude,	then	a	corresponding	unit	eigenvector	v1	identifies	a	direction	in	which	the	stretching	effect	of	A	is	greatest.	If	m	is	the	average	of
t1	;	:	:	:	;	tN	,	then	the	sample	variance	is	given	by	1	N	n	X	1	kD1	.tk	m/2	.1/	Applications	to	Image	Processing	and	Statistics	7.5	Show	how	the	sample	covariance	matrix,	S	,	defined	prior	to	Example	3,	may	be	written	in	a	form	similar	to	(1).	This	commutativity	of	the	inner	product	holds	in	general.	For	this	reason,	it	is	common	to	write	1	X	a0	C	.am	cos
mt	C	bm	sin	mt/	f	.t/	D	2	mD1	This	expression	for	f	.t/	is	called	the	Fourier	series	for	f	on	Œ0;	2.	1	(Redwood	City,	CA:	Addison-Wesley,	1991),	Sec.	Roughly	speaking,	use	the	x1	term	in	the	first	equation	of	a	system	to	eliminate	the	x1	terms	in	the	other	equations.	Describe	the	set	H	of	vectors	that	are	b	y	orthogonal	to	v.	(See	Exercises	9	and	10.)	9.	In
Exercises	9–12,	find	(a)	the	orthogonal	projection	of	b	onto	Col	A	and	(b)	a	least-squares	solution	of	Ax	D	b.	u	=	yˆ	1	+	yˆ	2	u	1	1	2	u2	2	0	yˆ	1	u1	FIGURE	3	The	orthogonal	projection	of	y	is	the	sum	of	its	projections	onto	one-dimensional	subspaces	that	are	mutually	orthogonal.	Intriligator,	Ronald	G.	What	is	4.	Is	p1	in	aff	S	?	If	the	columns	of	A	are
linearly	independent,	then	the	equation	Ax	D	b	has	exactly	one	least-squares	solution.	y	D	4	2=3	5	C	4	7=3	5	8=3	7=3	2	3	3	6	17	7	11.	From	Example	1,	the	problem	is	to	determine	if	the	points	are	affinely	dependent.	In	this	case,	extremely	small	nonzero	singular	values	are	assumed	to	be	zero	for	all	practical	purposes,	and	the	effective	rank	of	the
matrix	is	the	number	obtained	by	counting	the	remaining	nonzero	singular	values.1	The	Singular	Value	Decomposition	The	decomposition	of	A	involves	an	m		n	“diagonal”	matrix	†	of	the	form			D	0	†D	0	0	✛	m	r	rows	✻	n	(3)	r	columns	where	D	is	an	r		r	diagonal	matrix	for	some	r	not	exceeding	the	smaller	of	m	and	n.	Given	any	t	2	R,	we	must	show
that	z	D	.1	t	/p	C	t	q	is	in	f	.S/.	If	A	is	symmetric	and	the	quadratic	form	xTAx	has	only	negative	values	for	x	¤	0,	then	the	eigenvalues	of	A	are	all	negative.	446	CHAPTER	8	The	Geometry	of	Vector	Spaces	EXAMPLE	1	The	affine	hull	of	two	distinct	points	p	and	q	is	a	line.	EXAMPLE	3	Let	y	D	SOLUTION	Compute					4	7	D	40		2	6					4	4		D	20	uu	D	2	2	yu
D	The	orthogonal	projection	of	y	onto	u	is					40	yu	4	8	uD	uD2	yO	D	D	2	4	uu	20	and	the	component	of	y	orthogonal	to	u	is							1	8	7	D	y	yO	D	2	4	6	The	sum	of	these	two	vectors	is	y.	Find	an	orthogonal	matrix	P	such	that	the	change	of	variable	x	D	P	y	transforms	xTAx	into	a	quadratic	form	with	no	crossproduct	term.	Then	show	that	kz	pk	D	kŒ.1	D
k.1	t	/x	C	t	y		t/.x	pk	p/	C	t.y	t	/x	C	t	y,	where	p/k	<	ı:	Section	8.5,	page	479	1.	By	allowing	students	to	access	matrices	and	vectors	for	a	particular	problem	with	only	a	few	keystrokes,	the	data	files	eliminate	data	entry	errors	and	save	time	on	homework.	After	the	first	example,	you	will	see	why	these	three	operations	do	not	change	the	solution	set	of
the	system.					3	3i	3	C	3i	e	3it	11.	And	this	value	is	attained	for	x	D	.0;	1;	0/,	which	is	an	eigenvector	for	the	second	greatest	eigenvalue	of	the	matrix	of	the	quadratic	form.	Hint:	Construct	a	suitable	2		2	triangular	matrix.	Show	how	to	obtain	a	QR	factorization	of	A1	,	and	explain	why	your	factorization	has	the	appropriate	properties.	Write	the
keystrokes	or	commands	you	use	to	solve	this	problem.	0	=	p1	p2	–	p1	w	p0	–	p1	w	=	(p0	–	p1)	+	(p2	–	p1)	=	1	x"(0)	6	5.	Hint:	Compute	T	.p	C	q/	and	T	.c		p/	for	arbitrary	p,	q	in	P2	and	an	arbitrary	scalar	c	.	;	;	;	0	0	3	5									0	7	6	0	;	;	;	7.	1;	the	three	line	segments	there	are	mutually	perpendicular.					:8	0	1	0	a.	Use	Exercise	18	to	show	that	conv	A	and
conv	B	are	both	subsets	of	conv	.A	[	B/.		D	3	C	2i	,	4	4					1	i	1Ci	5.	Parts	(c)	and	(d)	give	useful	methods	for	determining	whether	a	set	is	affinely	dependent.	Given	any	x	in	Rn	,	compute	B	x	and	show	that	B	x	is	the	orthogonal	projection	of	x	onto	u,	as	described	in	Section	6.2.	b.						4	0	ˇ0	9	b.	7,	5,	4,	3,	4,	5,	6,	6,	7,	8,	9,	8,	7;	see	figure:	=	original	data
=	smoothed	data	10	8	6	4	2	k	0	23.	From	this	and	from	Exercise	19,	obtain	the	standard	formula	for	SS(E):	The	normal	equations	for	a	least-squares	line	y	D	ˇO0	C	ˇO1	x	may	be	written	in	the	form	P	P	nˇO0	C	ˇO1	x	D	y	.7/	P	P	P	ˇO0	x	C	ˇO1	x	2	D	xy	19.	Since	A	is	symmetric,	Theorem	2	guarantees	that	there	is	an	orthogonal	matrix	P	such	that	P	TAP
is	a	diagonal	matrix	D	,	and	the	quadratic	form	in	(2)	becomes	yTD	y.	The	conditions	for	a	subspace	are	obviously	satisfied:	The	zero	matrix	is	in	H	,	the	sum	of	two	upper	triangular	matrices	is	upper	triangular,	and	any	scalar	multiple	of	an	upper	triangular	matrix	is	again	upper	triangular.	Thus	(6)	displays	y	as	an	affine	combination	of	two	points	in	S
,	and	so	y	2	S	.	Gauss	(and,	independently,	to	A.	The	subscript	n	may	be	any	positive	integer.	3:5;	1/,	.	His	efforts	at	Harvard	in	1949	marked	one	of	the	first	significant	uses	of	computers	to	analyze	what	was	then	a	largescale	mathematical	model.	Page	435	“School	of	Athens”	fresco:	School	of	Athens,	from	the	Stanza	della	Segnatura	(1510–11),
Raphael	Fresco.	Then	write	y	as	the	sum	of	two	orthogonal	vectors,	one	in	Span	fug	and	one	orthogonal	to	u.	Set	P	D	and	D	D	.	Show	that	Row	A	is	contained	in	.Nul	A/?	A	D	,bD	,	b	D	1:6	1:1	6:843	:003							4:5	3:1	:500	:001	18.	Similarly,	z	is	orthogonal	to	each	uj	in	the	basis	for	W	.	Check	your	estimate,	and	give	an	estimate	for	the	dominant
eigenvalue	of	A.	Let	q1	.t/	D	1,	q2	.t/	D	t	,	and	q3	.t/	D	3t	2	4.	2/	C	4	D	.	Use	the	inverse	power	method	with	x0	D	.1;	0;	0/	to	estimate	the	eigenvalue	of	A	near	˛	D	1:4,	with	an	accuracy	to	four	decimal	places.	S	A53	conv	P	=	13.	(Roughly	speaking,	this	is	true	because	left-multiplication	by	P	does	not	change	the	lengths	of	vectors	or	the	angles	between
them.	(Do	not	go	on	to	find	a	vector	where	the	maximum	is	attained.)	11.	In	this	example,	A	has	two	nonzero	singular	values,	so	rank	A	D	2.	Some	of	the	mathematical	background	for	such	applications	flows	easily	from	our	work	on	symmetric	matrices.	See	Image	processing,	multichannel	Multiple	regression,	372–373	Multiplicative	property	of	det,
173,	275	Multiplicity	of	eigenvalue,	276	Multivariate	data,	424,	428–429	NAD	(North	American	Datum),	329,	330	National	Geodetic	Survey,	329	Natural	cubic	splines,	481	I8	Index	Negative	definite	quadratic	form,	405	Negative	flow,	in	a	network	branch,	82	Negative	of	a	vector,	191	Negative	semidefinite	form,	405	Network,	52–53	branch,	82	branch
current,	83	electrical,	82–83,	86–87,	127–129	flow,	52–53,	54–55,	82	loop	currents,	82,	86–87	Nodes,	52	Noise,	random,	252	Nonhomogeneous	system,	44–46,	234	difference	equations,	246,	249–250	Nonlinear	dynamical	system,	304n	Nonsingular	matrix,	103,	113	Nontrivial	solution,	43	Nonzero	column,	12	Nonzero	row,	12	Nonzero	singular	values,
416–417	Norm	of	vector,	331–332,	377	Normal	equation,	329,	361–362	ill-conditioned,	364	Normal	vector,	462	North	American	Datum	(NAD),	329,	330	Null	space,	147–148,	198–201	basis,	149,	211–212,	231–232	and	column	space,	202–203	dimension	of,	228,	233–234	eigenspace,	268	explicit	description	of,	200–201	linear	transformation,	203–205
See	also	Fundamental	subspaces;	Kernel	Nullity,	233	Nutrition	model,	80–82	Observation	vector,	368,	424–425	Octahedron,	435,	436	Ohm’s	law,	82	Oil	exploration,	1	One-to-one	linear	transformation,	76,	215	See	also	Isomorphism	One-to-one	mapping,	75–77	Onto	mapping,	75,	77	Open	ball,	465	Open	set,	465	OpenGL,	481	Optimization,	constrained.
But	this	is	not	the	case	for	symmetric	matrices.	EXAMPLE	4	The	initial	data	for	the	multispectral	image	of	Railroad	Valley	(Example	2)	consisted	of	4	million	vectors	in	R3	.	To	show	that	S	is	affine,	it	suffices	to	show	that	S	is	a	flat,	by	Theorem	3.	Scale	c,	multiplying	by	3	to	get	y	D	4	3	5.	p3	D	b1	C	2b2	C	0b3	2	aff	S	since	the	coefficients	sum	to	1.	26.
Since	1992,	he	has	served	several	terms	on	the	national	board	of	the	Association	of	Christians	in	the	Mathematical	Sciences.	Each	eigenvalue	of	A	is	also	an	eigenvalue	of	A2	.	Study	it	carefully.	Take	z	in	W	?	Example	1	shows	a	special	situation	in	which	S	is	much	more	than	just	affinely	independent.	The	eigenvalues	of	2	5	A	turn	out	to	be	3	and	7,
with	corresponding	unit	eigenvectors	"	p	#	"	p	#	1=p2	1=p2	u1	D	;	u2	D	1=	2	1=	2	7.2	Quadratic	Forms	405	p	#	p	1=p2	1=p2	Let	P	D	Œ	u1	u2		D	.	Then	fx1	;	x2	;	x3	g	is	1	1	1	clearly	linearly	independent	and	thus	is	a	basis	for	a	subspace	W	of	R4	.	Thus	Z	Z	1	2	1	2	f	.t/	cos	kt	dt;	bk	D	f	.t/	sin	kt	dt	(7)	ak	D		0		0	The	coefficient	of	the	(constant)	function
1	in	the	orthogonal	projection	is		Z		Z	2	hf;	1i	1	1	1	2	a0	D	f	.t/1	dt	D	f	.t/	cos.0t/	dt	D	h1;	1i	2	0	2		0	2	where	a0	is	defined	by	(7)	for	k	D	0.	Compute	and	compare	6	1	u		v,	kuk2	,	kvk2	,	and	ku	C	vk2	.	2/	C	1	27	D	0			u2		u3	D	1	21	C	2.	A	typical	point	in	this	plane	may	be	written	as	.1	c2	c3	/v1	C	c2	v2	C	c3	v3	for	some	c2	and	c3	.	The	desired	line	is	y	D
4:3	C	:20x	In	contrast,	the	ordinary	least-squares	line	for	these	data	is	FIGURE	1	Weighted	and	ordinary	least-squares	lines.	u		u,	v		u,	and	uu	3.	Explain	why	3	D	a0	a1		a2	2	,	and	show	that	.1;	;	2	/	is	an	eigenvector	of	the	companion	matrix	for	p.	By	Exercise	28(b),	dim	Col	A	D	m	precisely	when	dim	Nul	AT	D	0,	or	equivalently,	when	the	equation	AT	x
D	0	has	only	the	trivial	solution.	0	7	a.	y	D	6	4	3	5,	u1	D	4	0	5,	u2	D	4	1	5,	u3	D	4	1	5	2	1	1	1	2	3	2	3	2	3	2	3	3	1	1	0	647	6	17	607	6	17	6	7	6	7	6	7	6	7	10.	Section	7.3,	page	413	1.	[M]	a.	4	2	5,	4	4	5,	4	1	5,	4	15	5	9	11	8	1	3	2	3	2	3	2	3	2	2	2	1	0	4.	By	a	theorem	(which	one?),	AT	I	is	invertible	if	and	only	if	A	I	is	invertible.	1	2	1	2	cos	2t	(Why?)	Section	7.1
13.	Indeed,	if	di		0,	then	bi		ci		0.	So	u1	C	t	u2	is	in	p	C	S	D	W	.	Since	aff	fv1	;	v2	g	is	a	line	through	v1	and	v2	,	identify	two	points	on	the	line	x	D	x3	u	C	p.	[Hint:	Derive	this	equation	from	the	vector	equation	y	D	X	ˇO	C	.	Let	P3	have	the	inner	product	as	in	Exercise	9,	with	p0	;	p1	,	and	q	the	polynomials	described	there.	Let	y	and	L	be	as	in	Example	3
and	Fig.	Conceptual	exercises	that	require	a	short	proof	usually	contain	hints	that	help	a	student	get	started.	Since	a	and	bpare	kuk2	D	.	6	4	1	5,	4	3	3	2	3	1	3	6	7	37	7,	6	8	7	35	475	4	0	2	3	2	5	6	47	6	7	6	6.	The	distance	from	y	to	v,	given	by	ky	vk,	can	be	regarded	as	the	“error”	of	using	v	in	place	of	y.	D	5v1	2v2	D	10v1	1	(infinitely	many	answers)		2	3
1	7.	Also,	h0;	0i	D	0.	David	C.	Students	appreciate	these	questions—after	they	get	used	to	the	importance	of	reading	the	text	carefully.	Instead,	use	the	program	to	find	the	eigenvalues,	and,	for	each	eigenvalue	,	find	an	orthonormal	basis	for	Nul.A	I	/,	as	in	Examples	2	and	3.	SOLUTION	The	inner	product	depends	only	on	the	values	of	a	polynomial	at
2;	:	:	:	;	2,	so	we	list	the	values	of	each	polynomial	as	a	vector	in	R5	,	underneath	the	name	of	the	polynomial:¹	Polynomial:	1	2	3	1	617	6	7	7	Vector	of	values:	6	6	1	7;	415	1	t2	t	2	3	2	3	4	617	6	7	607	6	7	415	4	2	6	17	6	7	6	0	7;	6	7	4	15	2	The	inner	product	of	two	polynomials	in	V	equals	the	(standard)	inner	product	of	their	corresponding	vectors	in	R5	.
Nul	A	is	a	three-dimensional	subspace	of	R7	,	by	the	Rank	Theorem.	If	an	n		p	matrix	U	has	orthonormal	columns,	then	U	U	Tx	D	x	for	all	x	in	Rn	.	(The	Study	Guide	tells	the	students	where	to	find	the	answers	to	the	odd-numbered	questions.)	An	additional	150	true/false	questions	(mostly	at	the	ends	of	chapters)	test	understanding	of	the	material.
[Hint:	Consider	O	where	bO	is	the	orthogonal	projection	of	the	equation	Ax	D	b,	b	onto	Col	A.]	[M]	In	Exercises	15	and	16,	construct	the	pseudoinverse	of	A.	bined	by	row	reducing	the	matrix	Œ	b1	b2	b3	p1	2	2	3	1	4	0	5	2	1	6	6	40	5	4	2	0	2		60	4	3	2	4	0	2	0	These	two	calculations	can	be	comp2	,	with	two	augmented	columns:	3	2	0	0	2	3	7	2	7	7	1	0	1	3
5	1	0	1	2	3	Read	column	4	to	build	p1	,	and	read	column	5	to	build	p2	:	p1	D	2b1	b2	C	2b3	and	p2	D	32	b1	C	23	b2	1	b	3	3	The	sum	of	the	weights	in	the	linear	combination	for	p1	is	1,	not	1,	so	p1	is	not	an	affine	combination	of	the	b’s.	Section	6.1	introduces	the	concepts	of	distance	and	orthogonality	in	a	vector	space.	Attractor;	eigenvalues:	.9,	.8;
greatest	attraction:	line	through	.0;	0/	and	.5;	4/	13.	Suppose	c2	and	c3	satisfy	c2	.v2	v1	/	C	c3	.v3	v1	/	D	0.		8=13	12=13		p	3	7=p69	11.	Theorem	7	in	Section	7.3	shows	that	the	second	singular	value	of	A	is	the	maximum	of	kAxk	over	all	unit	vectors	that	are	orthogonal	to	v1	,	and	this	maximum	is	attained	at	the	second	unit	eigenvector,	v2	(Exercise
22).	So	there	exist	(unique)	constants	such	that	wx0	D	c1	wTv1	C	c2	wTv2	C	c3	wTv3	T(v)	u	1	v	14	2	1	.:3/v2	;	x2	D	v1	141	.:3/2	v2	,	and	14	1	.:3/k	v2	.	[Hint:	What	is	the	dimension	of	aff	fv1	,	v2	,	v3	g‹	8.1	EXERCISES	In	Exercises	1–4,	write	y	as	an	affine	combination	of	the	other	points	listed,	if	possible.	Similar	matrices	always	have	exactly	the	same
eigenvectors.	Unfortunately,	as	we	know,	not	all	matrices	can	be	factored	as	A	D	PDP	1	with	D	diagonal.	T	j.	The	data	for	the	image	form	a	matrix	with	3	rows	and	4	million	columns	(with	columns	arranged	in	any	convenient	order).	The	details	are	in	the	Study	Guide.	Two	new	chapters	are	now	available	online,	and	can	be	used	in	a	second	course:
Chapter	9.	Orthogonal	Sets	345	8.	2/2	2	2=	6	Then	fu1	;	u2	g	is	an	orthonormal	basis	for	W	.	Then	t	D	1	ck	C1	¤	0,	and	c	ck		1	v1	C				C	vk	C	ck	C1	vk	C1	(6)	y	D	.1	ck	C1	/	t	t	By	the	induction	hypothesis,	the	point	z	D	.c1	=t/v1	C				C	.ck	=t/vk	is	in	S	,	since	the	coefficients	sum	to	1.	For	k	D	0;	:	:	:	;	8,	compute	Ak	x	and	construct	the	line	through	0	and
Ak	x.	The	other	vectors	are	growing	too	long	to	display.	Use	a	matrix	program	or	computational	program	to	compute	the	appropriate	definite	integrals.	An	n		n	symmetric	matrix	has	n	distinct	real	eigenvalues.	Construct	P	using	the	methods	of	Section	7.1.	9.	Substituting	these	formulas	into	the	left	side	of	the	equation	gives	kC1	kC2	8yk	D	2kC2	C	2	
2kC1	k	2	D	2	.2	C	2		2	k	D	2	.0/	D	0	8/	8		2k	for	all	k	Since	the	difference	equation	holds	for	all	k	,	2k	is	a	solution.	Where	those	designations	appear	in	this	book,	and	Pearson	Education	was	aware	of	a	trademark	claim,	the	designations	have	been	printed	in	initial	caps	or	all	caps.	1/2	p./,	so	the	result	is	true	for	n	D	2.	Take	vi	in	S	for	i	D	1;	:	:	:	;	k	C	1,
and	let	y	D	c1	v1	C				C	ck	vk	C	ck	C1	vk	C1	,	where	c1	C				C	ck	C1	D	1.	Hint:	Verify	the	two	properties	that	define	a	linear	transformation.	The	main	goal	of	the	text	is	to	help	students	master	the	basic	concepts	and	skills	they	will	use	later	in	their	careers.	4	1	5	3	2	3	2	13.	m	D	5	at	the	point	p2	3	at	the	point	p3	b.	The	equation	r	D	ˇ=.1	e		cos	#/
produces	r	D	1:33	when	#	D	4:6.	To	show	that	S	is	affine,	it	suffices	to	show	that	for	any	pair	s1	and	s2	of	points	in	S	,	the	line	through	s1	and	s2	lies	in	S	.	Compute	the	matrix	for	T	relative	to	B	and	C	,	as	in	Section	5.4.	To	do	this,	you	must	show	that	V	1	vj	D	ej	,	the	j	th	column	of	In	.	NUMERICAL	NOTE	The	singular	value	decomposition	is	the	main
tool	for	performing	principal	component	analysis	in	practical	applications.pIf	B	is	a		p		N	matrix	of	observations	in	mean-deviation	form,	and	if	A	D	1=	N	1	B	T	,	then	ATA	is	the	covariance	matrix,	S	.	Verify	your	conjecture	algebraically.	3x1	x2	C	5x1	x3	C	7x1	x4	C	7x2	x3	C	5x2	x4	C	3x3	x4	16.	m	D	b.	Explain.	Conversely,	if	the	eigenvalues	are
nonnegative,	the	expansion	above	shows	that	xTAx	must	be	positive	semidefinite.	,	and	then	deduce	from	part	(a)	that	Row	A	D	.Nul	A/?	SOLUTION	Calculate	u	ku							7	3	4	D	1	2	1	p	p	vk	D	42	C	.	[M]	The	coordinate	vectors	6	4	0	5,	4	0	5,	4	2	5,	0	2	0	2	3	1	6	16	7	4	6	7	4	6	5	are	a	linearly	dependent	subset	of	R	.	SOLUTIONS	TO	PRACTICE	PROBLEMS
1.	Two	eigenvectors	corresponding	to	the	same	eigenvalue	are	always	linearly	dependent.	Thus	ftotal	varianceg	D	tr.S/	7.5	Applications	to	Image	Processing	and	Statistics	427	The	entry	sij	in	S	for	i	¤	j	is	called	the	covariance	of	xi	and	xj	.	Take	z1	and	z2	in	W	?	2	9	C	32;	no	real	eigenvalues		C	102	33	C	36		C	18	95	C	150	3	2	17.	Then	\˛2A	S˛	is	convex.
Construct	x	as	in	the	statement	of	the	exercise,	and	verify	its	properties.	[M]	Let	A	be	as	in	Exercise	9.	16.	9,	with	sides	of	lengths	kuk,	kvk,	and	ku	vk.	Any	of	the	ratios	above	is	an	estimate	for	the	eigenvalue.	Also,	Q.x/	D	3	when	x1	D	0,	x2	D	0,	and	x3	D	1.	Instead	of	Ax	D	b,	we	write	X	ˇ	D	y	and	refer	to	X	as	the	design	matrix,	ˇ	as	the	parameter
vector,	and	y	as	the	observation	vector.	cos2	t	cos3	t	cos4	t	cos5	t	cos6	t	D	.1=2/Œ1	C	cos	2t		D	.1=4/Œ3	cos	t	C	cos	3t	D	.1=8/Œ3	C	4	cos	2t	C	cos	4t		D	.1=16/Œ10	cos	t	C	5	cos	3t	C	cos	5t	D	.1=32/Œ10	C	15	cos	2t	C	6	cos	4t	C	cos	6t		19.	Of	course,	two	lines	need	not	intersect	in	a	single	point—they	could	be	parallel,	or	they	could	coincide	and
hence	“intersect”	at	every	point	on	the	line.	Suppose	Q	is	an	n		k	matrix	whose	columns	form	an	orthonormal	basis	for	the	subspace	Wk	spanned	by	the	first	k	columns	of	A.	The	relative	change	in	the	solution	is	kxk=kxk.	Analogous	equalities	for	volumes	of	tetrahedrons	hold	for	the	case	when	p	is	a	point	inside	a	tetrahedron	in	R3	,	with	vertices	a,	b,
c,	and	d.	27.	1=	2	2	3	1=3	p	11.	Consider	any	point	p	in	the	shaded	region	of	Fig.	The	same	holds	true	for	any	quadratic	form,	as	we	shall	see.	Figure	3	illustrates	this	when	W	is	a	subspace	of	R3	spanned	by	u1	and	u2	.	Show	that	the	characteristic	polynomial	of	A	is	2	.tr	A/	C	det	A	Then	show	that	the	eigenvalues	of	a	2		2	matrix	A	are	both			tr	A	2	.	x2
2	l2	3	x1	l1	FIGURE	1	Exactly	one	solution.	Verify	that	fq1	;	q2	;	q3	g	is	an	orthogonal	set	in	C	Œ	2;	2	with	the	inner	product	of	Example	7	in	Section	6.7	(integration	from	2	to	2).	If	p	is	in	the	convex	hull	of	S	,	then,	by	definition,	p	must	be	a	convex	combination	of	points	of	S	.	Hint:	Compute	4	times	the	right-hand	side.	3	3	0	0	61	3	07	7	c.	[M]	AC	D	6	6
7	7	40	4	2	4	:8	5	6	7	75	4	12	6	6	:6			A	The	reduced	echelon	form	of	is	the	same	as	the	xT	reduced	echelon	form	of	A,	except	for	an	extra	row	of	Section	8.2	zeros.	Discuss	your	results.	In	particular,	y	yO	is	orthogonal	to	yO	v	(which	is	in	W	).	Exercises	27–31	provide	excellent	practice	using	properties	of	the	inner	product.	Hence	each	column	sum	is	0.
v2	is	on	the	same	side	as	0,	v1	is	on	the	other	side,	and	v3	is	in	H	.	Explain	why	the	eigenvalues	of	A1	are	2	;	:	:	:	;	n	.	That	is,	aff	S		S	.	To	six	places,	the	largest	eigenvalue	is	30.288685,	with	eigenvector	.:957629;	:688937;	1;	:943782/.	A	Geometric	View	of	Principal	Axes	Suppose	Q.x/	D	xTAx,	where	A	is	an	invertible	2		2	symmetric	matrix,	and	let	c	be
a	constant.	If	the	vectors	in	an	orthogonal	set	of	nonzero	vectors	are	normalized,	then	some	of	the	new	vectors	may	not	be	orthogonal.	So	the	maximum	value	of	Q.x/	cannot	exceed	9	when	x	is	a	unit	vector.	400	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	In	Exercises	25	and	26,	mark	each	statement	True	or	False.	How	much	of	the
variance	in	the	data	is	explained	by	y1	?	The	set	of	all	possible	solutions	is	called	the	solution	set	of	the	linear	system.	The	grid	on	aff	fv1	;	v2	;	v3	g	is	based	on	(5).	The	solutions	correspond	to	points	on	the	line	midway	between	the	lines	x	C	y	D	2	and	x	C	y	D	4.	(See	Section	6.2.)	Theorem	1	explains	why	the	eigenvectors	in	Example	2	are	orthogonal—
they	correspond	to	distinct	eigenvalues.	Let	A	D	U	†V	T	.	A	vector	x	is	in	W	?					a	1	20.	The	right	triangle	shown	in	Fig.	Although	formula	(4)	is	important	for	theoretical	purposes,	in	practice	it	usually	involves	calculations	with	square	roots	of	numbers	(in	the	entries	of	the	ui	/.	2	1=3	2=3	1=3	x	D	P	y,	where	P	D	4	2=3	2=3	2=3	3	2	1=3	c.	When	A	is
invertible,	the	condition	number	of	A,	written	as	cond.A/,	produces	a	bound	on	how	large	the	relative	change	in	x	can	be:	kbk	kxk		cond.A/	kx	k	kb	k	.2/	In	Exercises	17–20,	solve	Ax	D	b	and	A.x/	D	b,	and	show	that	the	inequality	(2)	holds	in	each	case.	I	want	to	thank	Israel	Gohberg	and	Robert	Ellis	for	more	than	fifteen	years	of	research	collaboration,
which	greatly	shaped	my	view	of	linear	algebra.	[M]	Let	P4	have	the	inner	product	as	in	Example	5,	and	let	p0	,	p1	,	p2	be	the	orthogonal	polynomials	from	that	example.	This	will	show	that	Nul	A	D	Nul	ATA.	Hence	z	is	orthogonal	to	every	vector	in	W	.	The	B-matrix	for	the	identity	transformation	is	In	,	because	the	B-coordinate	vector	of	the	j	th	basis
vector	bj	is	the	j	th	column	of	In	.	A	Strong	Geometric	Emphasis	Every	major	concept	in	the	course	is	given	a	geometric	interpretation,	because	many	students	learn	better	when	they	can	visualize	an	idea.	Golub	and	C.	SOLUTION	Compute	the	translated	points					1	0	v2	v	1	D	;	v3	v1	D	;	v4	3	1	v1	D	To	find	scalars	c2	,	c3	,	and	c4	such	that	c2	.v2	v1	/	C
c3	.v3	v1	/	C	c4	.v4			3	;	0	y	v1	/	D	y	v1	D	v1		3	1		(5)	row	reduce	the	augmented	matrix	having	these	points	as	columns:					1	0	3	3	1	0	3	3		3	1	0	1	0	1	9	10	This	shows	that	equation	(5)	is	consistent,	and	the	general	solution	is	c2	D	3c4	C	3,	c3	D	9c4	10,	with	c4	free.	(See	Exercise	35.)	EXAMPLE	4	Construct	a	spectral	decomposition	of	the	matrix	A	that
has	the	orthogonal	diagonalization	AD		7	2	2	4		D		p	2=p5	1=	5	p		1=p5	8	2=	5	0	0	3		p		1=p5	2=	5	p	2=p5	1=	5	SOLUTION	Denote	the	columns	of	P	by	u1	and	u2	.	If	w	denotes	weight	and	h	height,	then	the	matrix	Applications	to	Image	Processing	and	Statistics	7.5	425	of	observations	has	the	form		w1	h1	✻	X1	w2	h2	✻	X2			wN	hN	✻		XN	The	set	of
observation	vectors	can	be	visualized	as	a	two-dimensional	scatter	plot.	A.	An	efficient	and	numerically	stable	algorithm	for	this	decomposition	would	use	a	different	approach.	If	B	D	PDPT	,	where	P	T	D	P	1	and	D	is	a	diagonal	matrix,	then	B	is	a	symmetric	matrix.	THEOREM	4	The	Principal	Axes	Theorem	Let	A	be	an	n		n	symmetric	matrix.	Find	the	1
5	1	distance	from	y	to	the	plane	in	R3	spanned	by	u1	and	u2	.	Use	a	matrix	inverse	to	solve	the	system	of	equations	in	(7)	and	thereby	obtain	formulas	for	ˇO0	and	ˇO1	that	appear	in	many	statistics	texts.	Hint:	Write	the	standard	formula	(7)	in	this	section,	with	ri	in	place	of	pi	for	i	D	0;	:	:	:	;	3,	and	then	replace	r0	and	r3	by	p0	and	p2	,	respectively:	x.t/
D	.1	3t	C	3t	2	t	3	/p0	C	.3t	6t	2	C	3t	3	/r1	C	.3t	2	3t	3	/r2	C	t	3	p2	(iii)	Use	the	formulas	for	r1	and	r2	from	part	(a)	to	examine	the	second	and	third	terms	in	this	expression	for	x.t/.									1	4	1	5	form	an	affinely	de2.	This	fact	is	not	accidental,	as	the	next	theorem	shows.	[M]	0	D	3:3384,	1	D	3:32119	(accurate	to	4	places	with	rounding),	2	D	3:3212209.
[M]	Refer	to	the	data	in	Exercise	13	in	Section	6.6,	concerning	the	takeoff	performance	of	an	airplane.	infinitely	many	solutions.	The	closest	point	in	W	to	y	is	y	itself.	Printed	in	the	United	States	of	America.	z	z	z	z	x1	x1	x1	x2	x1	x2	x2	x2	(a)	z	=	3x	21	+	7x	22	(b)	z	=	3x	12	(c)	z	=	3x	21	–	7x	22	(d)	z	=	–	3x	21	–	7x	22	FIGURE	4	Graphs	of	quadratic
forms.	For	any	t	such	that	0		t		1,	show	that	w	D	.1	t/x	C	t	y	D	.1	t	/.a	C	b/	C	t.c	C	d/	represents	a	point	in	A	C	B	.	The	sum	of	two	eigenvectors	of	a	matrix	A	is	also	an	eigenvector	of	A.	4	0	1	3	2		2	15	0	2			3	4	10.	indefinite	if	and	only	if	A	has	both	positive	and	negative	eigenvalues.			1	17.	Multiply	the	first	and	last	parts	of	equation	(13)	by	38	and	solve
for	8q2	.	17	t	5	1:	3.	A	is	orthogonally	diagonalizable.	Hence	Wk	C1	D	Span	fv1	;	:	:	:	;	vk	C1	g.	x2	y	z	x1	1	To	check	that	kuk	D	1,	it	suffices	to	show	that	kuk2	D	1.	A	flat	is	a	subspace.	The	parameters	ˇ0	;	:	:	:	;	ˇk	must	be	determined	so	as	to	minimize	the	sum	of	the	squares	of	the	residuals.	Then	the	following	statements	are	each	equivalent	to	the
statement	that	A	is	an	invertible	matrix.	The	ˇ	that	minimizes	this	sum	also	minimizes	the	distance	between	Xˇ	and	y.	If	we	identify	v	with	a	geometric	point	in	the	Suppose	v	is	in	R	,	say,	v	D	b	plane,	as	usual,	then	kvk	coincides	with	the	standard	notion	of	the	length	of	the	line	segment	from	the	origin	to	v.	EXAMPLE	5	The	ellipse	in	Fig.	The	matrix	P
describes	the	stretching	or	compression	of	the	material	(in	the	directions	of	the	eigenvectors	of	P	),	and	Q	describes	the	rotation	of	the	material	in	space.	Let	u	be	a	unit	vector	in	Rn	,	and	let	B	D	uuT	.	Then	the	appropriate	weights	in	(2)	are	wi2	D	1=i2	.	[M]	Repeat	Exercise	9	with	S	D	4	4	2	4	5	11.	For	p	and	q	in	Pn	,	define	hp;	qi	D	p.t0	/q.t0	/	C	p.t1
/q.t1	/	C				C	p.tn	/q.tn	/	(2)	Inner	product	Axioms	1–3	are	readily	checked.	[Hint:	For	(a),	compute	kU	xk2	,	or	prove	(b)	first.]	26.	Describe	the	model	that	produces	a	least-squares	fit	of	these	points	by	a	function	of	the	form	Halley’s	Comet	last	appeared	in	1986	and	will	reappear	in	2061.	When	a	solution	is	demanded	and	none	exists,	the	best	one	can
do	is	to	find	an	x	that	makes	Ax	as	close	as	possible	to	b.	,	and	let	u	be	any	element	of	W	.	He	has	been	elected	by	the	university	students	to	membership	in	Alpha	Lambda	Delta	National	Scholastic	Honor	Society	and	Golden	Key	National	Honor	Society.	2	366	CHAPTER	6	Orthogonality	and	Least	Squares	PRACTICE	PROBLEMS	2	3	2	3	5	1	3	3	1	5	and
b	D	4	3	5.	1.1	Systems	of	Linear	Equations	5	EXAMPLE	1	Solve	system	(3).	Suppose	the	initial	amounts	MA	and	MB	are	unknown,	but	a	scientist	is	able	to	measure	the	total	amounts	present	at	several	times	and	records	the	following	points	.ti	;	yi	/:	.10;	21:34/,	.11;	20:68/,	.12;	20:05/,	.14;	18:87/,	and	.15;	18:30/.	Figure	2	shows	only	the	portion	of	the
graph	inside	a	cylinder;	the	intersection	of	the	cylinder	with	the	surface	is	the	set	of	points	.x1	;	x2	;	´/	such	that	´	D	Q.x1	;	x2	/	and	x12	C	x22	D	1.	(Mention	the	theorems	you	use.)	28.	Hopefully,	this	course	will	be	one	of	the	most	useful	and	interesting	mathematics	classes	taken	by	undergraduates.	The	calculations	in	Example	5	show	that	the	data
have	practically	no	variance	in	the	third	(new)	coordinate.	[M]	ŒxB	D	37.	By	the	Invertible	Matrix	Theorem,	A2	is	invertible.	2/2	C	4.k	C	1/.	In	general,	the	sum	of	the	diagonal	entries	of	a	square	matrix	S	is	called	the	trace	of	the	matrix,	written	tr.S/.	That	is,	(1)	is	satisfied	with	z	orthogonal	to	u	if	and	only	if	˛	D	uu	uu	The	vector	yO	is	called	the
orthogonal	projection	of	y	onto	u,	and	the	vector	z	is	called	the	component	of	y	orthogonal	to	u.	Next,	if	(c)	is	true,	then	there	exist	weights	c2	;	:	:	:	;	cp	,	not	all	zero,	such	that	(4)	holds.	2/k	Œ.	,	20.	Q	is	indefinite	if	det	A	<	0.	Any	possible	instabilities	in	numerical	calculations	are	identified	in	†.	32.	23	;	1/.	y	Parks	and	recreation	2	4x	2	+	9y	2	=	36
Feasible	set	x	3	Road	and	bridge	repair	FIGURE	3	Public	works	schedules.	Then	what	is	.conv	A/	[	.conv	B/,	and	what	is	conv	.A	[	B/?			21.	3,	say			a	pD	;	with	a	>	0	and	b		a2	b	0	e1	x1	FIGURE	2	y	y	=	x2	x	FIGURE	3	THEOREM	10	The	line	through	0	and	p	has	the	equation	y	D	.b=a/t	for	t	real.	w.	Justify	your	work.	2	3	:57	:65	:42	:27	6	:63	:24	:68	:29	7
7	27.	4	Axiom	10	Axiom	8	D	0u	D	0	Exercise	27	From	Exercise	26,	it	follows	that	.	Intuitively,	a	set	S	is	convex	if	every	two	points	in	the	set	can	“see”	each	other	without	the	line	of	sight	leaving	the	set.	The	direction	of	greatest	attraction	is	given	by	the	eigenvector	corresponding	to	the	eigenvalue	1=3,	namely,	v2	.	7.5	Applications	to	Image
Processing	and	Statistics	429	SOLUTION	The	total	variance	of	the	data	is	tr.D/	D	7614:23	C	427:63	C	98:10	D	8139:96	[Verify	that	this	number	also	equals	tr.S/.]	The	percentages	of	the	total	variance	explained	by	the	principal	components	are	First	component	Second	component	Third	component	7614:23	D	93:5%	8139:96	427:63	D	5:3%	8139:96
98:10	D	1:2%	8139:96	In	a	sense,	93.5%	of	the	information	collected	by	Landsat	for	the	Railroad	Valley	region	is	displayed	in	photograph	(d),	with	5.3%	in	(e)	and	only	1.2%	remaining	for	(f).	When	is	u		u	D	0?	[M]	Let	V	be	the	space	C	Œ0;	2	with	the	inner	product	of	Example	7.	Let	A	D	4	2	1	5	3	4			5	.	Twenty-five	percent	of	chapter	openers	are	new.
5.	Use	The1	2	1	0	orem	4	to	write	p	as	an	affine	combination	of	v1	,	v2	,	and	v3	,	if	possible.	Theorem	11	shows	that	any	nonzero	subspace	W	of	Rn	has	an	orthogonal	basis,	because	an	ordinary	basis	fx1	;	:	:	:	;	xp	g	is	always	available	(by	Theorem	11	in	Section	4.5),	and	the	Gram–Schmidt	process	depends	only	on	the	existence	of	orthogonal
projections	onto	subspaces	of	W	that	already	have	orthogonal	bases.	The	goal	of	principal	component	analysis	is	to	find	an	orthogonal	p		p	matrix	P	D	Œ	u1				up		that	determines	a	change	of	variable,	X	D	P	Y,	or	2	3	2	3	x1	y1	6	x2	7		6	y2	7		6	7	6	7	6	::	7	D	u1	u2				up	6	::	7	4	:	5	4	:	5	xp	yp	with	the	property	that	the	new	variables	y1	;	:	:	:	;	yp	are
uncorrelated	and	are	arranged	in	order	of	decreasing	variance.	Suppose	.U	x/	.U	y/	D	x		y	for	all	x,	y	in	Rn	,	and	let	e1	;	:	:	:	;	en	be	the	standard	basis	for	Rn	.	Basis	for	Col	A:	4	:37	5;	4	:33	5	:52	:84	2	3	:58	Basis	for	Nul	A:	4	:58	5	:58	2	(Remember	that	V	T	appears	in	the	SVD.)	17.	m	D	1	on	the	set	conv	fp1	;	p3	g	c.	A	Note	to	the	Instructor	at	the
beginning	of	the	text	provides	a	commentary	on	the	design	and	organization	of	the	text,	to	help	instructors	plan	their	courses.	Use	the	fact	that	the	residual	vector		is	orthogonal	to	the	column	space	of	X	and	hence	is	orthogonal	to	1.]	Exercises	19	and	20	involve	a	design	matrix	X	with	two	or	more	columns	and	a	least-squares	solution	ˇO	of	y	D	X	ˇ	.	2/
C	1	27	D	0	Each	pair	of	distinct	vectors	is	orthogonal,	and	so	fu1	;	u2	;	u3	g	is	an	orthogonal	set.	Or	let	S	D	f.x;	y/	W	x	2	y	2	D	1	and	y	>	0g.	2/2	C	.	[M]	kbk	kxk	D	7:178		10	8	,	D	2:832		10	4	.	1/u	c.	If	A	is	orthogonally	diagonalizable	as	in	(1),	then	AT	D	.PDPT	/T	D	P	T	T	D	T	P	T	D	PDPT	D	A	Thus	A	is	symmetric!	Theorem	2	below	shows	that,	conversely,
every	symmetric	matrix	is	orthogonally	diagonalizable.	[M]	Report	your	results	and	conclusions.	That	is,	for	each	p	there	exists	a	unique	set	of	scalars	c1	;	:	:	:	;	ck	such	that	p	D	c1	v1	C				C	ck	vk	DEFINITION	and	c1	C				C	ck	D	1	(7)	Let	S	D	fv1	;	:	:	:	;	vk	g	be	an	affinely	independent	set.	True	b.	[Careful:	You	may	not	assume	that	A	is	invertible;	it	may
not	even	be	square.]	c.	A	solution	with	c3	D	0	is	attracted	to	the	origin.	Let	A	D	U	†V	T	D	U	†V	1	.	ky	yO	k	<	ky	vk	(3)	The	vector	yO	in	Theorem	9	is	called	the	best	approximation	to	y	by	elements	of	W	.	If	x0	.1/	D	y0	.0/	D	0,	then	p2	D	p3	and	p3	D	p4	.	11.	For	instance,	suppose	that	v3	D	.1	t/v1	C	t	v2	;	for	some	t	in	R.	Inconsistent	systems	arise	often	in
applications,	though	usually	not	with	such	an	enormous	coefficient	matrix.	All	vectors	that	are	multiples	of	v2	are	attracted	to	the	origin.	Horn	and	Charles	R.	The	conditions	for	affine	dependence	are	stronger	than	those	for	linear	dependence,	so	an	affinely	dependent	set	is	automatically	linearly	dependent.	A	column	in	the	matrix	P	I	has	the	same
entries	as	in	P	except	that	one	of	the	entries	is	decreased	by	1.	The	vector	p1	is	not	zero	and	p2	is	not	a	multiple	of	p1	,	so	keep	both	of	these	vectors.	Since	these	eigenvalues	are	distinct,	the	eigenvectors	form	a	linearly	independent	set,	by	Theorem	2	in	Section	5.1.	Thus	V	has	linearly	independent	columns	and	hence	is	invertible,	by	the	Invertible
Matrix	Theorem.	is	a	subspace	of	Rn	.	The	dimension	of	a	set	S	,	written	as	dim	S	,	is	the	dimension	of	the	smallest	flat	containing	S	.		3	7	1	3	2		2	5		3	7	3.	EXAMPLE	7	For	f	,	g	in	C	Œa;	b,	set	hf;	gi	D	Z	b	(5)	f	.t/g.t/	dt	a	Show	that	(5)	defines	an	inner	product	on	C	Œa;	b.	So	A1	is	an	m		r	submatrix	with	rank	r	.	2	3	2	3	2	3	2	3	0	0	2	1	EXAMPLE	3	Let	v1
D	4	3	5,	v2	D	4	7	5,	v3	D	4	4	5,	and	v4	D	4	14	5,	and	let	6	7	6:5	7	S	D	fv1	;	:	:	:	;	v4	g.	Pages	91,	92	Boeing	Company.	The	matrix	A.ATA/	1	AT	occurs	frequently	in	statistics,	where	it	is	sometimes	called	the	hat-matrix.	Show	that	the	standard	matrix	of	T	is	an	orthogonal	matrix.	For	instance,	in	Section	8.1,	the	sum	of	the	weights	is	1,	while	in	Section
8.2,	the	weights	are	positive	and	sum	to	1.	The	matrix	2	6	4	3	1	5	can	have	at	most	two	pivots	since	it	has	only	0	5	two	columns.		D	3	˙	i	,	'	D	5=6	radian,	r	D	2	In	Exercises	13–20,	other	answers	are	possible.	Recall	from	Exercise	25	in	Section	a21	a22	5.4	that	tr	A	(the	trace	of	A)	is	the	sum	of	the	diagonal	entries	in	A.	0,	3,	2	0	1	6	6		D	12:	6	6	4	A39	2	3
2	3	6	0	637	607	6	7	6	7	7	6	7	8:	6	6	3	7,	6	1	7;	425	405	0	1	Section	5.2,	page	279	1.	Explain	why	any	set	of	five	or	more	points	in	R3	must	be	affinely	dependent.	The	following	definition	generalizes	to	Rn	this	notion	of	perpendicularity	(or	orthogonality,	as	it	is	commonly	called	in	linear	algebra).	The	problem	is	to	approximate	a	function	f	in	V	by	a
function	g	from	a	specified	subspace	W	of	V	.	NUMERICAL	NOTE	In	some	cases,	the	rank	of	A	may	be	very	sensitive	to	small	changes	in	the	entries	of	A.	Yes,	4	1	5	1					0	1	9.		SOLUTION	Calculations	in	this	example	and	the	next	were	made	with	MATLAB,	which	computes	with	16-digit	accuracy,	although	we	show	only	a	few	significant	figures	here.	y
Data	point	(xj	,	yj	)	(xj	,	0	+	1xj	)	Point	on	line	Residual	Residual	y	=	0	+	1x	x1	xj	x	xn	FIGURE	1	Fitting	a	line	to	experimental	data.	If	T	is	onto,	then	the	columns	of	A	span	Rm	(Theorem	12	in	Section	1.9),	so	dim	Col	A	D	m.	p1	$	8	8	8		p4	$	68	;	85	;	78	,	p5	$	14	;	18	;	58	c.	PROOF	Suppose	that	S	is	affine	and	use	induction	on	the	number	m	of	points	of
S	occurring	in	an	affine	combination.	Programming	the	Mark	II	computer	for	Leontief’s	42	equations	had	required	several	months	of	effort,	and	he	was	anxious	to	see	how	long	the	computer	would	take	to	solve	the	problem.	Finally,	I	sincerely	thank	the	staff	at	Addison-Wesley	for	all	their	help	with	the	development	and	production	of	the	Fourth
Edition:	Caroline	Celano,	sponsoring	editor,	Chere	Bemelmans,	senior	content	editor;	Tamela	Ambush,	associate	managing	editor;	Carl	Cottrell,	senior	media	producer;	Jeff	Weidenaar,	executive	marketing	manager;	Kendra	Bassi,	marketing	assistant;	and	Andrea	Nix,	text	design.	The	examples	in	this	section	and	the	next	lay	the	foundation	for	a
variety	of	applications	treated	in	courses	in	engineering,	physics,	mathematics,	and	statistics.	The	constrained	maximum	of	xTAx	is	attained	when	x	is	a	unit	eigenvector	for	2	p	3	2	3	1	1=	3	6	p	7		D	6.	The	data	in	mean-deviation	form	are	.	An	Orthogonal	Projection	Given	a	nonzero	vector	u	in	Rn	,	consider	the	problem	of	decomposing	a	vector	y	in	Rn
into	the	sum	of	two	vectors,	one	a	multiple	of	u	and	the	other	orthogonal	to	u.			4	3	1.	Gill,	Walter	Murray,	and	Margaret	H.	4	5	5,	4	0	5,	4	2	5	6	0	3	2	2	3	2	3	6	27	6	7	6	5.	Why	are	the	columns	of	X	orthogonal?	The	for	b,	formula	does	not	require	an	orthogonal	basis	for	Col	A.]	for	all	k	.8/	Because	the	signals	are	periodic,	with	period	8,	it	suffices	to
study	equation	(8)	for	k	D	0;	:	:	:	;	7.	[M]	Repeat	Exercise	25	for	A	D	6	4	10	8	6	35	3	2	1	0	This	page	intentionally	left	blank	6	Orthogonality	and	Least	Squares	INTRODUCTORY	EXAMPLE	The	North	American	Datum	and	GPS	Navigation	Imagine	starting	a	massive	project	that	you	estimate	will	take	ten	years	and	require	the	efforts	of	scores	of	people
to	construct	and	solve	a	1,800,000	by	900,000	system	of	linear	equations.	2p	C	p2	p	C	2p1	,	r2	D	1	,	r3	D	p2	17.	WEB	Suppose	U	is	an	n		p	matrix	with	orthonormal	columns,	and	let	W	be	the	column	space	of	U	.	It	can	be	shown	that	the	set	of	all	x	in	R2	that	satisfy	xTAx	D	c	(3)	404	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	either
corresponds	to	an	ellipse	(or	circle),	a	hyperbola,	two	intersecting	lines,	or	a	single	point,	or	contains	no	points	at	all.	The	only	difference	is	in	the	induction	step.	1	w	ww		uv		vv	xw	2.	By	part	(b)	and	the	Spanning	Set	Theorem,	the	bottom	row	of	P	I	can	be	removed	and	the	remaining	.n	1/	rows	will	still	span	the	row	space.	Let	v1	D	,	v2	D	,	v3	D	,	and
let	S	D	2	4	0	fv	1	;	v	2	;	v	3	g.	v1	D	,	v2	D	,	v3	D	,yD	1	2	2	7	2	3	2	2	3	3	3	3	17	4	0	3.	If	you	enjoy	reading	the	Numerical	Notes,	you	may	want	to	take	a	course	later	in	numerical	linear	algebra.	Show	that	the	Cauchy–Schwarz	inequality	holds	for	x	D	.3;	2/	and	y	D	.	Similar	matrices	always	have	exactly	the	same	eigenvalues.	Eigenvalues	and	Dynamical
Systems	Eigenvalues	appear	fairly	early	in	the	text,	in	Chapters	5	and	7.	2(b).	324	CHAPTER	5	Eigenvalues	and	Eigenvectors	The	two	algorithms	presented	in	this	section	are	practical	tools	for	many	simple	situations,	and	they	provide	an	introduction	to	the	problem	of	eigenvalue	estimation.	Show	that	if	A	is	an	n		n	symmetric	matrix,	then	(Ax/	y	D	x
.Ay/	for	all	x;	y	in	Rn	.	The	null	space	cannot	be	R3	,	because	the	vectors	in	Nul	A	have	7	entries.	4	7	:5	5	:5	2	p	3	3=p12	6	7	6	1=p12	7	17.	x3	x2	x1	FIGURE	2	A	scatter	plot	of	spectral	data	for	a	satellite	image.	This	chapter	studies	sets	of	vectors	that	can	be	visualized	as	geometric	objects	such	as	line	segments,	polygons,	and	solid	objects.	r.	Let	fv1	;
v2	g	be	an	orthogonal	set	of	nonzero	vectors,	and	let	c1	,	c2	be	any	nonzero	scalars.	It	turns	out	that	any	function	in	C	Œ0;	2	can	be	approximated	as	closely	as	desired	by	a	function	of	the	form	a0	C	a1	cos	t	C				C	an	cos	nt	C	b1	sin	t	C				C	bn	sin	nt	(4)	2	for	a	sufficiently	large	value	of	n.	Give	the	design	matrix,	the	observation	vector,	and	the	unknown
parameter	vector.	4	2	5	D	y	6	3	1	3.	If	Œ	aQ	bQ	cQ	4	s	5	D	p,	t	r	D	det	Œ	pQ	bQ	cQ	=	det	Œ	aQ	bQ	cQ	.	4	2	5.	2	3	2a	2b	2c	3b	3c	5.	The	orthogonal	basis	PRACTICE	PROBLEMS	Use	the	inner	product	axioms	to	verify	the	following	statements.	2	3	3=35	3.	Any	nonzero	vector	in	W	is	a	basis	for	W	.	7.5	EXERCISES	In	Exercises	1	and	2,	convert	the
matrix	of	observations	to	meandeviation	form,	and	construct	the	sample	covariance	matrix.	See	Difference	equation	Flat	in	Rn	,	440	Flexibility	matrix,	104	Flight	control	system,	189–190	Floating	point	arithmetic,	9	Floating	point	operation	(flop),	9,	20	Flow	in	network,	52–53,	54–55,	82	Force,	decomposition,	342	Fortran,	39	Forward	phase,	17,	20
Fourier	approximation,	387	Fourier	coefficients,	387	Fourier	series,	387–388	Free	variable,	18,	21,	43,	228	Full	rank,	237	Function,	63	continuous,	380–382,	387–388	eigenfunction,	312	transfer,	122	trend,	386	utility,	412	The	Fundamental	Matrix,	10.5	Fundamental	solution	set,	249,	312	Fundamental	subspaces,	234	(fig.),	237,	335	(fig.),	420–421
Gauss,	Carl	Friedrich,	12n,	374n	Gaussian	elimination,	12n	General	least-squares	problem,	360	General	linear	model,	371	General	solution,	18,	249–250	Geometric	continuity,	483	Geometric	descriptions	of	R2	,	25–26	of	Span	fu;	vg,	30–31	of	Span	fvg,	30–31	Geometric	point,	25	Geometry	matrix	(of	a	Bézier	curve),	485	Geometry	of	vector	spaces,
435–492	affine	combinations,	436–444	affine	independence,	444–454	convex	combinations,	454–461	curves	and	surfaces,	481–492	hyperplanes,	435,	440,	461–469	polytopes,	469–481	Geometry	vector,	486	Givens	rotation,	90	Global	Positioning	System	(GPS),	329–330	Gouraud	shading,	487	Gradient,	462	Gram	matrix,	432	Gram-Schmidt	process,	354–
360,	377–378	in	inner	product	spaces,	377–378	Legendre	polynomials,	383	in	P	4	,	378,	386	Index	in	Rn	,	355–356	Gram-Schmidt	Process	Theorem,	355	Graphics,	computer.	The	points	on	the	line	through	b	and	c,	for	instance,	have	r	D	0	because	they	are	affine	combinations	of	only	b	and	c.	The	next	example	fully	illustrates	the	Gram–Schmidt	process.
		2	3=4	19.	The	equation	holds	for	all	k	,	so	it	holds	with	k	replaced	by	k	1,	which	transforms	the	equation	into	ykC2	C	5ykC1	C	6yk	D	0	for	all	k	The	equation	is	of	order	2.	Finally,	construct	a	line	from	00	A54	Answers	to	Odd-Numbered	Exercises	this	new	origin	through	the	sum	of	p0	p1	and	p2	p1	,	extended	out	a	bit.	FIGURE	8									0	1	4	3	v1	D	,	v2
D	,	v3	D	,	p1	D	,	1	5	3	5									5	2	1	0	p2	D	,	p3	D	,	p4	D	,	p5	D	,	1	3	0	4					6	1	,	and	S	D	fv1	;	v2	;	v3	g.	D	Rn	and	(1)	is	simply	y	D	0	C	y.	Typically,	the	problem	can	be	arranged	so	that	x	varies	over	the	set	of	unit	vectors.	For	instance,	Fig.	23.	Actual	value:	3.3212201	(accurate	to	7	places)	19.	¹	See	Exercise	29	in	Section	1.3.	In	astronomy,	however,
“barycentric	coordinates”	usually	refer	to	ordinary	R3	coordinates	of	points	in	what	is	now	called	the	International	Celestial	Reference	System,	a	Cartesian	coordinate	system	for	outer	space,	with	the	origin	at	the	center	of	mass	(the	barycenter)	of	the	solar	system.	17.	388	CHAPTER	6	Orthogonality	and	Least	Squares	EXAMPLE	4	Find	the	nth-order
Fourier	approximation	to	the	function	f	.t/	D	t	on	the	interval	Œ0;	2.	If	W	is	the	subspace	spanned	by	such	a	set,	then	fu1	;	:	:	:	;	up	g	is	an	orthonormal	basis	for	W	,	since	the	set	is	automatically	linearly	independent,	by	Theorem	4.	Inner	products	similar	to	(1)	can	be	defined	on	Rn	.	[M]	Hint:	Let	C	be	the	basis	fv1	;	v2	;	v3	g.	2	9.	Positive	semidefinite;
eigenvalues	are	10	and	0	1	1	Change	of	variable:	x	D	P	y,	with	P	D	p	3	10	New	quadratic	form:	10y12	1	1			3	1		15.	Suppose	x1	,	x2	,	and	x3	are	distinct.	There	are	only	five	such	regular	solids,	the	remaining	two	being	the	dodecahedron	(12	pentagonal	faces)	and	the	icosahedron	(20	triangular	faces).	(Of	course,	the	orthogonal	projection	bO	is	always
unique.)	THEOREM	14	Let	A	be	an	m		n	matrix.	D	Nul	AT	.	Hint:	Consider	the	SVD	for	the	standard	matrix	of	T	—say,	A	D	U	†V	T	D	U	†V	1	.	You	can	download	from	the	website	www.pearsonhighered.com/lay	the	data	for	more	than	850	exercises	in	the	text.	The	barycentric	coordinates	of	p1	,	p2	,	p3	,	and	p4	are,				1	1	1	respectively,	;	;	,	0;	12	;	21	,	12
;	14	;	43	,	and	3	6	2		1	3	;	;	41	.	We	cannot	scale	Ak	x	in	this	way	because	we	do	not	know	1	.	(I	know	from	years	of	experience	that	easy	access	to	solutions	in	the	back	of	the	text	slows	the	mathematical	development	of	most	students.)	The	Guide	also	provides	warnings	of	common	errors	and	helpful	hints	that	call	attention	to	key	exercises	and	potential
exam	questions.	The	next	theorem	says	that	m	and	M	are	themselves	eigenvalues	of	A,	just	as	in	Example	2.¹	THEOREM	6	Let	A	be	a	symmetric	matrix,	and	define	m	and	M	as	in	(2).	Page	394	Spectral	bands	and	principal	bands:	MDA	Information	Systems.	Such	matrices	often	appear	in	linear	regression	problems,	discussed	in	the	next	section.	2/	8.1/.
By	the	Rank	Theorem	applied	to	A1	,	the	dimension	of	Row	A	is	r	,	so	A1	has	r	linearly	independent	rows.	A	D	6	40	0	7	45	0	0	3	1	15.	Thus	hf;	f	i	D	0	implies	that	f	is	the	zero	function	on	Œa;	b.	Show	that	sin	mt	and	sin	nt	are	orthogonal	when	m	¤	n.	Only	six	homogeneous	linear	equations	are	necessary.	For	students,	the	Web	site	contains	review
sheets	and	practice	exams	(with	solutions)	that	cover	the	main	topics	in	the	text.	Then	normalize	the	three	vectors	to	obtain	u1	,	u2	,	and	u3	,	and	use	these	vectors	as	the	columns	of	Q:	3	2	p	0p	1=2	3=p12	7	6	1=p12	2=p6	7	6	1=2	QD6	7	1=p12	1=p6	5	4	1=2	1=2	1=	12	1=	6	358	CHAPTER	6	Orthogonality	and	Least	Squares	By	construction,	the
first	k	columns	of	Q	are	an	orthonormal	basis	of	Span	fx1	;	:	:	:	;	xk	g.	Theorem	8	will	be	helpful	in	Sections	7.4	and	7.5.	The	following	application	requires	only	Theorem	6.	In	Exercises	17	and	18,	all	vectors	and	subspaces	are	in	Rn	.	(See	Fig.	n.	(A	common	desired	change	of	variable	is	x	D	P	y,	where	P	D	1=	2	1=	2	error	here	is	to	forget	to	normalize
the	eigenvectors.)	The	new	quadratic	form	is	yTD	y	D	4y12	C	2y22	.	NUMERICAL	NOTE	Since	R	in	Theorem	15	is	upper	triangular,	xO	should	be	calculated	as	the	exact	solution	of	the	equation	Rx	D	QT	b	(7)	It	is	much	faster	to	solve	(7)	by	back-substitution	or	row	operations	than	to	compute	R	1	and	use	(6).	8.2	p7	20.	6	4	:08	:44	:19	:08	5	:44	:58	:08
:31	3	2	10	2	2	6	9	6	2	10	2	6	97	7	6	7	2	2	10	6	9	40.	Then	p	is	in	Pn	,	and	we	may	compute	a	“length”	for	p	using	the	inner	product	of	Example	2	involving	evaluation	at	n	C	1	points	in	Œa;	b.	Explain	why	K	contains	an	eigenvector	of	A.	P	D	,C	D	1	0	1	2					3	1	1	3	15.	By	the	Rank	Theorem,	dim	Col	A	D	rank	A	D	n.	2	3	2	3	7	2	23.	3/	5.1/2	D	28	5.	hu;	c	vi	D
chu;	vi	for	all	scalars	c	.	The	eventual	growth	rate	is	1.2,	which	is	20%	per	year.	In	fact,	the	correspondence	between	p	and	its	vector	of	values	is	an	isomorphism,	that	is,	a	one-to-one	mapping	onto	R5	that	preserves	linear	combinations.	Let	R	D	Œ	r1				rn	.	[Hint:	By	Exercise	11,	it	suffices	to	show	that	tr	.P	T	SP	/	D	tr	.S/.	By	Exercise	30	in	Section	3.3,
this	determinant	equals	2	times	the	area	of	the	triangle	with	vertices	at	a,	b,	and	c.	Lay	is	a	member	of	the	American	Mathematical	Society,	the	Canadian	Mathematical	Society,	the	International	Linear	Algebra	Society,	the	Mathematical	Association	of	America,	Sigma	Xi,	and	the	Society	for	Industrial	and	Applied	Mathematics.	Describe	how	to	find	a
basis	B	for	Rn	and	a	basis	C	for	Rm	such	that	the	matrix	for	T	relative	to	B	and	C	is	an	m		n	“diagonal”	matrix.	Writing	Exercises	An	ability	to	write	coherent	mathematical	statements	in	English	is	essential	for	all	students	of	linear	algebra,	not	just	those	who	may	go	to	graduate	school	in	mathematics.	This	length	equals	the	length	of	y	yO	.	Then	t	D	1
ck	C1	>	0	and	c	ck		1	v1	C				C	vk	C	ck	C1	vk	C1	(1)	y	D	.1	ck	C1	/	t	t	By	the	induction	hypothesis,	the	point	z	D	.c1	=t/v1	C				C	.ck	=t/vk	is	in	S	,	since	the	nonnegative	coefficients	sum	to	1.	So	The	next	theorem	gives	useful	criteria	for	determining	when	there	is	only	one	leastsquares	solution	of	Ax	D	b.	1	2	3	4	5	6	7	8	9	10—DOW—14	13	12	11	10	ISBN
13:	978-0-321-38517-8	ISBN	10:	0-321-38517-9	To	my	wife,	Lillian,	and	our	children,	Christina,	Deborah,	and	Melissa,	whose	support,	encouragement,	and	faithful	prayers	made	this	book	possible.	In	this	case,	SS(T)	is	proportional	to	what	is	called	the	variance	of	the	set	of	y	-values.	Then	M	is	the	greatest	eigenvalue	1	of	A	and	m	is	the	least
eigenvalue	of	A.	1	1	14.	2	3	2	3	2	3	2	3	3	1	4	3	EXAMPLE	5	Let	v1	D	4	1	5,	v2	D	4	3	5,	v3	D	4	5	5,	and	p	D	4	3	5.	A50	Answers	to	Odd-Numbered	Exercises	25.	Not	every	linearly	independent	set	in	Rn	is	an	orthogonal	set.	y1	D	:95x1	:32x2	;	y1	explains	93.3%	of	the	variance.	For	example,	p5	is	inside	the	triangle	T	and	all	its	barycentric	coordinates	are
positive.	348	CHAPTER	6	Orthogonality	and	Least	Squares	THEOREM	8	The	Orthogonal	Decomposition	Theorem	Let	W	be	a	subspace	of	Rn	.	EXAMPLE	3	Use	the	results	of	Examples	1	and	2	to	construct	a	singular	value			decomposition	of	A	D	4	8	11	7	14	.	A	D	6	4	2	6	0	0	0	0	1	3	1	3	2	5	2	6	3	0	07	7	05	0	This	page	intentionally	left	blank	8	The
Geometry	of	Vector	Spaces	INTRODUCTORY	EXAMPLE	The	Platonic	Solids	In	the	city	of	Athens	in	387	B.C.,	the	Greek	philosopher	Plato	founded	an	Academy,	sometimes	referred	to	as	the	world’s	first	university.	This	process	may	be	repeated	until	p	is	expressed	as	a	convex	combination	of	at	most	n	C	1	of	the	points	of	S	.	Perhaps	we’ll	meet	again.
SOLUTION	The	matrix	of	the	quadratic	form	in	Example	3	is			1	4	AD	4	5	The	first	step	is	to	orthogonally	diagonalize	A.	denotes	the	set	of	all	vectors	orthogonal	to	a	subspace	W	.	The	.1;	2/entry	in	A	is	in	boldface	type.	Let	U	D	Œ	u1	u2	.	Suppose	a	vector	y	is	orthogonal	to	vectors	u	and	v.	12	C	18t	/p1	C.6	18t	/p2	C	6t	p3	;	so	that	x	.0/	D	6p0	12p1	C
6p2	D	6.p0	p1	/	C	6.p2	p1	/	and	x00	.1/	D	6p1	12p2	C	6p3	D	6.p1	p2	/	C	6.p3	p2	/	For	a	picture	of	x00	.0/,	construct	a	coordinate	system	with	the	origin	at	p1	,	temporarily,	label	p0	as	p0	p1	,	and	label	p2	as	p2	p1	.	Observe	that	1=.n	C	1/	D	t=.b	a/,	and	define	2	3	n	n	1	4X	1	X	p.tj	/q.tj	/	D	p.tj	/q.tj	/t	5	hp;	qi	D	n	C	1	j	D0	b	a	j	D0	Now,	let	n	increase
without	bound.	[M]	Example	3	in	Section	4.8	displayed	a	low-pass	linear	filter	that	changed	a	signal	fyk	g	into	fykC1	g	and	changed	a	higher-frequency	signal	fwk	g	into	the	zero	signal,	where	yk	D	cos.k=4/	and	wk	D	cos.3k=4/.	6	4	:06	:04	:47	:12	5	:04	:12	:12	:41	2	3	:31	:58	:08	:44	6	:58	:56	:44	:58	7	7	39.	If	two	data	points	have	different	x	-
coordinates,	then	the	two	columns	of	the	design	matrix	X	cannot	be	multiples	of	each	other	and	hence	are	linearly	independent.	x	D	3x1	D	p	pIn	terms	of	the	original	variables,	the	optimum	public	works	schedule	is	3=	2		2:1	hundred	miles	of	roads	and	bridges	and	y	D	2x2	D	2		1:4	hundred	acres	of	parks	and	recreational	areas.	1	1.	[M]											:75	1
:9932	1	:9998	xk	W	;	;	;	;	1	:9565	1	:9990	1	k	W	11:5;	12:78;	12:96;	12:9948;	12:9990	9.	Bodkin,	and	Cheng	Hsiao,	Econometric	Models,	Techniques,	and	Applications	(Upper	Saddle	River,	NJ:	Prentice-Hall,	1996).	The	best	approximation	to	y	by	elements	of	a	subspace	W	is	given	by	the	vector	y	projW	y.	Set	q0	D	p0	and	r3	D	p3	.		D	2:	4	1	5;	1		k	a	0
2.ak	b	k	/	bk	2	3	3	2	0	1		D	3:	4	1	5,	4	1	5	1	0	3.	and	W	D	L?	Otherwise,	(1)	describes	the	line	through	v1	and	v2	.	Barycentric	Coordinates	The	definition	of	barycentric	coordinates	depends	on	the	following	affine	version	of	the	Unique	Representation	Theorem	in	Section	4.4.	See	Exercise	17	in	this	section	for	the	proof.	Then	(1)	becomes	b	D	V	,	which
may	also	be	written	as	V		D	b.	Write	v	as	the	sum	of	two	vectors,	one	in	3	Span	fu1	g	and	the	other	in	Span	fu2	;	u3	;	u4	g.	If	the	program	has	a	command	that	produces	eigenvectors,	use	it	to	create	an	invertible	matrix	P	.	Let	G	D	.	PRACTICE	PROBLEMS	2	3	2	3				5	4=3	2	3	Let	a	D	,bD	,	c	D	4	1	5,	and	d	D	4	6	5.	real	if	and	only	if	det	A		2			:4	:3	18.	1;
4/;	.1;	4/;	.3;	6/;	.5;	8/	In	Exercises	5–14,	the	space	is	C	Œ0;	2	with	the	inner	product	(6).	9x12	4x1	x2	C	6x22	11.	Then	for	k	D	2;	:	:	:	;	n,	the	maximum	value	of	xTAx	subject	to	the	constraints	xTx	D	1;	xTu1	D	0;	:::;	xTuk	1	D0	is	the	eigenvalue	k	,	and	this	maximum	is	attained	at	x	D	uk	.	Let	x	be	a	nonzero	vector	in	K	.	Replace	A	by	AT	in	part	(b)	and
conclude	that	Row	AT	coincides	with	.Nul	AT	/?	The	columns	of	A1	are	linearly	independent.	See	Vector	set	Shear	transformation,	65,	74,	139	Shear-and-scale	transformation,	145	Shunt	circuit,	128	Signal	processing,	246	auxiliary	equation,	248	filter	coefficients,	246	fundamental	solution	set,	249	linear	difference	equation,	246–249	linear	filter,	246
low-pass	filter,	247,	367	moving	average,	252	reduction	to	first-order,	250	See	also	Dynamical	system	Signals	control	systems,	189,	190	discrete-time,	191–192,	244–245	function,	189–190	noise,	252	sampled,	191,	244	vector	space,	S,	191,	244	Similar	matrices,	277,	279,	280,	282,	292–293	See	also	Diagonalizable	matrix	Similarity	transformation,	277
Simplex,	475–477	construction	of,	475–476	four-dimensional,	435	Singular	matrix,	103,	113,	114	Singular	value	decomposition	(SVD),	130,	414–424	condition	number,	420	estimating	matrix	rank,	157,	417	fundamental	subspaces,	420–421	least-squares	solution,	422	m		n	matrix,	416–417	principal	component	analysis,	429	pseudoinverse,	422	rank	of
matrix,	417	reduced,	422	singular	vectors,	417	Singular	Value	Decomposition	Theorem,	417	Sink	of	dynamical	system,	314	Size	of	a	matrix,	4	Solids,	Platonic,	435–436	Solution	(set),	3,	18–21,	46,	248,	312	of	Ax	=	b,	441	difference	equations,	248–249,	271	differential	equations,	312	explicit	description	of,	18,	44,	271	fundamental,	249,	312	general,
18,	43,	44–45,	249–250,	302–303,	315	geometric	visualization,	45	(fig.),	46	(fig.),	250	(fig.)	homogeneous	system,	43,	148,	247–248	minimum	length,	433	nonhomogeneous	system,	44–46,	249–250	null	space,	199	parametric,	19–20,	44,	46	row	equivalent	matrices,	6	subspace,	148,	199,	248–249,	268,	312	superposition,	83,	312	triviałnontrivial,	43
unique,	7–9,	21,	75	See	also	Least-squares	solution	Source	of	dynamical	system,	314	Space	shuttle,	189–190	Span,	30,	36–37	affine,	437	linear	independence,	58	orthogonal	projection,	340	subspace,	156	Spanning	set,	194,	212	Spanning	Set	Theorem,	210–211	Span	fu;	vg	as	a	plane,	30	(fig.)	Span	fvg	as	a	line,	30	(fig.)	Span	fv1	;	:	:	:	;	vp	g,	30,	194
Sparse	matrix,	91,	135,	172	Spatial	dimension,	425	Spectral	components,	425	Spectral	decomposition,	398–399	Spectral	dimension,	425	Spectral	factorization,	130	Spectral	Theorem,	397–398	Spiral	point,	317	Index	Splines,	490	B–,	484,	485,	490,	491	natural	cubic,	481	Spotted	owl,	265–266,	301–302,	307–309	Square	matrix,	111,	114	Stage-matrix
model,	265–266,	307–309	Standard	basis,	148,	209,	241,	342	Standard	matrix,	71–72,	95,	288	Standard	position,	404	State	vector,	122,	254,	264	State-space	model,	264,	301	Steady-state	heat	flow,	131	response,	301	temperature,	11,	87,	131	vector,	257–260,	266–267,	279	The	Steady-State	Vector	and	Google’s	PageRank,	10.2	Stiffness	matrix,	104–
105	Stochastic	matrix,	254,	261–262,	266–267	regular,	258	Strictly	dominant	eigenvalue,	319	Strictly	separate	hyperplanes,	466	Submatrix,	117,	264	Subset,	proper,	440n	Subspace,	146–153,	193,	248	basis	for,	148–150,	209	column	space,	147–148,	201	dimension	of,	155–156,	226–227	eigenspace,	268	fundamental,	237,	335	(fig.),	420–421
homogeneous	system,	200	intersection	of,	197,	456	linear	transformation,	204	(fig.)	null	space,	147–148,	199	spanned	by	a	set,	147,	194	sum,	197	zero,	147,	193	See	also	Vector	space	Sum	of	squares	for	error,	375,	383–384	Superposition	principle,	66,	83,	312	Supporting	hyperplane,	470	Surface	normal,	487	Surface	rendering,	144	SVD.	Then	yO	is
the	closest	point	in	W	to	y,	in	the	sense	that	for	all	v	in	W	distinct	from	yO	.	Compute	the	orthogonal	projection	of	q	onto	the	subspace	spanned	by	p	,	for	p	and	q	in	Exercise	3.	projection	of	b	onto	Col	A.	The	details	are	omitted.	hu;	vi	D	hv;	ui	hu	C	v;	wi	D	hu;	wi	C	hv;	wi	hc	u;	vi	D	chu;	vi	hu;	ui		0	and	hu;	ui	D	0	if	and	only	if	u	D	0	A	vector	space	with	an
inner	product	is	called	an	inner	product	space.	3;	1/	D	.	2	2	3	2	3	3	3	3	1	6	17	617	6	17	7	6	6	7	7	11.	A	finite	set	of	points	fv1	;	:	:	:	;	vk	g	is	affinely	dependent	if	there	exist	real	numbers	c1	;	:	:	:	;	ck	,	not	all	zero,	such	that	c1	C				C	ck	D	1	and	c1	v1	C				C	ck	vk	D	0.	3	p		2=3	2	7	.	Since	c1	D	1	c2				cp	,	equation	(4)	may	be	written	as	in	(3),	and	this	leads
to	(2),	which	shows	that	y	v1	is	a	linear	combination	of	v	2	v1	;	:	:	:	;	v	p	v	1	:	In	the	statement	of	Theorem	1,	the	point	v1	could	be	replaced	by	any	of	the	other	points	in	the	list	v1	;	:	:	:	;	vp	:	Only	the	notation	in	the	proof	would	change.	Eigenvectors	must	be	nonzero	vectors.	The	singular	value	decomposition	is	based	on	the	following	property	of	the
ordinary	diagonalization	that	can	be	imitated	for	rectangular	matrices:	The	absolute	values	of	the	eigenvalues	of	a	symmetric	matrix	A	measure	the	amounts	that	A	stretches	or	shrinks	7.4	The	Singular	Value	Decomposition	415	certain	vectors	(the	eigenvectors).	2	is	no	accident,	as	the	next	theorem	shows.	Complete	solutions	follow	the	exercise	set.
3/	D	1	u		v	D	uT	v	D	Œ	2	3	2	3	2	3	4	5	5	D	.3/.2/	C	.2/.	By	Practice	Problem	1,	A2	is	symmetric	and	hence	is	orthogonally	diagonalizable	(Theorem	2).	Given	any	b	in	Rm	,	adapt	Exercise	13	to	show	that	AC	b	is	the	least-squares	solution	of	minimum	length.			2	0	6.	Row	A	and	Nul	A	are	in	Rn	;	Col	A	and	Nul	AT	are	in	Rm	.	The	two	lines	shown	in	Fig.	If	1
and	2	are	the	eigenvalues	of	A,	then	the	characteristic	polynomial	of	A	can	be	written	in	two	ways:	det.A	I	/	and	.	1	/.	2	/.	(Caratheodory)	If	S	is	a	nonempty	subset	of	Rn	,	then	every	point	in	conv	S	can	be	expressed	as	a	convex	combination	of	n	C	1	or	fewer	points	of	S	.	.925;	use	x0	D	5.	The	covariance	matrix	of	the	data	is	shown	below.	If	v1	;	v2	;	v3	;
a,	and	b	are	in	R3	and	if	a	ray	a	C	t	b	for	t		0	intersects	the	triangle	with	vertices	v1	,	v2	,	and	v3	,	then	the	barycentric	coordinates	of	the	intersection	point	are	all	nonnegative.	Exercises	41–43	in	Section	2.3	showed	how	the	condition	number	affects	the	sensitivity	of	a	solution	of	Ax	D	b	to	changes	(or	errors)	in	the	entries	of	A.	Suppose	the	columns
of	A	are	linearly	independent.	ku	C	vk2	C	ku	1	ku	4	vk	.	Another	gifted	professor,	Judith	McDonald,	of	Washington	State	University,	developed	many	new	exercises	for	the	text.	By	Supplementary	Exercise	11	in	Chapter	2,	there	is	a	polynomial	g	in	Pn	whose	values	at	t0	;	:	:	:	;	tn	coincide	with	those	of	the	unknown	function	f	.	Hint:	Use	the	fact	that
each	Pn	is	a	subspace	of	P	.	A	set	fv1	g	of	only	one	point	(even	the	zero	vector)	must	be	affinely	independent	because	the	required	properties	of	the	coefficients	ci	cannot	be	satisfied	when	there	is	only	one	coefficient.	Hint:	Write	an	SVD	of	A	in	the	form	A	D	U	†V	T	D	PQ,	where	P	D	U	†U	T	and	Q	D	UV	T	.	[M]	A	healthy	child’s	systolic	blood	pressure	p
(in	millimeters	of	mercury)	and	weight	w	(in	pounds)	are	approximately	related	by	the	equation	ˇ0	C	ˇ1	ln	w	D	p	Use	the	following	experimental	data	to	estimate	the	systolic	blood	pressure	of	a	healthy	child	weighing	100	pounds.	6	5.	A	glossary	of	terms	is	included	at	the	end	of	the	text.	The	corresponding	values	for	p	are	3,	9/2,	5,	9/2,	and	3.	A	D	,	x0
D	2	0	0	11.	Replace	r0	by	q3	,	and	obtain	q3	q2	D	r1	q3	,	and	hence	q3	D	.q2	C	r1	/=2.	We	will	discuss	the	nature	of	this	solution	in	Sections	1.6	and	2.6.	Leontief,	who	was	awarded	the	1973	Nobel	Prize	in	Economic	Science,	opened	the	door	to	a	new	era	in	mathematical	modeling	in	economics.	[Note:	If	A	is	2		n,	then	AAT	is	only	2		2	and	its
eigenvalues	may	be	easier	to	compute	(by	hand)	than	the	eigenvalues	of	ATA.]	7.5	APPLICATIONS	TO	IMAGE	PROCESSING	AND	STATISTICS	The	satellite	photographs	in	this	chapter’s	introduction	provide	an	example	of	multidimensional,	or	multivariate,	data—information	organized	so	that	each	datum	in	the	data	set	is	identified	with	a	point
(vector)	in	Rn	.							1:8	:8	4	:5	,	v1	D	,	and	x	D	.	Find	a	polynomial	q	that	is	orthogonal	to	p0	and	p1	,	such	that	fp0	;	p1	;	qg	is	an	orthogonal	basis	for	Span	fp0	;	p1	;	p2	g.	4	4	19.	Let	t	D	c1	C				C	ck	.	A	similar	result	holds	for	affine	sets	and	convex	sets.	Schwarz	(ed.),	National	Geodetic	Survey,	National	Oceanic	and	Atmospheric	Administration	(NOAA)
Professional	Paper	NOS	2,	1989.	Compute	the	length	of	each	column,	and	compute	a1		a2	,	a1		a3	;	a1		a4	;	a2		a3	;	a2		a4	,	and	a3		a4	.	Hence,	ab		2	p	21.	Since	u1	is	nonzero,	u1		u1	is	not	zero	and	so	c1	D	0.	In	this	case,	the	entries	of	G	are	the	inner	products	of	the	columns	of	A.	Since	S	0	must	span	V	,	S	0	cannot	be	a	proper	subset	of	S	because	of
the	minimality	of	S	.	2	3	2	3	2	3	5	4	2	2	1	5	2	5,	v1	D	4	2	5,	and	v2	D	4	1	5.	For	the	converse,	pick	a	typical	point	in	.c	C	d	/S	and	show	it	is	in	cS	C	dS	.	378	CHAPTER	6	Orthogonality	and	Least	Squares	EXAMPLE	5	Let	V	be	P4	with	the	inner	product	in	Example	2,	involving	evaluation	of	polynomials	at	2,	1,	0,	1,	and	2,	and	view	P2	as	a	subspace	of	V	.
The	results	of	MATLAB	calculations	for	the	first	five	iterations	are	arranged	in	Table	2.	If	possible,	produce	a	graph	that	shows	the	data	points	and	the	graph	of	the	cubic	approximation.	Let	S	be	convex	and	let	x	2	cS	C	dS	,	where	c	>	0	and	d	>	0.	Let	V	be	the	space	C	Œ	1;	1	with	the	inner	product	of	Example	7.	Note	that	if	r	is	any	scalar,	then	the	k
th	term	of	rfyk	g	is	ryk	;	so	T	.rfyk	g/	is	the	sequence	fwk	g	given	by	wk	D	rykC2	C	a.rykC1	/	C	b.ryk	/	37.	Hence	v		v	D	0,	which	shows	that	v	D	0.	Hint:	Suppose	that	ŒuB	D	ŒwB	for	some	u	and	w	in	V	,	and	denote	the	entries	in	ŒuB	by	c1	;	:	:	:	;	cn	.	A	typical	problem	is	x1	2x2	D	x1	C	3x2	D	1	3	The	graphs	of	these	equations	are	lines,	which	we
denote	by	`1	and	`2	.	Linear	Transformations	Linear	transformations	form	a	“thread”	that	is	woven	into	the	fabric	of	the	text.	Johnson,	and	A.	So	we	seek	an	x	that	makes	Ax	the	closest	point	in	Col	A	to	b.	For	instance,	suppose	engineers	are	analyzing	the	performance	of	a	new	car,	and	f	.t/	represents	the	distance	between	the	car	at	time	t	and	some
reference	point.					1	6	7	,	x0	D	7.	6	6	7	7	4	1	4	5	4	7	1	5	25	1	2	1	1	5	8	In	Exercises	13	and	14,	the	columns	of	Q	were	obtained	by	applying	the	Gram–Schmidt	process	to	the	columns	of	A.	y	D	X	ˇ	C	,	where	y	D	6	6	6	7	7,	4	3:8	5	44	16	5	3:9	5	25	2	3	1	6	2	7			6	7	ˇ1	7	ˇD	,D6	6	3	7	ˇ2	4	4	5	5	b.	Since	y	v	D	.y	yO	/	C	.Oy	v/	the	Pythagorean	Theorem	gives	ky
vk2	D	ky	yO	k2	C	kOy	vk2	(See	the	colored	right	triangle	in	Fig.	Point	p1	has	coordinates	.	1.)	These	shapes	occur	naturally	as	crystals	of	common	minerals.	This	was	discussed	in	Section	6.6,	from	a	different	point	of	view.	Use	the	result	of	part	(a)	to	estimate	the	velocity	of	the	plane	when	t	D	4:5	seconds.	So	y	is	an	affine	combination	of	v1	;	:	:	:	;	vp	.
It	can	be	shown	that	u3	is	not	in	the	subspace	W	spanned	by	u1	and	u2	.	Hence	.1	/	k	Ak	x	!	c1	v1	as	k	!	1	(3)	320	CHAPTER	5	Eigenvalues	and	Eigenvectors	Thus,	for	large	k	,	a	scalar	multiple	of	Ak	x	determines	almost	the	same	direction	as	the	eigenvector	c1	v1	.	In	Exercises	9	and	10,	list	5	and	6	.	THEOREM	5	Let	fu1	;	:	:	:	;	up	g	be	an	orthogonal
basis	for	a	subspace	W	of	Rn	.	y	D	4	4	5,	u1	D	4	1	5,	u2	D	4	3	5	2	1	3	3	2	2	3	3	2	3	2	1	1	1	4	6	07	6	37	617	6	37	7	6	6	7	7	6	7	9.	The	next	theorem	generalizes	Theorem	7	and,	together	with	Theorem	6,	gives	a	useful	characterization	of	all	the	eigenvalues	of	A.	4	are	both	positive	semidefinite,	but	the	form	in	(a)	is	better	described	as	positive	definite.	For
any	scalar	c	,	the	length	of	c	v	is	jcj	times	the	length	of	v.	Thus	the	maximum	value	of	Q.x/	D	q.x1	;	x2	/	is	3,	attained	when	x1	D	1=	2	p	and	x2	D	1=	2.	The	rest	of	the	proof	amounts	to	repeating	(a)	and	(b)	for	successively	smaller	matrices,	and	then	piecing	together	the	results.	Colors	on	a	computer	screen	are	often	described	by	RGB	coordinates.	If
the	singular	values	of	A	are	extremely	large	or	small,	roundoff	errors	are	almost	inevitable,	but	an	error	analysis	is	aided	by	knowing	the	entries	in	†	and	V	.	What	would	the	analogue	of	a	polyhedron	“look	like”	in	more	than	three	dimensions?	The	simple	2		2	examples	in	Fig.	4	4	5,	4	2	5,	4	4	5	1	7	1	2	3	1	3	3	2	3	2	3	6	2	3.	In	suitable	polar	coordinates,
the	position	.r;	#/	of	a	comet	satisfies	an	equation	of	the	form	r	D	ˇ	C	e.r		cos	#/	8.	Describe	all	vectors	.´1	;	´2	/	that	are	orthogonal	to	y.	A	D	6	5	4	4	2	2	2=7	4=7	5	4	6	4=7	2=7	15.	3(a)	is	the	graph	of	the	equation	5x12	4x1	x2	C	5x22	D	48.	The	points	v1	D	,	v2	D	,	and	v4	D	,	v3	D	2	1	0	4	pendent	set.	from	0	to	b	2	=a2	The	following	theorem	is	basic	in
the	study	of	convex	sets.	0	3	x2	3x2	b.	The	equation	Ax	D	b	has	a	unique	least-squares	solution	for	each	b	in	Rm	.	4	2	6	6.	Page	265	Pacific	Northern	spotted	owl:	John	and	Karen	Hollingsworth/US	Fish	and	Wildlife	Service.	Show	that	each	y	in	Rn	can	be	written	in	the	form	y	D	yO	C	z,	with	yO	in	Col	A	and	z	in	Nul	A.	4	2	5	0	1	2	2					3	1	2	1	7.	Another
solution	method	is	to	translate	the	problem	to	the	origin	by	subtracting	v1	from	the	other	points,	find	a	linear	dependence	relation	among	the	translated	points,	and	then	rearrange	the	terms.	First,	since	x	D	P	y,	yDP	so	yD	Hence	3y12	"	p	2=p5	1=	5	1	x	D	PTx	p	#	p	#		"	2	6=p5	1=p5	D	2	2=	5	2=	5	p	p	7y22	D	3.6=	5/2	7.	What	theorem	in	Chapter	4



can	be	used	to	show	that	W	is	a	subspace	of	R3	?	6	c.	5x12	x22	C	7x32	C	5x1	x2	3x1	x3	b.	The	unit	vector	in	the	direction	of	both	c	and	y	is	u	D	kyk	2=	29	3.	It	can	be	shown	that	A	admits	a	(real)	Schur	factorization.	Thus	p.D/	is	the	zero	matrix.	1	(Example	1).	Since	.Nul	A/?	Note	that	Q.x/	D	xTAx,	where			0	3	AD	3	0	"	p	#	"	p	#	1=p2	1=p2	for		D	3	and
for	The	eigenvalues	of	A	are	˙3,	with	eigenvectors	1=	2	1=	2	p		D	3.	Watkins	(New	York:	John	Wiley	&	Sons,	1991),	pp.	Compute	projW	y	and	.U	U	T	/y.	(See	Exercise	13	in	the	Supplementary	Exercises	for	Chapter	2.)	Show	that	Q	is	an	orthogonal	matrix.	Find	points	v1	and	v2	such	that	the	solution	set	of	Ax	D	b	is	aff	fv1	;	v2	g.	Hint:	If	A	is	the
standard	matrix	of	T	,	look	for	a	nonzero	vector	v	(a	point	in	the	plane)	such	that	Av	D	v.	For	this	reason,	many	exercises	in	the	text	ask	you	to	explain	or	justify	your	calculations.	Theorem	9	below	provides	a	more	geometric	characterization	of	the	convex	hull	of	a	set.	[M]	P	D	6	60	40	0	2	7	0	60	7	6	0	0	DD6	6	40	0	0	0	1	0	1	1	0	3	0	0	0	2	1	1	0	1	0	0	0	7	0
0	0	0	0	14	0	3	0	07	7	07	7	05	14	3	0	07	7	17	7,	05	1	Section	5.4,	page	293	1.	Distance	in	Rn	We	are	ready	now	to	describe	how	close	one	vector	is	to	another.	EXAMPLE	4	Find	the	maximum	value	of	9x12	C	4x22	C	3x32	subject	to	the	con-	straints	xTx	D	1	and	xTu1	D	0,	where	u1	D	.1;	0;	0/.	The	definitions	and	proofs	focus	on	the	columns	of	a	matrix
rather	than	on	the	matrix	entries.	This	combination	is	an	affine	combination	of	the	b’s	if	and	only	if	the	weights	sum	to	1.	Then	there	is	an	orthogonal	change	of	variable,	x	D	P	y,	that	transforms	the	quadratic	form	xTAx	into	a	quadratic	form	yTD	y	with	no	cross-product	term.	Every	point	on	the	intersection	curve	in	Fig.	y	=	v	1	+	t(v	2	–	v	1)	aff{v	1	,	v
2}	v2	v1	t(v	2	–	v	1)	v2	–	v1	FIGURE	2	Notice	that	while	the	point	y	in	Fig.	Find	an	orthonormal	basis	of	the	subspace	spanned	by	the	vectors	in	Exercise	3.	[M]	Find	the	associated	least-squares	curve	for	the	data.	SOLUTION	Use	a	trigonometric	identity.	Find	the	barycen,	and	p	D	,c	D	,b	D	3	3	0	7	tric	coordinates	of	p	determined	by	the	affinely
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C	32	x1	x2	C	x22			10	3	3.	[Hint:	See	the	end	of	the	proof	of	Theorem	5.]	452	CHAPTER	8	The	Geometry	of	Vector	Spaces	8.2	EXERCISES	In	Exercises	1–6,	determine	if	the	set	of	points	is	affinely	dependent.	If	aj	is	any	column	of	A,	then	aj	.b	AOx/	D	0,	and	aTj	.b	AOx/	D	0.	Given	p.t/	and	p.A/	as	in	Exercise	5,	show	that	p.A/	is	diagonalizable.	The	full
story	will	be	told	in	Section	6.5.	To	prepare	for	the	first	theorem,	observe	that	whenever	a	vector	y	is	written	as	a	linear	combination	of	vectors	u1	;	:	:	:	;	un	in	Rn	,	the	terms	in	the	sum	for	y	can	be	grouped	into	two	parts	so	that	y	can	be	written	as	y	y	D	z1	C	z2	0	W	FIGURE	1	yˆ	where	z1	is	a	linear	combination	of	some	of	the	ui	and	z2	is	a	linear
combination	of	the	rest	of	the	ui	.	The	horizontal	cross-sections	of	the	graphs	are	ellipses	in	Figs.	S	is	affinely	dependent.	1.1	SYSTEMS	OF	LINEAR	EQUATIONS	A	linear	equation	in	the	variables	x1	;	:	:	:	;	xn	is	an	equation	that	can	be	written	in	the	form	a1	x1	C	a2	x2	C				C	an	xn	D	b	(1)	where	b	and	the	coefficients	a1	;	:	:	:	;	an	are	real	or	complex
numbers,	usually	known	in	advance.	With	the	power	method,	there	is	a	slight	chance	that	the	chosen	initial	vector	x	will	have	no	component	in	the	v1	direction	(when	c1	D	0).	[M]	Use	the	Gram–Schmidt	process	as	in	Example	2	to	produce	an	orthogonal	basis	for	the	column	space	of	2	3	10	13	7	11	6	2	1	5	37	6	7	6	3	13	37	AD6	6	7	4	16	16	2	55	2	1	5	7
25.	So	there	will	not	be	a	pivot	in	each	row.	To	save	you	time,	the	eigenvalues	in	Exercises	17–22	are:	(17)	5,	2,	2;	(18)	25,	3,	50;	(19)	7,	2;	(20)	13,	7,	1;	(21)	9,	5,	1;	(22)	2,	0.	These	two	properties	of	yO	provide	the	key	to	finding	least-squares	solutions	of	linear	systems,	mentioned	in	the	introductory	example	for	this	chapter.	Why	does	this	prove	that
B	y	is	the	orthogonal	projection	of	y	onto	the	column	space	of	B	?	[Careful:	A	need	not	be	square.]	a.	Let	u	D	and	v	D	.	EXAMPLE	3	Suppose	that	the	solutions	of	an	equation	Ax	D	b	are	all	of	the	form	2	3	2	3	2	4	x	D	x3	u	C	p,	where	u	D	4	3	5	and	p	D	4	0	5.	A	D	6	4	45	4	0	35	2	5	2	2	3	2	3	1	3	5	1	5,	b	D	4	1	5	4.	Using	Example	1,	construct	2	3	1=3	2=3
2=3	1=3	2=3	5	V	D	Œ	v1	v2	v3		D	4	2=3	2=3	2=3	1=3	²	See	the	Study	Guide	for	software	and	graphing	calculator	commands.	In	Example	1,	the	eigenvalues	are	already	listed	in	decreasing	order:	360,	90,	and	0.	u.	EXAMPLE	6	Let	V	be	P4	with	the	inner	product	in	Example	5,	and	let	p0	,	p1	,	and	p2	be	the	orthogonal	basis	found	in	Example	5	for	the
subspace	P2	.	To	show	that	D		E	\	F	,	show	that	D		E	and	D		F	.	After	this,	the	number	of	arithmetic	operations	here	is	basically	the	same	as	the	number	needed	for	the	method	using	Theorem	1.	6.6	Applications	to	Linear	Models	373	FIGURE	6	A	least-squares	plane.	The	first	example	is	connected	with	the	massive	leastsquares	problem	of	updating	the
North	American	Datum,	described	in	the	chapter’s	introductory	example.	A36	Answers	to	Odd-Numbered	Exercises	27.	Then	A	has	:2	1:2	1	1	eigenvalues	2	and	1,	and	the	eigenspace	for	1	D	2	is	the	line	through	0	and	v1	.	THEOREM	2	u+v	||v||	u	||u	+	v||	The	Pythagorean	Theorem	Two	vectors	u	and	v	are	orthogonal	if	and	only	if	ku	C	vk2	D	kuk2	C
kvk2	.	2	3	2	3	1	5	4	1	5,	b	D	4	2	5	9.	But	we	can	scale	each	Ak	x	to	make	its	largest	entry	a	1.	(See	Example	3.)	3.	2/k	for	all	k	.	Principal	Component	Analysis	For	simplicity,	assume	that	the	matrix	Œ	X1				XN		is	already	in	mean-deviation	form.	Let	A	be	a	diagonalizable	n		n	matrix.	Hint:	Use	a	column–row	expansion	of	.U	†/V	T	.	;	C;	C/.	Find	the	third-
order	Fourier	approximation	to	f	.t/	D	t	1.	2	3	2	3	2	3	2	3	2	3	2	3	0	1	3	5	5	1	2.	If	the	gas	pedal	is	suddenly	pressed	to	the	floor,	the	graph	of	f	.t/	will	change	to	include	a	quadratic	term	and	possibly	a	cubic	term	(due	to	the	acceleration).	DEFINITION	A	convex	combination	of	points	v1	;	v2	;	:	:	:	;	vk	in	Rn	is	a	linear	combination	of	the	form	c1	v1	C	c2	v2
C				C	ck	vk	such	that	c1	C	c2	C				C	ck	D	1	and	ci		0	for	all	i	.	Define	vk	C1	D	xk	C1	projWk	xk	C1	(2)	By	the	Orthogonal	Decomposition	Theorem,	vk	C1	is	orthogonal	to	Wk	.	Observe	that	y0	.1/	D	3.q3	q2	/.	p(t)	p(t)	t	a	b	t	a	b	FIGURE	4	Using	different	numbers	of	evaluation	points	in	Œa;	b	to	compute	kpk2	.	Therefore,	Row	A	must	coincide	with	.Nul	A/?
	1	1	7.	(See	Practice	Problem	2.)	If	so,	construct	an	affine	dependence	relation	for	the	points.	2	i/t	1	1	(real	solution):					cos	t	C	sin	t	sin	t	cos	t	c1	e	2t	C	c2	e	2t	cos	t	sin	t	The	trajectories	spiral	in	toward	the	origin.	Let	k	be	an	entry	in	Axk	whose	absolute	value	is	as	large	as	possible.	In	fact,	this	xO	has	the	smallest	length	among	all	least-squares
solutions	of	Ax	D	b.	C	P	B	D	4	2	1	4	15.	PRACTICE	PROBLEM	2	3	2	3	1	1=3	Let	W	D	Span	fx1	;	x2	g,	where	x1	D	4	1	5	and	x2	D	4	1=3	5.	Is	p3	in	aff	S	?	Show	that	y	is	orthogonal	to	every	w	in	Span	fu;	vg.	Lay.	Then	fAv1	;	:	:	:	;	Avr	g	is	an	orthogonal	basis	for	Col	A,	and	rank	A	D	r	.	All	rights	reserved.	[M]	Let	f4	and	f5	be	the	fourth-order	and	fifth-
order	Fourier	approximations	in	C	Œ0;	2	to	the	square	wave	function	in	Exercise	10.	EXAMPLE	2	The	first	three	photographs	of	Railroad	Valley,	Nevada,	shown	in	the	chapter	introduction,	can	be	viewed	as	one	image	of	the	region,	with	three	spectral	components,	because	simultaneous	measurements	of	the	region	were	made	at	three	separate
wavelengths.	Thus		is	an	eigenvalue	of	A	if	and	only	if		D	a	b	or		D	a	C	.n	1/b	.	Show	that,	for	each	x	,	det	Œ	pQ	bQ	cQ		D	x		det	Œ	aQ	bQ	cQ	.	Suppose	x	is	an	eigenvector	of	A	corresponding	to	an	eigenvalue	.	The	hyperbola	in	Fig.	Practice	Problems	A	few	carefully	selected	Practice	Problems	appear	just	before	each	exercise	set.	(The	term	mean	refers
to	the	fact	that	the	norm	is	determined	by	an	integral.)	It	can	be	shown	that	the	mean	square	error	approaches	zero	as	the	order	of	the	Fourier	approximation	increases.	The	obvious	method	of	counting	the	number	of	pivot	columns	in	A	does	not	work	well	if	A	is	row	reduced	by	a	computer.	D	Nul	A	and	.Col	A/?	p2	D	4	3	5	c.	32	/k	13.	A	suitable	change
where	x	D		x1	x2		and	yD		y1	y2		Quadratic	Forms	7.2	Then	x12	403	5x22	D	xTAx	D	.P	y/TA.P	y/	8x1	x2	D	yTP	TAPy	D	yT	D	y	D	3y12	7y22	To	illustrate	the	meaning	of	the	equality	of	quadratic	forms	in	Example	4,	we	can	compute	Q.x/	for	x	D	.2;	2/	using	the	new	quadratic	form.	In	Chapter	1,	for	instance,	linear	transformations	provide	a	dynamic	and
graphical	view	of	matrix–vector	multiplication.	Indeed,	given	any	three	non-collinear	points	in	R2	,	the	centroid	of	the	triangle	formed	by	them	is	in	the	convex	hull	of	all	three,	but	is	not	in	the	convex	hull	of	any	two.	In	choosing	its	public	works	schedule,	the	county	wants	to	consider	the	opinions	of	the	county	residents.	PROOF	Let	T	denote	the
intersection	of	all	the	convex	sets	containing	S	.	Give	the	design	matrix	and	the	parameter	vector	for	the	linear	model	that	leads	to	a	least-squares	fit	of	the	equation	above,	with	data	.x1	;	y1	/;	:	:	:	;	.xn	;	yn	/.	Since	the	functions	in	(5)	are	orthogonal,	the	best	approximation	is	given	by	the	orthogonal	projection	onto	W	.	Suppose	5	out	of	25	data	points
in	a	weighted	least-squares	problem	have	a	y	-measurement	that	is	less	reliable	than	the	others,	and	they	are	to	be	weighted	half	as	much	as	the	other	20	points.	Thus	fv1	;	v2	;	v3	g	is	an	orthonormal	set.	4	0	1	0	3	5.	p1	2	Span	S	,	but	p1	…	aff	S	b.	With	Q	as	in	Problem	1,	find	the	maximum	value	of	Q.x/	subject	to	the	constraint	xTx	D	1,	and	find	a	unit
vector	at	which	the	maximum	is	attained.	v1	D	4	2	5,	v2	D	4	6	5,	v3	D	4	3	5,	y	D	4	4	5	1	0	4	7	2	3	2	3	2	3	2	1	2	In	Exercises	5	and	6,	let	b1	D	4	1	5,	b2	D	4	0	5,	b3	D	4	5	5,	1	2	1	and	S	D	fb1	;	b2	;	b3	g.	If	b	D	Ax,	then	xC	D	AC	b	D	AC	Ax.	By	Exercise	12(a),	xC	is	the	orthogonal	projection	of	x	onto	Row	A.	For	the	converse,	suppose	v1	D	v2	and	select
specific	c1	and	c2	that	show	their	affine	dependence.	Every	symmetric	matrix	is	orthogonally	diagonalizable.	If	B	D	T	.A/,	then	by	properties	of	transposes,	B	T	D	.A	C	AT	/T	D	AT	C	AT	T	D	AT	C	A	D	B				0	b	d.		3	5	1	6	0	4		3.	Then	AOx	D	b,	which	shows	that	xO	is	a	least-squares	solution	of	Ax	D	b.	Because	of	the	isomorphism	1	between	R3	and	P2	,	the
corresponding	polynomials	do	not	span	P2	.	EXAMPLE	3	Let	C	Œ0;	2	have	the	inner	product	(6),	and	let	m	and	n	be	unequal	positive	integers.	When	xk	is	close	to	an	eigenvector	for	1	,	the	vector	Axk	is	close	to	1	xk	,	with	each	entry	in	Axk	approximately	1	times	the	corresponding	entry	in	xk	.	For	good	advice	and	help	with	chapter	introductory
examples,	I	thank	Raymond	Rosentrater,	of	Westmont	College.	Write	the	companion	matrix	for	p.t/,	and	use	techniques	from	Chapter	3	to	find	its	characteristic	polynomial.	Let	fv1	;	v3	g	be	any	linearly	independent	set	in	the	vector	space	V	,	and	let	v2	and	v4	be	linear	combinations	of	v1	and	v3	.	6.8	APPLICATIONS	OF	INNER	PRODUCT	SPACES	The
examples	in	this	section	suggest	how	the	inner	product	spaces	defined	in	Section	6.7	arise	in	practical	problems.	Show	that	vn	,	where	the	A	D	1	u1	vT1	C	2	u2	vT2	C				C	r	ur	vTr	:	24.	4	in	Section	1.5.	³	A	subset	A	of	a	set	B	is	called	a	proper	subset	of	B	if	A	6D	B	.	5.8.	418	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	PROOF	Let	i	and	vi	be
as	in	Theorem	9,	so	that	fAv1	;	:	:	:	;	Avr	g	is	an	orthogonal	basis	for	Col	A.	No.	(Why	is	the	set	not	a	basis	for	H	?)	27.	x	D	4	1	5	5	p	3	1=p3	7	6	c.	xO	D	6	42	x2	6	1=3	2	3	2	3	5	1	p	xO	D	4	3	5	C	x34	1	5	7.	The	Guide	is	separate	from	the	text	because	you	must	learn	to	write	solutions	by	yourself,	without	much	help.	Use	the	technique	of	Section	8.2	to
obtain	an	affine	dependence	relation	5v1	C	4v2	3v3	C	4v4	D	0	(3)	Next,	choose	the	points	v2	and	v4	in	(3),	whose	coefficients	are	positive.	2	3	2	3	2	3	2	3	0	1	3	2	b.	Let	P3	have	the	inner	product	given	by	evaluation	at	3,	1,	1,	and	3.	A	polyhedron	is	called	regular	if	its	faces	are	congruent	regular	polygons	and	all	the	angles	at	the	vertices	are	equal.
Hence	fv1	;	:	:	:	;	vk	C1	g	is	an	orthogonal	set	of	nonzero	vectors	in	the	.k	C	1/-dimensional	space	Wk	C1	.	This	inequality			tr	A	2		det	A:	simplifies	to	.tr	A/2		4	det	A	and	2			0	1	19.	vv	2	3	6	3	27	33	13	6	6	5	25	28	14	7	6	7	8	6	34	38	18	7	34.	2	3	2	3	3	1	EXAMPLE	1	Let	W	D	Span	fx1	;	x2	g,	where	x1	D	4	6	5	and	x2	D	4	2	5.	6	43	2	2	1	3	3	7	35	3	3	3	3	7		
a11	a12	17.	An	orthogonal	matrix	is	orthogonally	diagonalizable.	DEFINITION	Two	vectors	u	and	v	in	Rn	are	orthogonal	(to	each	other)	if	u		v	D	0.	and	define	x	y	;	x2	D	;	that	is;	3	2	Then	the	constraint	equation	becomes	x1	D	x	D	3x1	and	y	D	2x2	x12	C	x22	D	1		x1	.	Is	this	point	inside	the	triangle?	4	3	6	1	5,	so	W	is	a	vector	space	by	0	19.	PRACTICE
PROBLEM	Describe	a	positive	semidefinite	matrix	A	in	terms	of	its	eigenvalues.	Several	other	numerical	applications	are	described	briefly	below,	and	an	application	to	image	processing	is	presented	in	Section	7.5.	EXAMPLE	5	(The	Condition	Number)	Most	numerical	calculations	involving	an	equation	Ax	D	b	are	as	reliable	as	possible	when	the	SVD
of	A	is	used.	Let	U	be	an	orthogonal	matrix,	and	construct	V	by	interchanging	some	of	the	columns	of	U	.	x	D		x1	x2		b.	By	Exercise	21,	the	numerator	of	this	quotient	is	twice	the	area	of	4pbc,	and	the	denominator	is	twice	the	area	of	4abc.	Then	for	each	point	p	in	aff	S	,	the	coefficients	c1	;	:	:	:	;	cp	in	the	unique	representation	(7)	of	p	are	called	the
barycentric	(or,	sometimes,	affine)	coordinates	of	p.	Replace	a	by	a		in	the	determinant	formula	from	Exercise	16	in	Chapter	3	Supplementary	Exercises:	det.A	I	/	D	.a	b	/n	1	Œa		C	.n	1/b	This	determinant	is	zero	only	if	a	b		D	0	or	a		C	.n	1/b	D	0.	SG	Computing	an	SVD	7–10	Step	1.	Construct	an	orthonormal	basis	fu1	;	:	:	:	;	un	g	for	W	D	Col	A	with
property	(1)	in	Theorem	11.	Then	there	exists	an	m		n	matrix	†	as	in	(3)	for	which	the	diagonal	entries	in	D	are	the	first	r	singular	values	of	A,	1		2						r	>	0,	and	there	exist	an	m		m	orthogonal	matrix	U	and	an	n		n	orthogonal	matrix	V	such	that	A	D	U	†V	T	Any	factorization	A	D	U	†V	T	,	with	U	and	V	orthogonal,	†	as	in	(3),	and	positive	diagonal	entries
in	D	,	is	called	a	singular	value	decomposition	(or	SVD)	of	A.	PROOF	The	argument	is	similar	to	the	proof	of	Theorem	2.	Let	f	W	Rn	!	Rm	be	a	linear	transformation,	let	T	be	an	affine	subset	of	Rm	,	and	let	S	D	fx	2	Rn	W	f	.x/	2	T	g.	If	c	is	any	nonzero	scalar	and	if	u	is	replaced	by	c	u	in	the	definition	of	yO	,	then	the	orthogonal	projection	of	y	onto	c	u	is
exactly	the	same	as	the	orthogonal	projection	of	y	onto	u	(Exercise	31).	If	a,	b	,	and	c	are	distinct	numbers,	then	the	following	system	is	inconsistent	because	the	graphs	of	the	equations	are	parallel	planes.	P	D	4	1=	3	p	1=	3	2	5	0	2	D	D	40	0	0	p	1=p5	19.	If	A	D	URU	T	with	U	orthogonal,	then	A	is	similar	to	R	(because	U	is	invertible	and	U	T	D	U	1	/
and	so	A	has	the	same	eigenvalues	as	R	(by	Theorem	4	in	Section	5.2),	namely,	the	n	real	numbers	on	the	diagonal	of	R.	p2	D	4	1:3	5	c.	W	is	a	subspace	of	R4	because	W	is	the	set	of	solutions	of	the	system	p	2p	3q	4s	s	D0	5r	D	0	11.	Because	of	2	the	isomorphism	between	R4	and	P3	,	the	corresponding	polynomials	form	a	linearly	dependent	subset	of
P3	,	and	thus	cannot	be	a	basis	for	P3	:	2	3			1:3	5=3	35.	u1	y	.	This	very	useful	fact	is	discussed	in	Matrix	Analysis,	by	Roger	A.	The	matrices	U	and	V	are	not	uniquely	determined	by	A,	but	the	diagonal	entries	of	†	are	necessarily	the	singular	values	of	A.	n	n	Show	that	the	least-squares	line	for	the	data	.x1	;	y1	/;	:	:	:	;	.xn	;	yn	/	must	pass	through	.x;	y/.
I	wrote	this	Guide	to	be	an	integral	part	of	the	course.	8k	for	all	k	8	C	4k	Thus	both	.	The	coordinate	vectors	4	3	5,	4	5	5,	4	5	5,	6	5	7	2	3	1	4	0	5	do	not	span	R3	.	The	sample	mean	vector	is	easily			130	seen	to	be	M	D	.	Use	Exercise	7	to	show	that	if	A	is	positive	definite,	then	A	has	an	LU	factorization,	A	D	LU	,	where	U	has	positive	pivots	on	its
diagonal.	To	find	X	,	inspect	the	first	few	rows	of	the	system	and	look	for	the	pattern.	Indefinite	WEB	1.	Suppose	three	tests	are	administered	to	a	random	sample	of	college	students.	The	usual	choice	(primarily	because	the	mathematical	calculations	are	simple)	is	to	add	the	squares	of	the	residuals.	The	vector	space	Rn	with	the	standard	inner	product
is	an	inner	product	space,	and	nearly	everything	discussed	in	this	chapter	for	Rn	carries	over	to	inner	product	spaces.	There	is	no	constant	term	because	fixed	costs	are	not	included.	2	3	10	8	4	A	D	4	8	13	4	5	4	5	4	SOLUTION	The	two	smallest	eigenvalues	seem	close	together,	so	we	use	the	inverse	power	method	for	A	1:9I	.	Larger	matrices	usually
require	a	matrix	program.²	However,	for	the	matrix	A	here,	the	eigendata	for	ATA	are	provided	in	Example	1.	Use	the	steps	below	to	prove	the	following	relations	among	the	four	fundamental	subspaces	determined	by	an	m		n	matrix	A.	41=3	b.	A	flat	through	the	origin	is	a	subspace.	Since	orthogonality	of	a	set	is	defined	in	terms	of	pairs	of	vectors,
this	shows	that	if	the	vectors	in	an	orthogonal	set	are	normalized,	the	new	set	will	still	be	orthogonal.	[Hint:	What	would	be	true	if	I	A	were	not	invertible?]	q.	For	each	y	in	Rm	,	AAC	y	is	the	orthogonal	projection	of	y	onto	Col	A.	Suppose	rank	A	D	r	.	Verify	the	following	equality	by	induction,	beginning	with	p	D	2.	2=	13;	3=	13/.	Assume	x	is	in	R2	.
How	are	the	singular	values	of	A	and	AT	related?	However,	by	construction,	the	parameter	x	also	determines	the	relative	distance	between	p	and	q	along	the	segment	from	q	to	a.	Let	A	be	an	m		n	matrix	and,	given	b	in	Rm	,	show	that	the	set	S	of	all	solutions	of	Ax	D	b	is	an	affine	subset	of	Rn	.	In	this	case,	the	“multidimensional”	character	of	the	data
refers	to	the	three	spectral	dimensions	rather	than	the	two	spatial	dimensions	that	naturally	belong	to	any	photograph.	If	A	is	similar	to	a	diagonalizable	matrix	B	,	then	A	is	also	diagonalizable.	Determine	whether	p1	is	in	Span	S	,	aff	S	,	and	conv	S	.	The	direction	of	greatest	repulsion	is	the	line	through	.	Show	that	B	TAB	,	B	TB	,	and	BB	T	are
symmetric	matrices.	Page	189	Colombia	space	shuttle:	Kennedy	Space	Center/NASA.	Let	B	D	5I	3A	C	A2	.	The	two	highest	points	on	the	curve	are	7	units	above	the	x1	x2	-plane,	occurring	where	x1	D	0	and	x2	D	˙1.	kxk	kb	k	Observe	that	the	relative	change	in	x	is	much	smaller	than	the	relative	change	in	b.	Hint:	Use	the	definition	of	orthogonality.	If
xkC1	is	the	next	column	of	A,	then	equation	(2)	in	the	proof	of	Theorem	11	becomes	vkC1	D	xkC1	Q.QT	xkC1	/	(The	parentheses	above	reduce	the	number	of	arithmetic	operations.)	Let	ukC1	D	vkC1	=kvkC1	k.	y	D	C	7=5	8=5	C	18	u	9	3		:6	,	distance	is	1	:8	p	3	2	p	3	2	1=p3	1=	2	0p	5	17.	4	2	4	0	9	4	2	3	3	3	2	2	2	0	0	0	4	1	3	1	60	61	1	0	17	4	1	37	7	7	22.
If	S	is	linearly	dependent,	then	one	of	the	vectors	is	a	linear	combination	of	the	other	two	vectors.	By	construction,	k	1	X	i	D1	bi	vi	D	D	k	X	i	D1	k	X	bi	vi	D	k		X	ci		ck	di	vi	dk	i	D1	k	k	X	ck	X	di	vi	D	ci	vi	D	p	dk	i	D1	i	D1	ci	v	i	i	D1	Thus	p	is	now	a	convex	combination	of	k	1	of	the	points	v1	;	:	:	:	;	vk	.	Observation	vector	3	y1	6	7	6	y2	7	7	yD6	6	::	7	;	4	:	5	2
yn	Design	matrix	2	1	6	1	6	X	D6	6	::	4:	1	x1	x2	::	:	xn	x12	x22	::	:	xn2	Parameter	vector	3	x13	7	x23	7	::	7	7;	:	5	xn3	3	ˇ0	6	7	6	ˇ1	7	7	ˇD6	6	ˇ	7;	4	25	ˇ3	2	Residual	vector	3	1	6	7	6	2	7	7	D6	6	::	7	4	:	5	2	n	Multiple	Regression	Suppose	an	experiment	involves	two	independent	variables—say,	u	and	v	—and	one	dependent	variable,	y	.	If	there	is	a	“linear
trend”	in	the	data	f	.t0	/;	:	:	:	;	f	.tn	/,	then	we	might	expect	to	approximate	the	values	of	f	by	a	function	of	the	form	ˇ0	C	ˇ1	t	.	Observe	that	v3	is	in	W	,	because	x3	and	projW2	x3	are	both	in	W	.				6	9	5	;	;	,	p2	$	0;	12	;	12	,	p3	$	148	;	58	;	81	,	b.	p3	D	4	1	5	5	3	4	2	3	2	3	2	3	0	1:5	5	6.	The	first	principal	component	u1	determines	the	new	variable	y1	in	the
following	way.	The	next	example	gives	an	idea	of	the	proof	for	the	case	of	a	diagonal	matrix.	For	j	D	1;	:	:	:	;	p	,	the	diagonal	entry	sjj	in	S	is	called	the	variance	of	xj	.	.2;	3/,	.3;	2/,	.5;	1/,	.6;	0/	b.	k	3.	So	(c)	implies	(a),	which	proves	that	(a),	(b),	and	(c)	are	logically	equivalent.	SOLUTION	The	subspace	W	is	shown	in	Fig.	Suppose	the	x	-coordinates	of	the
data	P	.x1	;	y1	/;	:	:	:	;	.xn	;	yn	/	are	in	mean	deviation	form,	so	that	xi	D	0.	The	Landsat	images	are	useful	for	many	purposes.	¹	Each	polynomial	in	P4	is	uniquely	determined	by	its	value	at	the	five	numbers	2;	:	:	:	;	2.			A	X	12.	The	exercise	sets	remain	one	of	the	most	important	features	of	this	book,	and	these	new	exercises	follow	the	same	high
standard	of	the	exercise	sets	of	the	past	three	editions.	Repeller;	eigenvalues:	1.2,	1.1;	greatest	repulsion:	line	through	.0;	0/	and	.3;	4/	A42	Answers	to	Odd-Numbered	Exercises	2	3	3	1	2	15.	Use	this	procedure	to	compute	the	QR	factorization	of	the	matrix	in	Exercise	24.	For	instance,	there	is	no	scalar	c	such	that	2k	D	c.	If	P	is	an	n		n	orthogonal
matrix,	then	the	change	of	variable	x	D	P	u	transforms	xTAx	into	a	quadratic	form	whose	matrix	is	P	1	AP.	Suppose	the	equation	Ax	D	b	is	consistent,	and	let	xC	D	AC	b.	Since	Col	A	is	a	four-dimensional	subspace	of	R4	,	it	coincides	with	R4	.	Finite-State	Markov	Chains	An	access	code	is	required	and	is	available	to	qualified	adopters.	Let	X	denote	a
vector	that	varies	over	the	columns	of	a	p		N	matrix	of	observations,	and	let	P	be	a	p		p	orthogonal	matrix.	Recall	from	Section	1.5	that	this	1	3	set	is	parallel	to	the	solution	set	of	Ax	D	0,	which	consists	of	all	points	of	the	form	x3	u.	428	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	Find	the	principal	components	of	the	data,	and	list	the	new
variable	determined	by	the	first	principal	component.	If	the	function	is	approximated	by	a	curve	of	the	form	y	D	ˇ0	C	ˇ1	t	C	ˇ2	t	2	,	the	coefficient	ˇ2	may	not	give	the	desired	information	about	the	quadratic	trend	in	the	data,	because	it	may	not	be	“independent”	in	a	statistical	sense	from	the	other	ˇi	.	3(b)	is	in	the	direction	of	the	first	column	of	the
matrix	P	in	Example	4,	and	the	positive	y2	-axis	is	in	the	direction	of	the	second	column	of	P	.	[Hint:	Use	a	QR	factorization	and	Exercise	26	in	Section	7.2.]	8.	Show	that	if	x	is	an	eigenvector	of	the	matrix	product	AB	and	B	x	¤	0,	then	B	x	is	an	eigenvector	of	BA.	Use	the	linearity	of	f	and	the	convexity	of	S	to	show	that	y	D	f	.w/	for	some	w	in	S	.	Given	A
D	QR	as	in	Theorem	12,	describe	how	to	find	an	orthogonal	m		m	(square)	matrix	Q1	and	an	invertible	n		n	upper	triangular	matrix	R	such	that			R	A	D	Q1	0	The	MATLAB	qr	command	supplies	this	“full”	QR	factorization	when	rank	A	D	n.	Inequality	(3)	leads	to	a	new	proof	that	yO	does	not	depend	on	the	particular	orthogonal	basis	used	to	compute	it.
A	written	explanation	is	often	required	as	part	of	the	answer.	The	original	data	for	Practice	Problem	1	and	the	line	determined	by	the	first	principal	component	u	are	shown	in	Fig.	Part	(a)	implies	that	U	TAU	has	the	form	shown	below.	,	,	3	6	0	1	4	2	3	3	2	3	2	2	3	2	0	2	2	1	3.	Caratheodory’s	remarkable	theorem	says	that	in	an	n-dimensional	space,	the
number	of	points	of	S	in	the	convex	combination	never	has	to	be	more	than	n	C	1.	[M]	5	D	8:4233,	6	D	8:4246;	actual	value:	8.42443	(accurate	to	5	places)	Chapter	5	Supplementary	Exercises	11.	Using	the	notation	established	above,	let	r	D	rank	A,	and	partition	U	and	V	into	submatrices	whose	first	blocks	contain	r	columns:	U	D	Œ	Ur	V	D	Œ	Vr	Um
Vn	r	r	;	;	where	Ur	D	Œ	u1				ur		where	Vr	D	Œ	v1				vr		Then	Ur	is	m		r	and	Vr	is	n		r	.	4	29.	See	Constrained	optimization	Orbit	of	a	comet,	374	Ordered	n-tuple,	27	Ordered	pair,	24	Orthogonal	eigenvectors,	395	matrix,	344,	395	polynomials,	378,	386	regression,	432	set,	338–339,	387	vectors,	333–334,	377	Orthogonal	basis,	338–339,	377–378,	397,
416	for	fundamental	subspaces,	420–421	Gram–Schmidt	process,	354–356,	377	Orthogonal	complement,	334–335	Orthogonal	Decomposition	Theorem,	348	Orthogonal	diagonalization,	396	principal	component	analysis,	427	quadratic	form,	402–403	spectral	decomposition,	398–399	Orthogonal	projection,	339–341,	347–353	geometric	interpretation,
341,	349	matrix,	351,	398,	400	properties	of,	350–352	onto	a	subspace,	340,	347–348	sum	of,	341,	349	(fig.)	Orthogonality,	333–334,	343	Orthogonally	diagonalizable,	396	Orthonormal	basis,	342,	351,	356–358	columns,	343–344	matrix,	344n	rows,	344	set,	342–344	Outer	product,	101,	119,	161,	238	Overdetermined	system,	23	Owl	population	model,
265–266,	307–309	P	,	193	Pn	,	192,	193,	209–210,	220–221	dimension,	226	inner	product,	377	standard	basis,	209	trend	analysis,	386	Parabola,	371	Parallel	line,	45	processing,	1,	100	solution	sets,	45	(fig.),	46	(fig.),	249	Parallel	flats,	440	Parallel	hyperplanes,	462–464	Parallelepiped,	180,	275	Parallelogram	area	of,	180–181	law,	for	vectors,	337
region	inside,	69,	183	rule	for	addition,	26	Parameter	vector,	368	Parametric	continuity,	483,	484	description,	19–20	equation	of	a	line,	44,	69	equation	of	a	plane,	44	vector	equation,	44–46	vector	form,	44,	46	Partial	pivoting,	17,	127	Partitioned	matrix,	91,	117–123	addition	and	multiplication,	118–119	algorithms,	120	block	diagonal,	120	block	upper
triangular,	119	column–row	expansion,	119	conformable,	118	inverse	of,	119–120,	122	outer	product,	119	Schur	complement,	122	submatrices,	117	Partitions,	117	Paths,	random,	163	Pauli	spin	matrix,	160	Pentatope,	476–477	Permuted	LU	factorization,	127	Perspective	projection,	142–143	Phase	backward,	17,	125	forward,	17	Physics,	barycentric
coordinates	in,	448	Phong	shading,	487	Pivot,	15	column,	14,	149–150,	212,	233,	A1	positions,	14–15	product,	171,	274	Pixel,	393	Plane(s)	geometric	descriptions	of,	440	implicit	equation	of,	461	Plato,	435	Platonic	solids,	435–436	Point(s)	affine	combinations	of,	437–439,	441–442	boundary,	465	extreme,	470–473	interior,	465	Point	masses,	33	Polar
coordinates,	A6	Polar	decomposition,	432	Polygon,	435–436,	470	Polyhedron,	470	regular,	435,	480	Polynomial(s)	blending,	485n	characteristic,	276,	277	degree	of,	192	Index	Hermite,	229	interpolating,	23,	160	Laguerre,	229	Legendre,	383	orthogonal,	378,	386	in	Pn	,	192,	193,	209–210,	220–221	set,	192	trigonometric,	387	zero,	192	Polytope(s),
469–481	definitions,	See	470–471,	473	explicit	representation	of,	473	hypercube,	477–479	implicit	representation	of,	473–474	k	-crosspolytope,	480	k	-pyramid,	480	minimal	representation	of,	471–472,	474–475,	479	simplex,	435,	475–477	Population	model,	84–85,	253–254,	257–258,	302–303,	307–309,	310	Positive	definite	matrix,	406	Positive
definite	quadratic	form,	405	Positive	semidefinite	matrix,	406	PostScript®	fonts,	484–485,	492	Power	method,	319–322	Powers	of	a	complex	number,	A7	Powers	of	a	matrix,	98–99	Predator–prey	model,	302–303	Predicted	y	-value,	369	Preprocessing,	123	Price	equation,	137	Price	vector,	137	Prices,	equilibrium,	49–51,	54	Principal	Axes	Theorem,	403
Principal	component	analysis,	393–394,	424,	427–428	covariance	matrix,	425	first	principal	component,	427	matrix	of	observations,	424	multivariate	data,	424,	428–429	singular	value	decomposition,	429	Probability	vector,	254	Process	control	data,	424	Product	of	complex	numbers,	A7	dot,	330	of	elementary	matrices,	106,	174	inner,	101,	330–331,
376	of	matrices,	94–98,	172–173	of	matrix	inverses,	105	of	matrix	transposes,	99–100	matrix–vector,	34	outer,	101,	119	scalar,	101	See	also	Column–row	expansion;	Inner	product	Production	equation,	133	Production	vector,	132	Profile,	470,	472	Projection	matrix,	398,	400	perspective,	142–144	transformations,	65,	75,	161	See	also	Orthogonal
projection	Proper	subset,	440n	Properties	determinants,	169–177	inner	product,	331,	376,	381	linear	transformation,	65–66,	76	matrix	addition,	93–94	matrix	inversion,	105	matrix	multiplication,	97–98	matrix–vector	product,	Ax,	39–40	orthogonal	projections,	350–352	of	Rn	,	27	rank,	263	transpose,	99–100	See	also	Invertible	Matrix	Theorem
Properties	of	Determinants	Theorem,	275	Pseudoinverse,	422,	433	Public	work	schedules,	412–413	feasible	set,	412	indifference	curve,	412–413	utility,	412	Pure	imaginary	number,	A5	Pythagorean	Theorem,	334,	350	Pythagoreans,	435	QR	algorithm,	279,	280,	324	QR	factorization,	130,	356–358,	390	Cholesky	factorization,	432	full	QR	factorization,
359	least	squares,	364–365	QR	Factorization	Theorem,	357	Quadratic	Bézier	curve,	460,	481–482,	492	Quadratic	form,	401–408	change	of	variable,	402–403	classifying,	405–406	cross-product	term,	401	indefinite,	405	maximum	and	minimum,	408–413	orthogonal	diagonalization,	402–403	positive	definite,	405	principal	axes	of,	geometric	view	of,
403–405	See	also	Constrained	optimization;	Symmetric	matrix	Quadratic	Forms	and	Eigenvalues	Theorem,	405–406	I9	Rn	,	27	algebraic	properties	of,	27,	34	change	of	basis,	241–242	dimension,	226	inner	product,	330–331	length	(norm),	331–332	quadratic	form,	401	standard	basis,	209,	342	subspace,	146–153,	348	topology	in,	465	R2	and	R3	,	24–
27,	193	Random	paths,	163	Range	of	transformation,	63,	203–205,	263	Rank,	153–160,	230–238	in	control	systems,	264	effective,	157,	417	estimation,	417n	factorization,	130,	263–264	full,	237	Invertible	Matrix	Theorem,	157–158,	235	properties	of,	263	See	also	Outer	product	Rank	Theorem,	156,	233–234	Rank-revealing	factorization,	432	Rayleigh
quotient,	324,	391	Ray-tracing	method,	450–451	Ray-triangle	intersections,	450–451	Real	axis,	A5	Real	part	complex	number,	A3	complex	vector,	297–298	Real	vector	space,	190	Rectangular	coordinate	system,	25	Recurrence	relation.	Let	Q.x/	D	3x12	C	3x22	C	2x1	x2	.	6.7	Inner	Product	Spaces	Let	us	partition	Œa;	b	into	n	C	1	subintervals	of	length	t
D	.b	let	t0	;	:	:	:	;	tn	be	arbitrary	points	in	these	subintervals.	0	3	19.	2/kC2	C	4.	Col	A	is	a	three-dimensional	subspace	of	R4	:	11.	2Ci	/t	C	c2	e	.	But	then			d	c	s1	C	s2	:	x	D	c	s1	C	d	s2	D	.c	C	d	/	cCd	cCd	Now	show	that	the	expression	on	the	right	side	is	a	member	of	.c	C	d	/S	.	3	2	3	2	3	2	3	2	5	1	1	2	6	47	6	17	617	6	27	7	6	7	7	6	7	6	7.	From	(a)	and	then
Exercise	12(c),	AxC	D	A.AC	Ax/	D	.AAC	A/x	D	Ax	D	b.		D	4	C	i	,	;		D	4	i,	2	2	p	7.	As	we	will	see,	equation	(2)	describes	a	linear	model	because	it	is	linear	in	the	unknown	parameters.	F	T	T	f.	In	other	words,	the	set	of	all	possible	values	of	xTAx,	for	kxk	D	1,	is	the	closed	interval	3		t		7.	What	percentage	of	the	total	variance	in	the	data	is	explained	by	y1	?
SOLUTION	Compute	a0	1	1	D		2	2		Z	0	2	1	t	dt	D	2	"	ˇ	#	1	2	ˇˇ2	t	D	2	ˇ0	and	for	k	>	0,	using	integration	by	parts,		2	Z	1	2	1	1	t	ak	D	t	cos	kt	dt	D	cos	kt	C	sin	kt	D0		0		k2	k	0		2	Z	t	1	1	2	1	2	bk	D	sin	kt	cos	kt	t	sin	kt	dt	D	D		0		k2	k	k	0	Thus	the	nth-order	Fourier	approximation	of	f	.t/	D	t	is	2	2		2	sin	t	sin	2t	sin	3t				sin	nt	3	n	Figure	3	shows	the	third-
and	fourth-order	Fourier	approximations	of	f	.	Rewrite	(4)	as	(3)	and	set	c1	D	.c2	C				C	cp	/.	Find	the	third-order	Fourier	approximation	to	f	.t/	D	2	t	.	The	largest	value	of	a	quadratic	form	x	Ax,	for	kxk	D	1,	is	the	largest	entry	on	the	diagonal	of	A.	25	C	14	t	5.	Figure	2	shows	the	graphs	that	correspond	to	the	following	systems:	(a)	x1	2x2	D	x1	C	2x2	D
(b)	1	3	x1	2x2	D	x1	C	2x2	D	x2	x2	2	l2	1	1	2	3	l1	x1	3	x1	l1	(a)	(b)	FIGURE	2	(a)	No	solution.	Then	any	y	in	Rn	is	a	unique	linear	combination	of	b1	;	:	:	:	;	bn	.	Let	v2	be	the	vector	produced	by	subtracting	from	x2	its	projection	onto	the	subspace	W1	.	Then	each	y	in	Rn	can	be	written	uniquely	in	the	form	y	D	yO	C	z	(1)	where	yO	is	in	W	and	z	is	in	W	?
5x12	C	3x1	x2	4.	[Hint:	The	eigenvalues	of	the	matrix	of	the	quadratic	form	Q	are	2,	1,	and	4.]	8.	Let	p0	.t/	D	1,	p1	.t/	D	t	,	and	p2	.t/	D	t	2	.	8.3	Convex	Combinations	459	PRACTICE	PROBLEMS	2	3	2	3	2	3	2	3	2	3	3	1	2	7	6	1.	f	.x1	;	x2	;	x3	/	D	3x2	C	4x3	2x4	,	and	d	D	5	2x2	C	x3	,	and	d	D	0	5x1	C	3x2	C	x3	,	and	d	D	0	Section	8.6	b.	Let	W	D	fx	W	Ax	D	0g.
2/2	D	16	5.	Show	that	k	cos	k	t	k2	D		and	k	sin	kt	k2	D		for	k	>	0.	That	is,	let	m	D	min	fxTAx	W	kxk	D	1g;	M	D	max	fxTAx	W	kxk	D	1g	(2)	Exercise	12	asks	you	to	prove	that	if		is	an	eigenvalue	of	A,	then	m				M	.	If	yk	D	.	Section	6.5,	page	366	23.	This	shows	that	Nul	ATA	is	contained	in	Nul	A.	When	k	C	1	D	p	,	the	process	stops.	p	6	0	p1	6		4.	p1	D	16	v1
C	31	v2	C	23	v3	C	61	v4	,	so	p1	…	conv	S	.	The	matrix	†	is	the	same	size	as	A,	with	D	in	its	upper	left	corner:	2	3	2	p	3	D	0	3	2	0	†	D	4	0	05	D	4	0	05	0	0	0	0	To	construct	U	,	first	construct	Av1	and	Av2	:	2	p	3	2=p2	7	6	Av1	D	4	4=	2	5;	p	4=	2	2	3	0	Av	2	D	4	0	5	0	420	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	x2	1	v1	x1	x3	Av1	u1	u3	x1
FIGURE	3	u2	x2	p	As	a	check	on	the	calculations,	verify	that	kAv1	k	D	1	D	3	2.	If	W	is	a	subspace	of	Rn	and	if	v	is	in	both	W	and	W	?	A	second	course	in	linear	algebra	applications	typically	begins	with	a	substantial	review	of	key	ideas	from	the	first	course.	7.1	Diagonalization	of	Symmetric	Matrices	395	7.1	DIAGONALIZATION	OF	SYMMETRIC
MATRICES	A	symmetric	matrix	is	a	matrix	A	such	that	AT	=	A.	This	is	an	exciting	field,	and	your	first	course	in	linear	algebra	will	help	you	prepare	for	it.	It	follows	that	v1	w	Ro	A	fvr	C1	;	:	:	:	;	vn	g	(7)	is	an	orthonormal	basis	for	Nul	A,	by	the	Basis	Theorem	(in	Section	4.5).	Let	fp1	;	p2	;	p3	g	be	an	affinely	dependent	set	of	points	in	Rn	and	let	f	W	Rn	!
Rm	be	a	linear	transformation.	See	Exercise	25	for	the	proof	of	Theorem	7.	It	is	readily	checked	that	Q.x/	D	xTAx	D	Œ	x1	x2	2	5	x3		4	1=2	0	1=2	3	4	32	3	0	x1	4	5	4	x2	5	2	x3	402	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	EXAMPLE	3	Let	Q.x/	D	x12		5x22	.	The	general	least-squares	problem	is	to	find	an	x	that	makes	kb	Axk	as	small	as
possible.	6	4	1	5,	4	3	13.	430	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	PRACTICE	PROBLEMS	The	following	table	lists	the	weights	and	heights	of	five	boys:	Boy	#1	#2	#3	#4	#5	Weight	(lb)	120	125	125	135	145	Height	(in.)	61	60	64	68	72	1.	This	algorithm	will	be	used	for	computations	throughout	the	text.	If	we	divide	a	nonzero	vector
v	by	its	length—that	is,	multiply	by	1=kvk—we	obtain	a	unit	vector	u	because	the	length	of	u	is	.1=kvk/kvk.	Section	8.3,	page	459	1.	Orthonormal	21.	Write	the	characteristic	polynomial	in	two	ways:			a		b	det.A	I	/	D	det	b	d		3	2=3	2=3	5	1=3	6	3	3	13.	WEB	7.4	EXERCISES	Find	the	singular	values	of	the	matrices	in	Exercises	1–4.	SUPPLEMENTS
Study	Guide	A	printed	version	of	the	Study	Guide	is	available	at	low	cost.	Part	(c)	follows	immediately.	The	following	argument	mimics	the	proof	of	Theorem	7	in	Section	4.4.	If	S	D	fb1	;	:	:	:	;	bk	g	is	an	affinely	independent	set,	then	scalars	c1	;	:	:	:	;	ck	exist	that	satisfy	(7),	by	definition	of	aff	S	.	Verify	that	U	x	U	y	D	x		y.	That	is,	D	D	3	2.	2	3	18	13	4	4	6
2	19	4	12	7	7	26.	Hint:	If	fv1	;	v2	g	is	an	orthonormal	set	and	x	D	c1	v1	C	c2	v2	,	then	the	vectors	c1	v1	and	c2	v2	are	orthogonal,	and	kxk2	D	kc1	v1	C	c2	v2	k2	D	kc1	v1	k2	C	kc2	v2	k2	D	.jc1	jkv1	k/2	C	.jc2	jkv2	k/2	D	jc1	j2	C	jc2	j2	(Explain	why.)	So	the	stated	equality	holds	for	p	D	2.	Show	that	B	is	a	symmetric	matrix	and	B	2	D	B	.	See	Exercises	11
and	12	in	Section	5.8.	13.	The	remaining	sections	examine	some	of	the	many	least-squares	problems	that	arise	in	applications,	including	those	in	vector	spaces	more	general	than	Rn	.	Most	applications	in	earlier	chapters	involved	algebraic	calculations	with	subspaces	and	linear	combinations	of	vectors.	A	D	;	1	2											1	1	1	1	1	;	;	;	;	0	:25	:3158	:3298
:3326			1:8	:8	2.	The	smaller	the	distance	between	b	and	Ax,	given	by	kb	Axk,	the	better	the	approximation.	3	2	3	2	3	3	2	2	0	0	1=2	1=3	18.	The	point	.3;	:75/	is	three-fourths	of	the	distance	between	the	center	of	B.0;	3/	and	the	center	of	B.p;	1/.	1A	mathematical	discussion	of	the	solution	strategy	(along	with	details	of	the	entire	NAD	project)	appears	in
North	American	Datum	of	1983,	Charles	R.	Yes,	but	the	sequences	may	converge	very	slowly.	Compute	the	lengths	of	the	vectors	p.t/	D	12t	2	and	q.t/	D	2t	1.	Indefinite;	eigenvalues	are	7	and	3		1	1	Change	of	variable:	x	D	P	y,	with	P	D	p	2	1	New	quadratic	form:	7y12	3y22	13.	Or	to	use	another	analogy,	the	convex	hull	of	S	fills	in	all	the	holes	in	the
inside	of	S	and	fills	out	all	the	dents	in	the	boundary	of	S	.	To	master	the	concepts	of	linear	algebra,	you	will	have	to	read	and	reread	the	text	carefully.	The	augmented	matrix	(4)	above	has	3	rows	and	4	columns	and	is	called	a	3		4	(read	“3	by	4”)	matrix.	7.2	Quadratic	Forms	401	7.2	QUADRATIC	FORMS	Until	now,	our	attention	in	this	text	has
focused	on	linear	equations,	except	for	the	sums	of	squares	encountered	in	Chapter	6	when	computing	xTx.	Such	sums	and	more	general	expressions,	called	quadratic	forms,	occur	frequently	in	applications	of	linear	algebra	to	engineering	(in	design	criteria	and	optimization)	and	signal	processing	(as	output	noise	power).	||v||	0	W	||projW	v||	v	Two
Inequalities	||v	–	proj	W	v||	Given	a	vector	v	in	an	inner	product	space	V	and	given	a	finite-dimensional	subspace	W	,	we	may	apply	the	Pythagorean	Theorem	to	the	orthogonal	decomposition	of	v	with	respect	to	W	and	obtain	projW	v	FIGURE	2	The	hypotenuse	is	the	longest	side.	Moebius	in	1827	for	a	point	p	inside	a	triangular	region	with	vertices	a,
b,	and	c.	g.t/	D	.1	D	.1	t/f	0	.t/	C	t	f	1	.t/	t/p0	C	t	p1		C	t	Œ.1	t/Œ.1	t/p1	C	t	p2		D	.1	t/2	p0	C	2t	.1	t/p1	C	t	2	p2	:	The	sum	of	the	weights	in	the	linear	combination	for	g	is	.1	t/2	C	2t	.1	t/	C	t	2	,	which	equals	.1	2t	C	t	2	/	C	.2t	2t	2	/	C	t	2	D	1.	Set	u1	D	4	1=	3	5.	Not	diagonalizable	2	1	3	1	60	2	1	6	19.	A	D	6	46	1	2	1	6	1	6	12.	Suppose	A	D	QR,	where	R	is	an
invertible	matrix.	3x12	C	2x22	C	2x32	C	2x1	x2	C	2x1	x3	C	4x2	x3	D	5y12	C	2y22	[Hint:	x	and	y	must	have	the	same	number	of	coordinates,	so	the	quadratic	form	shown	here	must	have	a	coefficient	of	zero	for	y32	.]	In	Exercises	3–6,	find	(a)	the	maximum	value	of	Q.x/	subject	to	the	constraint	xTx	D	1,	(b)	a	unit	vector	u	where	this	maximum	is
attained,	and	(c)	the	maximum	of	Q.x/	subject	to	the	constraints	xTx	D	1	and	xTu	D	0.	A	calculation	as	in	Section	6.3	shows	that	the	orthogonal	projection	of	p1	onto	W	is	p1	itself:	p		v1	p		v2	p		v3	projW	p1	D	1	v1	C	1	v2	C	1	v3	v1		v	1	v2		v2	v3		v3	18	18	v1	C	v2	C	54	54	2	2	3	3	6	16	0	7	7	C	16	D	6	4	5	6	3	34	3	D	18	v3	54	3	6	37	7C	35	0	2	3	2	3	3	0	7
637	16	6	6	7	D	6	7	D	p1	34	0	5	4	3	5	3	0	This	shows	that	p1	is	in	Span	S	.	Notice	that	the	parallelogram	in	Fig.	Suppose	fv1	;	v2	;	v3	g	is	a	basis	for	R3	.	Conversely,	if	S	D	aff	S	,	then	affine	combinations	of	two	(or	more)	points	of	S	lie	in	S	,	so	S	is	affine.	To	make	386	CHAPTER	6	Orthogonality	and	Least	Squares	what	is	known	as	a	trend	analysis	of
the	data,	we	introduce	an	inner	product	on	the	space	Pn	analogous	to	that	given	in	Example	2	in	Section	6.7.	For	p	,	q	in	Pn	,	define	hp;	qi	D	p.t0	/q.t0	/	C				C	p.tn	/q.tn	/	In	practice,	statisticians	seldom	need	to	consider	trends	in	data	of	degree	higher	than	cubic	or	quartic.	Choose	a	set	S	of	four	distinct	points	in	R3	such	that	aff	S	is	the	plane	2x1	C	x2
3x3	D	12.	From	Exercise	3(a)	or	equation	(9)	in	the	text,	x0	.1/	D	3.p3	p2	/	Use	the	formula	for	x0	.0/,	with	the	control	points	from	y.t/,	and	obtain	y0	.0/	D	3p3	C	3p4	D	3.p4	p3	/	For	C	1	continuity,	3.p3	p2	/	D	3.p4	p3	/,	so	p3	D	.p4	C	p2	/=2,	and	p3	is	the	midpoint	of	the	line	segment	from	p2	to	p4	.	Now	suppose	the	approximating	vector	yO	is	to	be
constructed	from	the	columns	of	a	matrix	A.	(Careful	proofs	of	these	statements	are	omitted.)	x2	2	A3x	A2	x	Ax	1	x	=	x0	x1	x2	x3	Eigenspace	x4	Multiple	of	v1	1	4	x1	FIGURE	2	Scaled	multiples	of	x,	Ax,	A2	x;	:	:	:	;	A7	x.	And	if,	for	example,	we	needed	to	determine	the	quartic	trend,	we	would	have	to	find	(via	Gram–Schmidt)	only	a	polynomial	p4	in	P4
that	is	orthogonal	to	P3	and	compute	hg;	p4	i=hp4	;	p4	i.	Then	1	v	4	1	C	16	v2	C	12	v3	C	1	v	12	4	Dp	(2)	Use	the	procedure	in	the	proof	of	Caratheodory’s	Theorem	to	express	p	as	a	convex	combination	of	three	points	of	S	.	O	2	—the	sum	of	the	squares	of	the	“regression	term.”	(i)	kX	ˇk	Denote	this	number	by	SS(R).	Thus,	aff	fv1	;	v2	;	v3	g	must	equal
R2	.	This	proves	that	yO	D	yO	1	and	also	z1	D	z.	Find	the	maximum	value	of	Q.x/	D	3x12	C	5x22	2x1	x2	,	subject	to	the	constraint	x12	C	x22	D	1.	Note	that	n		m,	because	A	is	m		n	and	has	linearly	independent	columns.	Do	not	use	the	Pythagorean	Theorem.	Write	the	keystrokes	or	commands	you	use.	Define	p.A/	as	in	Exercise	5,	and	show	that	p.A/	is
the	zero	matrix.	,	then	x	is	orthogonal	to	every	vector	in	W.	If	Ax	D	0,	then	ATAx	D	AT0	D	0.	t	2	5	is	orthogonal	to	p0	and	p1	;	values:	.4;	4;	4;	4/;	answer:	q.t/	D	14	.t	2	5/	11.	Vatican	Museums	and	Galleries,	Vatican	City,	Italy/Giraudo/The	Bridgeman	Art	Library.	(See	Section	4.4.)	If	the	change	of	variable	(1)	is	made	in	a	quadratic	form	xTAx,	then	xTAx
D	.P	y/TA.P	y/	D	yTP	TAP	y	D	yT.P	TAP	/y	(2)	and	the	new	matrix	of	the	quadratic	form	is	P	TAP	.	However,	more	than	200,000	new	points	had	been	added	to	the	datum	since	the	last	adjustment	in	1927,	and	errors	had	gradually	accumulated	over	the	years,	due	to	imprecise	measurements	and	shifts	in	the	earth’s	crust.	Computer	science	is	thus
intricately	linked	with	linear	algebra	through	the	explosive	growth	of	parallel	processing	and	large-scale	computations.	Solve	.A	6I	/x	D	0	and	find	an	eigenvector	4	1	5.	Int.	Many	of	the	designations	used	by	manufacturers	and	sellers	to	distinguish	their	products	are	claimed	as	trademarks.	Let	x,	y	2	A	C	B	.	4	1	5,	4	0	5	17.	By	definition	of	W	,	there
exist	u1	and	u2	in	W	such	that	s1	D	u1	C	p	and	s2	D	u2	C	p.	kxk	In	Exercises	9–12,	find	a	unit	vector	in	the	direction	of	the	given	vector.	Then	ATA	is	symmetric	and	can	be	orthogonally	diagonalized.	Use	equation	(2)	in	this	section	to	compute	the	cosine	of	the	angle	between	u	and	v.	m	D	1	at	the	point	p1	c.	As	mentioned	in	Section	7.4,	iterative
calculation	of	the	SVD	of	A	is	faster	and	more	accurate	than	an	eigenvalue	decomposition	of	S	.	The	resulting	basis	is	fp1	;	p2	;	p4	g.	Use	this	substitution	to	show	that	p4	and	p5	are	uniquely	determined	by	p1	,	p2	,	and	p3	.	The	action	on	the	two	signals	described	above	translates	into	two	sets	of	eight	equations,	shown	below:	f.	2,	3	17.	7.3
EXERCISES	In	Exercises	1	and	2,	find	the	change	of	variable	x	D	P	y	that	transforms	the	quadratic	form	xTAx	into	yTD	y	as	shown.	y	u	FIGURE	5	Orthonormal	Sets	A	set	fu1	;	:	:	:	;	up	g	is	an	orthonormal	set	if	it	is	an	orthogonal	set	of	unit	vectors.	1	2	2	C	Œp.1/2	The	Gram–Schmidt	Process	The	existence	of	orthogonal	bases	for	finite-dimensional
subspaces	of	an	inner	product	space	can	be	established	by	the	Gram–Schmidt	process,	just	as	in	Rn	.	If	x	is	orthogonal	to	every	vector	in	a	subspace	W	,	then	x	is	in	W	?	If	U	is	m		n	with	orthogonal	columns,	then	U	U	T	x	is	the	orthogonal	projection	of	x	onto	Col	U	.	Verify	that	2	is	an	23.	By	the	Rank	Theorem,	dim	Nul	A	D	n	rank	A.	Section	5.2	2	3	0
617	6	7	7	4:	6	6	2	7;		D	405	1	3	2	3	0	2	6	7	07	7	617	6	7	17	7,	6	2	7	15	405	0	1	Chapter	5	Section	5.1,	page	271	1.	f0	f1	f2	f3	S1	2	S2	4	4	S3	8	12	6	4	16	32	24	8	S5	32	80	80	40	S	f4	10	For	a	general	formula,	see	the	Study	Guide.	However,	A	has	only	one	eigenvalue,		D	3,	and	the	eigenspace	is	only	one-dimensional,	so	A	is	not	diagonalizable.	Hint:
Compute	B.P	1	25.	Write	y	as	the	sum	of	a	vector	in	W	and	a	vector	orthogonal	to	W	.	Make	a	principal	component	analysis	of	the	data	to	find	a	single	size	index	that	explains	most	of	the	variation	in	the	data.	,	then	v	must	be	the	zero	vector.	We	wish	to	write	y	D	yO	C	z	(1)	340	CHAPTER	6	z	=	y	–	yˆ	0	Orthogonality	and	Least	Squares	y	u	yˆ	=	␣u
FIGURE	2	Finding	˛	to	make	y	orthogonal	to	u.	(In	fact,	2	D	1.)	In	general,	the	rate	of	convergence	depends	on	the	ratio	j2	=1	j,	because	the	vector	c2	.2	=1	/k	v2	in	equation	(2)	is	the	main	source	of	error	when	using	a	scaled	version	of	Ak	x	as	an	estimate	of	c1	v1	.	2	3	0	20.	The	most	important	aspect	of	the	least-squares	problem	is	that	no	matter
what	x	we	select,	the	vector	Ax	will	necessarily	be	in	the	column	space,	Col	A.	So	it	suffices	to	show	that	any	B	in	the	range	of	T	has	this	property.	6.2	Orthogonal	Sets	343	When	the	vectors	in	an	orthogonal	set	of	nonzero	vectors	are	normalized	to	have	unit	length,	the	new	vectors	will	still	be	orthogonal,	and	hence	the	new	set	will	be	an	orthonormal
set.		16	C	48;	4,	12	2	7.	2;	4;	1/.	p5	is	on	the	edge	between	v1	and	v3	.	The	affine	hull	of	a	single	point	v1	is	just	the	set	fv1	g,	since	it	has	the	form	c1	v1	where	c1	D	1.	DEFINITION	A	translate	of	a	set	S	in	Rn	by	a	vector	p	is	the	set	S	C	p	D	fs	C	p	W	s	2	S	g.2	A	flat	in	Rn	is	a	translate	of	a	subspace	of	Rn	.	[Hint:	Use	Theorem	5	in	Section	6.2	instead	of
row	reduction	to	find	the	weights.]	8.1	2	3	2	2	3	3	3	0	6	5.	4v1	C	5v2	4v3	C	3v4	D	0	7.	PROOF	Take	v	in	W	distinct	from	yO	.	Further	Reading	Lillesand,	Thomas	M.,	and	Ralph	W.	Choosing	an	appropriate	coordinate	system	allows	the	force	to	be	represented	by	a	vector	y	in	R2	or	R3	.	If	W	is	a	subspace	of	Rn	,	then	W	and	W	?	7.1	EXERCISES
Determine	which	of	the	matrices	in	Exercises	1–6	are	symmetric.	From	equation	(11),	y0	.1/	D	:5x0	.:5/	D	z0	.0/.	3A	C	A2	.	Based	on	class	testing	and	discussions	with	students,	I	decided	not	to	put	the	answers	in	the	text.	[M]	P	D	6	4	1	0	0	25	0	0	2	0	2	3	2	5	0	0	6	5	2	0	07	7	C	D6	4	0	0	4	10	5	0	0	10	4	Other	choices	are	possible,	but	C	must	equal	P	1	AP	.
[Hint:	Consider	eigenvalues.]	SG	Mastering:	Diagonalization	and	Quadratic	Forms	7–7	408	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	SOLUTION	TO	PRACTICE	PROBLEM	Make	an	orthogonal	change	of	variable	x	D	P	y,	and	write	z	x1	xTAx	D	yT	D	y	D	1	y12	C	2	y22	C				C	n	yn2	x2	Positive	semidefinite	as	in	equation	(4).	Also,	there	is	no
scalar	c	such	that	k.	See	Singular	value	decomposition	(SVD)	Symbolic	determinant,	464	Symmetric	matrix,	324,	394–399	diagonalization	of,	395–397	positive	definite/semidefinite,	405	spectral	theorem	for,	397–398	See	also	Quadratic	form	Synthesis	of	data,	123	System,	linear.	Now	use	the	linearity	of	f	.	Since	xC	is	the	orthogonal	projection	onto
Row	A,	the	Pythagorean	Theorem	shows	that	kuk2	D	kxC	k2	C	ku	xC	k2	.	(The	significance	of	this	decomposition	of	y	will	be	explained	in	the	next	section.)	SOLUTIONS	TO	PRACTICE	PROBLEMS	1.	Thus	(8)	has	a	unique	solution.	SOLUTION	By	Theorem	6,	the	desired	maximum	value	is	the	greatest	eigenvalue	of	A.	2	3	1	1	1	1	6	0	1	0	27	7,	27.	[Note:	
¤	0	because	B	is	invertible.]	17.	Think	of	v	as	an	n		1	matrix	V	,	think	of		as	a	vector	in	R1	,	and	denote	the	vector	Av	by	the	symbol	b.	6.5	EXERCISES	In	Exercises	1–4,	find	a	least-squares	solution	of	Ax	D	b	by	(a)	constructing	the	normal	equations	for	xO	and	(b)	solving	for	xO	.	The	term	am	cos	mt	,	for	example,	is	the	projection	of	f	onto	the	one-
dimensional	subspace	spanned	by	cos	mt	.	Yet	other	features,	because	of	their	color	or	temperature,	may	reflect	light	that	is	recorded	by	only	one	or	two	sensors.	Use	the	Cauchy–Schwarz	b	1	inequality	to	show	that		aCb	2	2		a2	C	b	2	2	21.	2	2	3	3	2	14	13	13	:7	6	2	6	:7	7	14	13	13	7	6	7	7	1	6	7,	xO	D	6	:8	7	2	6	7	7	6	15.	The	fact	that	Av1	and	Av2	are
orthogonal	in	Fig.	Explicit	orthonormal	bases	for	the	four	fundamental	subspaces	determined	by	A	are	useful	in	some	calculations,	particularly	in	constrained	optimization	problems.	o.	Show	that	if	v	is	an	eigenvector	of	an	n		n	matrix	A	and	v	corresponds	to	a	nonzero	eigenvalue	of	A,	then	v	is	in	Col	A.	Let	Q.x/	D	7x12	C	x22	C	7x32	8x1	x2	4x1	x3	8x2
x3	.	Determine	what	happens	to	the	least-squares	solution	xO	of	Ax	D	b	when	b	is	replaced	by	c	b	for	some	nonzero	scalar	c	.	Show	that	the	columns	of	V	are	eigenvectors	of	ATA,	the	columns	of	U	are	eigenvectors	of	AAT	,	and	the	diagonal	entries	of	†	are	the	singular	values	of	A.	A	D	0	:2	0	:8			8	0	c.	Give	P	and	the	new	quadratic	form.
Characterizations	of	Principal	Component	Variables	If	y1	;	:	:	:	;	yp	arise	from	a	principal	component	analysis	of	a	p		N	matrix	of	observations,	then	the	variance	of	y1	is	as	large	as	possible	in	the	following	sense:	If	u	is	any	unit	vector	and	if	y	D	uT	X,	then	the	variance	of	the	values	of	y	as	X	varies	over	the	original	data	X1	;	:	:	:	;	XN	turns	out	to	be	uT	S
u.	More	than	25	percent	of	the	exercises	are	new	or	updated,	especially	the	computational	exercises.	Let	A	be	any	invertible	n		n	matrix.	See	Exercise	12.)	This	means	that	if	S	D	PDPT	,	then					total	variance	total	variance	D	tr.D/	D	1	C				C	p	D	of	y1	;	:	:	:	;	yp	of	x1	;	:	:	:	;	xp	The	variance	of	yj	is	j	,	and	the	quotient	j	=	tr.S/	measures	the	fraction	of	the
total	variance	that	is	“explained”	or	“captured”	by	yj	.	The	vector	is	in	Nul	A	and	the	vector	4	3	95	9	Col	A.	He	has	published	more	than	30	research	articles	on	functional	analysis	and	linear	algebra.	Verify	this	increased	accuracy	in	Exercises	11	and	12	by	computing	k	and	R.xk	/	for	k	D	1;	:	:	:	;	4.	(See	the	discussion	of	ill-conditioned	matrices	in
Exercises	41–43	in	Section	2.3.)							4:5	3:1	19:249	:001	17.	Then	z		u	D	0.	I	thank	Professor	John	Risley	and	graduate	students	David	Aulicino,	Sean	Burke,	and	Hersh	Goldberg	for	their	technical	expertise	in	helping	develop	online	homework	support	for	the	text.	,	by	the	Rank	Theorem	and	part	(a).	The	set	of	all	convex	combinations	of	points	in	a	set	S
is	called	the	convex	hull	of	S	,	denoted	by	conv	S	.	2	3	2	3	2	3	1	2	0	EXAMPLE	2	Let	v1	D	4	3	5,	v2	D	4	7	5,	v3	D	4	4	5,	and	S	D	fv1	;	v2	;	v3	g.	Then	3	1	0	6	A	D	PDP	1	.	EXAMPLE	3	It	is	not	uncommon	in	some	applications	to	need	to	know	the	smallest	eigenvalue	of	a	matrix	A	and	to	have	at	hand	rough	estimates	of	the	eigenvalues.	In	this	case,	the
coefficients	ak	and	bk	in	(4)	are	called	the	Fourier	coefficients	of	f	.	Orthogonal	Complements	To	provide	practice	using	inner	products,	we	introduce	a	concept	here	that	will	be	of	use	in	Section	6.3	and	elsewhere	in	the	chapter.	4.	Results	of	a	MATLAB	calculation	are	shown	in	Table	3.	We	call	yj	the	observed	value	of	y	and	ˇ0	C	ˇ1	xj	the	predicted	y	-
value	(determined	by	the	line).	Use	mathematical	induction	to	prove	that	for	n		2,	det.Cp	I	/	D	.	10.	If	the	columns	of	an	n		p	matrix	U	are	orthonormal,	then	U	U	Ty	is	the	orthogonal	projection	of	y	onto	the	column	space	of	U	.	is	a	subspace	of	Rn	using	the	following	steps.	Explain	why	the	dimension	of	the	eigenspace	for		is	k	.	[M]	You	could	be	clever
and	find	special	values	of	t	that	produce	several	zeros	in	(5),	and	thereby	create	a	system	of	equations	that	can	be	solved	easily	by	hand.	The	fundamental	concepts	of	spanning,	linear	independence,	and	linear	transformations,	studied	in	the	second	half	of	the	chapter,	will	play	an	essential	role	throughout	the	text	as	we	explore	the	beauty	and	power
of	linear	algebra.	x	D	P	y,	where	P	D	p	2	1	b.	The	coefficient	c1	measures	the	linear	trend,	c2	the	quadratic	trend,	and	c3	the	cubic	trend.	A	common	misconception	is	that	if	A	has	a	strictly	dominant	eigenvalue,	then,	for	any	sufficiently	large	value	of	k	,	the	vector	Ak	x	is	approximately	equal	to	an	eigenvector	of	A.	The	orthogonal	projection	yO	of	y
onto	a	subspace	W	can	sometimes	depend	on	the	orthogonal	basis	for	W	used	to	compute	yO	.	1	2	3	SOLUTION	Q.	This	is	called	a	rank-revealing	factorization	of	G	.	x	/.	In	fact,	the	directions	of	the	vectors	are	what	we	really	want	to	see,	not	the	vectors	themselves.	Two	linear	systems	are	called	equivalent	if	they	have	the	same	solution	set.	3	2	17	7;
65	5	3	5	37	7;	85	6	2	3	3	6	07	7	v3	D	6	4	12	5;	6	2	and	443	b.	e.	PROOF	Let	fu1	;	:	:	:	;	up	g	be	any	orthogonal	basis	for	W	,	and	define	yO	by	(2).¹	Then	yO	is	in	W	because	yO	is	a	linear	combination	of	the	basis	u1	;	:	:	:	;	up	.	For	k	D	0;	1;	:	:	:	;	a.	Then	a	quadratic	form	xTAx	is:	a.	O	2	=	ˇO	T	X	Ty.	[Hint:	Rewrite	the	left	side	20.	Schneider,	and	Linear
Algebra	Gems—Assets	for	Undergraduate	Mathematics,	with	D.	2/k	Œ4k	C	8	D	.	Let	v1	D	x1	and	2	3	2	3	2	3	3	1	0	15	x2		x1	465	D	405	x1	D	4	2	5	v2	D	x2	p	D	x2	x1		x1	45	0	2	2	Then	fv1	;	v2	g	is	an	orthogonal	set	of	nonzero	vectors	in	W	.	Any	quadratic	polynomial	that	vanishes	at	0	and	1	must	be	a	multiple	of	p.t/	D	t	.t	1/.			3	0	EXAMPLE	2	Let	A	D	,
and	let	Q.x/	D	xTAx	for	x	in	R2	.	SOLUTION	The	solution	set	is	a	line	through	p	in	the	direction	of	u,	as	in	Fig.	They	arise	naturally	in	connection	with	“weighted	least-squares”	problems,	in	which	weights	are	assigned	to	the	various	entries	in	the	sum	for	the	inner	product	in	such	a	way	that	more	importance	is	given	to	the	more	reliable	measurements.
Fit	a	cubic	trend	function	to	the	data	in	Example	2.	So	let	˛	D	.t	m/=.M	m/.	Describe	how	to	find	the	best	approximation	to	z	in	Rn	by	vectors	of	the	form	x1	u	C	x2	v	without	first	constructing	an	orthogonal	basis	for	Span	fu;	vg.	The	simplest	example	of	an	orthonormal	set	is	the	standard	basis	fe1	;	:	:	:	;	en	g	for	Rn	.	.5I	3A	C	A2	/x	D	5x	3Ax	C	A.Ax/	D	5x
3x	C	2	x	D	.5	3	C	2	/x:	The	eigenvalue	is	5	3	C	2	.	U	y	D	4	1=	2	2=3	5	D	4	75	6	2	0	1=3	2	3	p		3	2	and	U	x	D	4	1	5.	The	matrix	ATA	is	invertible.	4	5	5	8	b.	Vitter	III,	Tulane	University	For	this	Fourth	Edition,	I	thank	my	brother,	Steven	Lay,	at	Lee	University,	for	his	generous	help	and	encouragement,	and	for	his	newly	revised	Chapters	8	and	9.	Compute
xk	C1	D	.1=k	/yk	.	SOLUTION		kpk2	D	hp;	pi	D	Œp.0/2	C	p	D	0	C	Œ32	C	Œ122	D	153	p	kpk	D	153	p	From	Example	3,	hq;	qi	D	2.	Each	data	point	determines	a	similar	equation:	x	Surface	area	of	foliage	FIGURE	4	Production	of	nutrients.	PROOF	To	simplify	notation,	we	suppose	that	U	has	only	three	columns,	each	a	vector	in	Rm	.	3	and	g.t/	D	t	3	t	3.
422	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	EXAMPLE	7	(Reduced	SVD	and	the	Pseudoinverse	of	A)	When	†	contains	rows	or	columns	of	zeros,	a	more	compact	decomposition	of	A	is	possible.	[M]	x12	C	x22	C	x32	C	x42	C	9x1	x2	18.	(and	read	as	“W	perpendicular”	or	simply	“W	perp”).	Let	A	D	4	3	5	4	3	2			6	.	For	each	x	in	Rn	,	AC	Ax	is
the	orthogonal	projection	of	x	onto	Row	A.	The	calculations	would	be	analogous	to	those	made	in	Example	3	above.	Let	x	D	x2	T	Then	the	problem	is	to	maximize	Q.x/	D	6x1	x2	subject	to	x	x	D	1.	Partition	A	as	ŒA1	A2	,	where	A1	has	p	columns.	Prove	that	an	n		n	matrix	A	is	positive	definite	if	and	only	if	A	admits	a	Cholesky	factorization,	namely,	A	D
RTR	for	some	invertible	upper	triangular	matrix	R	whose	diagonal	entries	are	all	positive.	Section	8.2,	page	452	1.	Then	use	the	x2	term	in	the	second	equation	to	eliminate	the	x2	terms	in	the	other	equations,	and	so	on,	until	you	finally	obtain	a	very	simple	equivalent	system	of	equations.	The	weights	can	be	written	as	uT1	y;	uT2	y;	:	:	:	;	uTp	y,
showing	that	they	are	the	entries	in	U	Ty	and	justifying	(5).	Linear	algebra	gives	us	the	power	to	understand	the	general	principle	behind	all	the	linear	models.	Then		appears	k	times	on	the	diagonal	of	D	.	Show	that	the	mapping	y	7!	reflL	y	is	a	linear	transformation.	x	D	,	Ax	D	;	1	5:0020	estimated		D	5:0020	7.	Let	X	be	the	design	matrix	used	to	find
the	least-squares	line	to	fit	data	.x1	;	y1	/;	:	:	:	;	.xn	;	yn	/.	Consider	the	following	numbers.	So	the	eigenvalues	of	a	positive	semidefinite	quadratic	form	must	all	be	nonnegative.	4	0	0	0	6	1	2	1	2	Determine	which	of	the	matrices	in	Exercises	7–12	are	orthogonal.	The	interpolation	at	a	point	is	simply	the	linear	combination	of	the	vertex	values	using	the
barycentric	coordinates	as	weights.	(See	Exercise	31.)	Part	(c)	is	Theorem	1.	Explain	geometrically	why	conv	S	consists	of	all	points	on	and	above	the	curve	S	.	Let	p	be	any	fixed	point	in	S	and	let	W	D	S	C	.	Write	the	companion	matrix	Cp	for	p.t/	D	6	then	find	the	characteristic	polynomial	of	Cp	.	(See	Practice	Problem	1.)	If	u	¤	0,	let	W	be	the	subspace
spanned	by	u.	4	4	5	40	3	2	3	7=4	11.	It	can	be	shown	that	S	is	linearly	independent.	1	1	1	2=3			ab	ab	and	a.	u1	D	b.	2	4	b.	When	W	is	a	one-dimensional	subspace,	the	formula	for	yO	matches	the	formula	given	in	Section	6.2.	y	z	=	y	–	yˆ	0	yˆ	=	projW	y	W	FIGURE	2	The	orthogonal	projection	of	y	onto	W	.	A	D	6	4	2	3	0	25	4	5	7	2	Exercises	13	and	14
apply	to	a	3		3	matrix	A	whose	eigenvalues	are	estimated	to	be	4,	4,	and	3.	Then	21.	5,	8,	33.	SOLUTION	W	consists	of	all	multiples	of	x,	as	in	Fig.	The	proof	of	the	general	case	is	essentially	the	same.	[M]	In	Exercises	14–17,	follow	the	instructions	given	for	Exercises	3–6.	2	:40	A	D	4	:37	:84	2	:30		4	:76	:58	:78	:33	:52	:51	:64	:58	32	:47	7:10	:87	5	4	0
:16	0	3	:81	:12	5	:58	0	3:10	0	3	0	05	0	a.	The	optimum	public	works	schedule	is	the	point	where	the	constraint	curve	and	the	indifference	curve	q.x;	y/	D	3	just	meet.	T	F	T	3.	6	4	2	5,	4	0	5,	4	2	5,	p	=	4	2	5	1	0	2	1	2	3	2	3	2	3	2	3	0	1	1	1	6	17	617	6	47	6	17	7	6	7	6	7	6	7	8.	A	D	6	4	0	1	8	2	25	1	2	4	4	8	28.	If	y	is	in	W	D	Span	fu1	;	:	:	:	;	up	g,	then	projW	y	D
y.	DEFINITION	A	quadratic	form	Q	is:	a.	In	Exercises	7	and	8,	use	the	power	method	with	the	x0	given.	Row	A	D	Rn	.	[Hint:	Consider	the	spectral	decomposition	of	G	,	and	first	write	G	as	BB	T	for	an	n		r	matrix	B	.]	11.	Thus	z2	is	in	W	?	Since	there	are	3	vectors	in	the	set,	the	set	is	a	basis	for	R3	.	The	topics	here	follow	the	recommendations	of	the
Linear	Algebra	Curriculum	Study	Group,	which	were	based	on	a	careful	investigation	of	the	real	needs	of	the	students	and	a	consensus	among	professionals	in	many	disciplines	that	use	linear	algebra.	x00	.t/	D	.6	6t	/p0	C	.	The	solution	is	called	the	least-squares	plane.	6	provides	a	visualization	of	the	lengths	that	appear	in	the	theorem.	15.	Hence,	of
the	n	terms	in	the	spectral	decomposition	of	A,	exactly	n	r	are	zero.	A	hyperplane	in	Rn	is	a	flat	of	dimension	n	1.			2=3	11.	EXAMPLE	1	Let	fu1	;	:	:	:	;	u5	g	be	an	orthogonal	basis	for	R5	and	let	y	D	c1	u1	C				C	c5	u5	Consider	the	subspace	W	D	Span	fu1	;	u2	g,	and	write	y	as	the	sum	of	a	vector	z1	in	W	and	a	vector	z2	in	W	?	The	following	statements
refer	to	vectors	in	Rn	(or	Rm	/	with	the	standard	inner	product.	[Hint:	Use	a	singular	value	decomposition,	A	D	U	†V	T	,	and	observe	that	A	D	.U	†U	T	/.UV	T	/.]	This	decomposition	is	used,	for	instance,	in	mechanical	engineering	to	model	the	deformation	of	a	material.	Matrices	whose	columns	form	an	orthonormal	set	are	important	in	applications	and
in	computer	algorithms	for	matrix	computations.	u3	.	p1	D	4	8	5	b.	Conf	on	Field-Programmable	Technology,	IEEE	(2003).	D	3	6	CHAPTER	1	Linear	Equations	in	Linear	Algebra	It	is	convenient	to	combine	the	results	of	these	two	operations:	x1	2x2	x2	D	3	D	16	x3	D	3	2	1	40	0	2	1	0	0	0	1	3	3	16	5	3	Now,	having	cleaned	out	the	column	above	the	x3	in
equation	3,	move	back	to	the	x2	in	equation	2	and	use	it	to	eliminate	the	2x2	above	it.	An	n		n	matrix	that	is	orthogonally	diagonalizable	must	be	symmetric.	To	make	a	trend	analysis	of	six	evenly	spaced	data	points,	one	can	use	orthogonal	polynomials	with	respect	to	evaluation	at	the	points	t	D	5;	3;	1;	1;	3,	and	5.	Starting	with	x1	;	:	:	:	;	xp	as	in
Theorem	11,	let	A	D	Œ	x1				x	p	.	However,	the	measure	of	closeness	is	the	weighted	error,	kW	y	W	yO	k2	D	kW	y	WAOxk2	Thus	xO	is	the	(ordinary)	least-squares	solution	of	the	equation	WAx	D	W	y	The	normal	equation	for	the	least-squares	solution	is	.WA/T	WAx	D	.WA/T	W	y	EXAMPLE	1	Find	the	least-squares	line	y	D	ˇ0	C	ˇ1	x	that	best	fits	the	data
.	Yes	11.	Nevertheless,	it	is	important	to	remember	that	each	function	is	a	vector	when	it	is	treated	as	an	element	of	a	vector	space.	Neither	polynomial	is	a	multiple	of	the	other	polynomial,	so	fp1	;	p2	g	is	a	linearly	independent	set	in	P3	.	Set	x0	D	.1;	0;	0/.	The	set	of	all	vectors	z	that	are	orthogonal	to	W	is	called	the	orthogonal	complement	of	W	and
is	denoted	by	W	?	Thus	2	An	orthogonal	basis	for	the	subspace	P2	of	V	is:	Polynomial:	p0	2	3	1	617	6	7	7	Vector	of	values:	6	6	1	7;	415	1	p1	2	6	6	6	6	4	3	2	17	7	07	7;	15	2	p2	2	6	6	6	6	4	3	2	17	7	27	7	15	2	(3)	Best	Approximation	in	Inner	Product	Spaces	A	common	problem	in	applied	mathematics	involves	a	vector	space	V	whose	elements	are	functions.
2	is	an	affine	combination	of	v1	and	v2	,	the	point	y	v1	equals	t.v2	v1	/,	which	is	a	linear	combination	(in	fact,	a	multiple)	of	v2	v1	.	The	following	remarks	offer	some	practical	advice	and	information	to	help	you	master	the	material	and	enjoy	the	course.	Thus	S	is	linearly	independent.	Title.	The	sensors	record	energy	from	separate	wavelength	bands—
three	in	the	visible	light	spectrum	and	four	in	infrared	and	thermal	bands.	For	centuries	there	was	no	need	to	envision	geometric	objects	in	more	than	three	dimensions.	Finally,	since	the	columns	of	V	are	eigenvectors	of	Cp	,	the	Diagonalization	Theorem	(Theorem	5	in	Section	5.3)	shows	that	V	1	Cp	V	is	diagonal.	4	36	17.	Suppose	A	is	invertible	and
orthogonally	diagonalizable.		PRACTICE	PROBLEMS	1.	The	weights	are	each	between	0	and	1	when	0		t		1,	so	g.t/	is	in	conv	fp0	;	p1	;	p2	g.	Legendre,	Numerical	Ecology	(Amsterdam:	Elsevier,	1998).	We	will	consider	only	the	case	in	which	the	distance	between	f	and	g	is	determined	by	an	inner	product.	Chapter	5	Supplementary	Exercises,	page	326
1.	Find	weights	c1	;	:	:	:	;	c4	that	produce	an	affine	dependence	relation	c1	v1	C				C	c4	v4	D	0,	where	c1	C				C	c4	D	0	and	not	all	ci	are	zero.	For	each	y	in	W	,	the	weights	in	the	linear	combination	y	D	c1	u1	C				C	cp	up	are	given	by	cj	D	y		uj	uj		uj	.j	D	1;	:	:	:	;	p/	PROOF	As	in	the	preceding	proof,	the	orthogonality	of	fu1	;	:	:	:	;	up	g	shows	that	y		u1	D
.c1	u1	C	c2	u2	C				C	cp	up	/	u1	D	c1	.u1		u1	/	Since	u1		u1	is	not	zero,	the	equation	above	can	be	solved	for	c1	.	THEOREM	16	kvk2	D	k	projW	vk2	C	kv	projW	vk2	See	Fig.	,	with	W	a	subspace	of	Rn	,	are	needed	later	in	the	chapter.	aff{p,	q}	q	p	s	r	FIGURE	1	fp;	q;	rg	is	affinely	dependent.	CHAPTER	7	SUPPLEMENTARY	EXERCISES	1.	One	method	is
to	weight	the	20	points	by	a	factor	of	1	and	the	other	5	by	a	factor	of	12	.	2/k	Œ.k	C	2/.	Use	the	eigenvalue	command	to	create	the	diagonal	matrix	D	.	The	only	column	found	for	U	so	far	is	2	3	1=3	1	u1	D	p	Av1	D	4	2=3	5	3	2	2=3	The	other	columns	of	U	are	found	by	extending	the	set	fu1	g	to	an	orthonormal	basis	for	R3	.	Find	the	maximum	value	of
the	quadratic	1	1	4	form	xTAx	subject	to	the	constraint	xTx	D	1,	and	find	a	unit	vector	at	which	this	maximum	value	is	attained.	If	r	is	any	scalar,	then	kr	vk	D	rkvk.	The	concepts	introduced	here	are	used	in	computer	graphics,	linear	programming	(in	Chapter	9),	and	other	areas	of	mathematics.¹	Throughout	the	chapter,	sets	of	vectors	are	described	by
linear	combinations,	but	with	various	restrictions	on	the	weights	used	in	the	combinations.	161–167.	To	show	that	v1		v2	D	0,	compute	1	v1		v2	D	.1	v1	/T	v2	D	.Av1	/T	v2	D	D	Hence	.1	D	.vT1	AT	/v2	vT1	.2	v2	/	2	vT1	v2	D	2	/v1		v2	D	0.	A	D	4	10	19	Orthogonality	and	Least	Squares	6	1	11	9	2	4	0	7	7	3	:49	6	7	1:28	7	b	D	10	4	6	4	5:78	5	8:04	3	2	3	1	:100
6	7	27	7,	b	D	6	2:888	7,	4	1:404	5	35	1	1:462	2	7	6	5	6	20.	A	D	3	4:4											1	1	1	1	1	;	;	;	;	1	:7368	:7541	:7490	:7502					15	16	1	,	5.	A	natural	choice	for	d	is	12.75,	which	equals	f	.3;	:75/.	When	a	ship	searches	for	offshore	oil	deposits,	its	computers	solve	thousands	of	separate	systems	of	linear	equations	every	day.	This	loss	of	orthogonality	can	be
reduced	substantially	by	rearranging	the	order	of	the	calculations.1	However,	a	different	computer-based	QR	factorization	is	usually	preferred	to	this	modified	Gram–Schmidt	method	because	it	yields	a	more	accurate	orthonormal	basis,	even	though	the	factorization	requires	about	twice	as	much	arithmetic.	Geometrically,	the	data	points	lie	nearly	in
the	plane	y3	D	0,	and	their	locations	can	be	determined	fairly	accurately	by	knowing	only	the	values	of	y1	and	y2	.	Points	along	an	indifference	curve	correspond	to	alternatives	that	county	residents	as	a	group	would	find	equally	valuable.²	Find	the	public	works	schedule	that	maximizes	the	utility	function	q	.	These	two	points	0	:5	are	not	multiples	and
hence	form	a	linearly	independent	set,	S	0	.	Since	A	is	square	and	invertible,	rank	A	D	n,	and	all	the	entries	on	the	diagonal	of	†	must	be	nonzero.	TABLE	1	0	k	A	x	k	Iterates	of	a	Vector		:5	1	1			:1	1:1	2			:7	1:3	3			2:3	1:7	4			5	5:5	2:5			11:9	4:1	6			24:7	7:3	7			50:3	13:7	8			101:5	26:5		The	vectors	x,	Ax;	:	:	:	;	A4	x	are	shown	in	Fig.	Show	that	the	set	of	all
least-squares	solutions	of	the	system	is	precisely	the	plane	whose	equation	is	x	2y	C	5´	D	.a	C	b	C	c/=3.	Show	that	z1	C	z2	is	orthogonal	to	u.	The	following	manuals	are	available	to	qualified	instructors	through	the	Pearson	Instructor	Resource	Center,	www.pearsonhighered.com/irc:	MATLAB	(ISBN:	0-321-53365-8),	Maple	(ISBN:	0-321-75605-3),
Mathematica	(ISBN:	0321-38885-2),	and	the	TI-83C/86/89	(ISBN:	0-321-38887-9).	For	instance,	if	the	x	-coordinate	denotes	the	production	level	for	a	company,	and	y	denotes	the	average	cost	per	unit	of	operating	at	a	level	of	x	units	per	day,	then	a	typical	average	cost	curve	looks	like	a	parabola	that	opens	upward	(Fig.	By	Theorem	5,	the
homogeneous	forms	of	the	points	in	S	are	linearly	independent.	The	velocity	function	is	v.t/	D	4:7025	C	11:1108t	:0822t	2	,	and	v.4:5/	D	53.0	ft/sec.	One	possibility	is	p	D	6	4	0	5,	v1	D	4	1	5,	0	0	2	3	4	6	17	7	v2	D	6	4	0	5.	[M]	y	D	1:76x	9	4	yD	13.	The	third-order	Fourier	approximation	to	f	is	the	best	approximation	in	C	Œ0;	2	to	f	by	functions	(vectors)	in
the	subspace	spanned	by	1,	cos	t	,	cos	2t	,	cos	3t	,	sin	t	,	sin	2t	,	and	sin	3t	.	T	g.	381	a/=.n	C	1/,	and	∆t	a	t0	tj	tn	b	If	n	is	large,	the	inner	product	on	Pn	determined	by	t0	;	:	:	:	;	tn	will	tend	to	give	a	large	value	to	hp;	pi,	so	we	scale	it	down	and	divide	by	n	C	1.	Likewise,	x0	.1/	points	in	the	direction	from	p2	to	p3	and	is	three	times	the	length	of	p3	p2	.
The	system	of	equations	for	the	NAD	had	no	solution	in	the	ordinary	sense,	but	rather	had	a	least-squares	solution,	which	assigned	latitudes	and	longitudes	to	the	reference	points	in	a	way	that	corresponded	best	to	the	1.8	million	observations.	The	final	theorem	in	this	section	shows	how	formula	(2)	for	projW	y	is	simplified	when	the	basis	for	W	is	an
orthonormal	set.	First,	compute	2	1	ATA	D	4	3	3	2	1	AT	b	D	4	3	3	1	5	1	1	5	1	32	3	2	3	1	1	3	3	7	54	1	5	1	5	D	4	9	0	2	1	7	2	3	32	3	2	3	1	5	7	54	3	5	D	4	65	5	28	2	5	9	83	28	3	0	28	5	14	Next,	row	reduce	the	augmented	matrix	for	the	normal	equations,	ATAx	D	AT	b:	2	3	2	3	2	3	3	9	0	3	1	3	0	1	1	0	3=2	2	4	9	83	28	65	5		4	0	56	28	56	5						4	0	1	1=2	15	0	28	14
28	0	28	14	28	0	0	0	0	The	general	least-squares	solution	is	x1	D	2	C	23	x3	,	x2	D	1	For	one	specific	solution,	take	x3	D	0	(for	example),	and	get	2	3	2	xO	D	4	1	5	0	To	find	the	least-squares	error,	compute	2	1	3	bO	D	AOx	D	4	1	5	1	7	1	x,	2	3	with	x3	free.	1;	1/;	direction	of	greatest	attraction:	the	line	through	.0;	0/	and	.1;	4/	11.	F	F	T	e.	Because	of	the
previous	work	with	x3	,	there	is	now	no	arithmetic	involving	x3	terms.	9	25	y	D	4:0	:10x	Both	lines	are	displayed	in	Fig.	5	are	geometrically	perpendicular	if	and	only	if	the	distance	from	u	to	v	is	the	same	as	the	distance	from	u	to	v.	By	a	suitable	change	of	variable,	any	quadratic	form	can	be	changed	into	one	with	no	cross-product	term.	8x1	x2	C	3x22
5x12	C	4x1	x2	14.	See	the	Study	Guide	for	hints.	If	A		B	,	then	aff	A		aff	B	.	By	Theorem	17,	the	solution	set	H	of	the	difference	equation	in	Exercise	1	is	two-dimensional.	2=	5/2	D	3.36=5/	D	80=5	D	16	7.4=5/	This	is	the	value	of	Q.x/	in	Example	3	when	x	D	.2;	2/.	DEFINITION	An	indexed	set	of	points	fv1	;	:	:	:	;	vp	g	in	Rn	is	affinely	dependent	if	there
exist	real	numbers	c1	;	:	:	:	;	cp	,	not	all	zero,	such	that	c1	C				C	cp	D	0	and	c1	v1	C				C	cp	vp	D	0	Otherwise,	the	set	is	affinely	independent.	Section	4.7,	page	242	1.	If	you	have	access	to	technology—MATLAB,	Maple,	Mathematica,	or	a	TI	graphing	calculator—you	can	save	many	hours	of	homework	time.	7	b.	Why?	12	/k	,	.	T	T	F	c.	Section	7.3,	in	turn,
is	needed	for	the	final	two	sections	on	the	singular	value	decomposition	and	on	the	image	processing	described	in	the	introductory	example.	Let	B	D	fv1	;	:	:	:	;	vn	g	and	C	D	fu1	;	:	:	:	;	um	g	be	bases	constructed	from	the	columns	of	V	and	U	,	respectively.	(See	Exercise	5.)	7.	Find	a	formula	for	the	least-squares	solution	of	Ax	D	b	when	the	columns	of	A
are	orthonormal.	Only	p6	can	be	chosen	arbitrarily.	Every	16	days,	each	satellite	passes	over	almost	every	square	kilometer	of	the	earth’s	surface,	so	any	location	can	be	monitored	every	8	days.	y	D	4	4	5,	u1	D	4	1	5,	u2	D	4	1	5	3	0	0	3	2	2	2	3	3	4	3	6	4.	Show	that	the	set	S	is	affinely	independent.	By	equation	(2),	the	singular	values	of	A	are	the	lengths
of	the	vectors	Av1	;	:	:	:	;	Avn	.	The	expression	kxk2	is	a	quadratic	form.	Show	that	the	orthogonal	projection	of	a	vector	y	onto	a	line	L	through	the	origin	in	R2	does	not	depend	on	the	choice	of	the	nonzero	u	in	L	used	in	the	formula	for	yO	.	If	W	D	Span	fx1	;	x2	;	x3	g	with	fx1	;	x2	;	x3	g	linearly	independent,	and	if	fv1	;	v2	;	v3	g	is	an	orthogonal	set	in
W	,	then	fv1	;	v2	;	v3	g	is	a	basis	for	W	.	F	T	T	d.	The	desired	decomposition	of	y	is	2	3	2	3	2	3	1	2=5	7=5	y	D	425	D	4	2	5C4	0	5	3	1=5	14=5	A	Geometric	Interpretation	of	the	Orthogonal	Projection	When	W	is	a	one-dimensional	subspace,	the	formula	(2)	for	projW	y	contains	just	one	term.	Let	W	be	a	subspace	of	Rn	with	an	orthogonal	basis	fw1	;	:	:	:	;
wp	g,	and	let	fv1	;	:	:	:	;	vq	g	be	an	orthogonal	basis	for	W	?.	f	.x1	;	x2	/	D	3x1	possibility.	Thus	the	maximum	of	xTAx	subject	to	the	constraints	in	(4)	is	3,	attained	when	x	D	u2	.	Suppose	the	errors	in	measuring	the	y	-values	of	the	last	two	data	points	are	greater	than	for	the	other	points.	When	a	least-squares	solution	xO	is	used	to	produce	AOx	as	an
approximation	to	b,	the	distance	from	b	to	AOx	is	called	the	least-squares	error	of	this	approximation.	A	D		4	0	0	3				x1	.	2	C	3/k	C	c2	.	Rural	countries	can	analyze	soil	moisture,	classify	the	vegetation	in	remote	regions,	and	locate	inland	lakes	and	streams.	By	Theorem	10	in	Section	6.3,	xO	D	.x		v1	/v1	C				C	.x		vp	/vp	By	Exercise	2,	kOxk2	D	jx		v1	j2	C	
		C	jx		vp	j2	.	Thus	Theorem	5	decomposes	a	vector	y	into	a	sum	of	orthogonal	projections	onto	one-dimensional	subspaces.	Let	K	be	a	one-dimensional	subspace	of	Rn	that	is	invariant	under	A.	p1	D	3b1	b2	b3	2	aff	S	since	the	coefficients	sum	to	1.	Let	v	D	.	The	adjective	“least-squares”	arises	from	the	fact	that	kb	Axk	is	the	square	root	of	a	sum	of
squares.	(See	Theorem	10	in	Section	6.3.)	Thus	xO	is	a	least-squares	solution	of	Ax	D	b.	Given	information	from	a	fourth	satellite,	the	GPS	receiver	can	even	establish	its	approximate	altitude.	Plato	discussed	the	basic	theory	of	these	five	solids	in	Book	XIII	of	his	Elements,	and	since	then	they	have	carried	his	name:	the	Platonic	solids.	[M]		D	5:	4	1	5;	2
Using	part	(a),	2	3	3		D	10:	4	2	5;	1	2	3	2		D	15:	4	2	5	1	xk	D	Ak	x0	D	Ak	v1	C	c2	Ak	v2	C	c3	Ak	v3	D	v1	C	c2	.:5/k	v2	C	c3	.:2/k	v3	!	v1	as	k	!	1	./	A40	Answers	to	Odd-Numbered	Exercises	29.			1	1	29.	indefinite	if	Q.x/	assumes	both	positive	and	negative	values.	Show	that	det	Œ	aQ	bQ	pQ		D	0.	Two	flats	are	parallel	if	one	is	a	translate	of	the	other.	6	4	3
2	2	5	5,	4	1	3	2	1	6	47	7,	6	5	0	4	1	3	4	15	2	3	7	77	7	45	1	2	4.	See	Signal	processing	Dilation	transformation,	66,	71	Dimension	of	a	flat	(or	a	set),	440	Dimension	(vector	space),	153–160,	225–228	classification	of	subspaces,	226–227	column	space,	155,	228	null	space,	155,	228	row	space,	233–234	subspace,	155–156	Directed	line	segment,	25	Direction
of	greatest	attraction,	304,	314	of	greatest	repulsion,	304,	314	Discrete	dynamical	systems,	301–311	Discrete	linear	dynamical	system.	Use	a	property	of	the	trace	mentioned	in	Exercise	25	in	Section	5.4.]	13.	Find	the	third-order	Fourier	approximation	to	the	square	wave	function,	f	.t/	D	1	for	0		t	<		and	f	.t/	D	1	for			t	<	2	.	7.3	CONSTRAINED
OPTIMIZATION	Engineers,	economists,	scientists,	and	mathematicians	often	need	to	find	the	maximum	or	minimum	value	of	a	quadratic	form	Q.x/	for	x	in	some	specified	set.	SOLUTION	First,	compute	the	length	of	v:	kvk2	D	v		v	D	.1/2	C	.	6.8	Applications	of	Inner	Product	Spaces	387	Fourier	Series	(Calculus	required)	Continuous	functions	are	often



approximated	by	linear	combinations	of	sine	and	cosine	functions.	Mark	each	statement	as	True	or	False.	That	is,	each	solution	of	the	first	system	is	a	solution	of	the	second	system,	and	each	solution	of	the	second	system	is	a	solution	of	the	first.	Apply	the	result	of	Exercise	15	to	find	the	eigenvalues	of	the	3	2	7	3	3	3	3	2	3	63	1	2	2	7	3	3	37	7	6	1	2	5
and	6	3	3	7	3	37	matrices	4	2	7.	An	indefinite	quadratic	form	is	one	whose	eigenvalues	are	not	definite.	Page	374	Observatory:	PhotoDisc;	Halley’s	comet:	Art	Directors	&	TRIP/Alamy.	(Answer	this	without	computing	a	least-squares	solution.)	2	3	3	2			5	2	1	4	4	5,	b	D	4	4	5,	u	D	,	and	v	D	14.	Recall	that	kc	uk	D	jcj	kuk	for	any	scalar	c	.	The	data	are
available	at	www.pearsonhighered.com/lay	in	a	variety	of	formats—for	MATLAB,	Maple,	Mathematica,	and	the	TI-83+/86/89	graphic	calculators.	Use	the	definition	of	ŒuB	.	4	0	5,	4	5	5	2.	C	P	B	D	,	B	P	C	D	21	0	2	0	1	11.	If	fb1	;	:	:	:	;	bk	g	is	a	linearly	independent	subset	of	Rn	and	if	p	is	a	linear	combination	of	b1	;	:	:	:	;	bk	,	then	p	is	an	affine
combination	of	b1	;	:	:	:	;	bk	.	[M]	rank	B	AB	A2	B	A3	B	D	3.	[M]	Let	U	be	the	8		4	matrix	in	Exercise	36	in	Section	6.2.	Find	the	closest	point	to	y	D	.1;	1;	1;	1;	1;	1;	1;	1/	in	Col	U	.	Goldstein	and	D.	Find	the	first-order	and	third-order	Fourier	approximations	to	f	.t/	D	3	2	sin	t	C	5	sin	2t	6	cos	2t	6.8	Applications	of	Inner	Product	Spaces	389	6.8
EXERCISES	1.	So	.A2	/T	D	AA	D	A2	,	which	shows	that	A2	is	symmetric.	The	associated	covariance	matrix	is¹	2	3	2382:78	2611:84	2136:20	S	D	4	2611:84	3106:47	2553:90	5	2136:20	2553:90	2650:71	¹	Data	for	Example	4	and	Exercises	5	and	6	were	provided	by	Earth	Satellite	Corporation,	Rockville,	Maryland.	Likewise,	y3	has	maximum	possible
variance	among	all	variables	uncorrelated	with	both	y1	and	y2	,	and	so	on.	Suppose	ˇ0	and	ˇ1	are	fixed,	and	consider	the	line	y	D	ˇ0	C	ˇ1	x	in	Fig.	3	2	3	2	0	1	6	17	607	7	6	7	6	7	6	7	Basis	for	Nul	A:	6	6	0	7,	6	1	7	4	05	415	0	0	Chapter	8	Section	8.1,	page	442	1.	Hence	Also,	from	Example	6,	x	D	3	1	U	x	U	y	D	3	C	7	C	2	D	12;	and	xy	D	6	C	18	D	12	6.3
Orthogonal	Projections	347	6.3	ORTHOGONAL	PROJECTIONS	The	orthogonal	projection	of	a	point	in	R2	onto	a	line	through	the	origin	has	an	important	analogue	in	Rn	.	These	properties	are	crucial	for	many	computer	algorithms.	2,	3,	5,	5	19	C	12	19.	Let	T	be	a	tetrahedron	in	“standard”	position,	with	three	edges	along	the	three	positive	coordinate
axes	in	R3	,	and	suppose	the	vertices	are	ae1	,	b	e2	,	c	e3	,	and	0,	where	Œ	e1	e2	e3		D	I3	.	PROOF	If	p	and	q	are	in	\S˛	,	then	p	and	q	are	in	each	S˛	.	Let	v	be	the	vector	in	Rn	whose	entries	are	all	1’s.	If	the	basis	were	not	orthogonal,	it	would	be	necessary	to	solve	a	system	of	linear	equations	in	order	to	find	the	weights,	as	in	Chapter	1.	When	the
Gram–Schmidt	process	is	run	on	a	computer,	roundoff	error	can	build	up	as	the	vectors	uk	are	calculated,	one	by	one.	Typically,	the	image	is	2000		2000	pixels,	so	there	are	4	million	pixels	in	the	image.	Let	X1	;	:	:	:	;	XN	be	observation	vectors	in	R3	that	list	the	three	scores	of	each	student,	and	for	j	D	1;	2;	3,	let	xj	denote	a	student’s	score	on	the	j	th
exam.	Then	(7)	also	has	a	unique	solution,	because	(8)	encodes	both	equations	that	appear	in	(7).	Since	Nul	A	is	a	subspace	of	R3	,	10x	is	in	Nul	A.	If	it	is,	how	would	you	estimate	the	corresponding	eigenvalue?	The	observation	vectors	are	2	3	2	3	2	3	1	4	7	X1	D	4	2	5;	X2	D	4	2	5;	X3	D	4	8	5;	1	13	1	Compute	the	sample	mean	and	the	covariance	matrix.
If	L	is	a	line	through	0	and	if	yO	is	the	orthogonal	projection	of	y	onto	L,	then	kOyk	gives	the	distance	from	y	to	L.	Please	read	“How	to	Study	Linear	Algebra”	in	the	Study	Guide	as	soon	as	possible.	p1	and	p3	are	outside	the	tetrahedron	conv	S	.	If	an	eigenvalue—say,	i	—were	negative,	then	xTAx	would	be	negative	for	the	x	corresponding	to	y	D	ei	(the
i	th	column	of	In	).	In	Exercises	11	and	12,	mark	each	statement	True	or	False.	Notice	that	the	columns	of	a	4		6	matrix	are	in	R4	;	rather	than	R3	.	Hint:	Show	that	A	C	B	is	symmetric	and	the	quadratic	form	xT.A	C	B/x	is	positive	definite.	1/kC1	a0	C	.	(Since	u	was	an	arbitrary	element	of	W	,	this	will	show	that	c	z	is	in	W	?	If	p.t/	D	c0	C	c1	t	C	c2	t	2	C			
C	cn	t	n	,	define	p.A/	to	be	the	matrix	formed	by	replacing	each	power	of	t	in	p.t/	by	the	corresponding	power	of	A	(with	A0	D	I	).	2x2	with	d	satisfying	9	<	d	<	10	is	one	25.	An	indefinite	quadratic	form	is	either	positive	semidefinite	or	negative	semidefinite.	Our	main	need	for	this	inequality	here	is	to	prove	another	fundamental	inequality	involving
norms	of	vectors.	(Also	see	Exercise	28	in	Section	4.6.)	A	0	0	T	Nu	lA	Nu	lA	Co	wA	Ro	lA	FIGURE	8	The	fundamental	subspaces	determined	by	an	m		n	matrix	A.	A	square	matrix	with	orthogonal	columns	is	an	orthogonal	matrix.	Then	for	x	in	Rn	,	QQT	x	is	the	orthogonal	projection	of	x	onto	Wk	(Theorem	10	in	Section	6.3).	through	2			1	Compute	the
orthogonal	projection	of	onto	the	line	1			1	and	the	origin.	8.	In	fact,	if	fu1	;	:	:	:	;	up	g	is	any	orthogonal	basis	of	W	,	then	y		up	y		u1	u1	C				C	up	(2)	yO	D	u	1		u1	up		up	and	z	D	y	yO	.	See	the	Study	Guide.	Yes,		D	2	39.	Because	of	the	isomorphism	between	R3	and	P2	,	the	corresponding	polynomials	span	P2	.	Lay	holds	a	B.A.	from	Aurora	University
(Illinois),	and	an	M.A.	and	Ph.D.	from	the	University	of	California	at	Los	Angeles.	D	Col	AT	D	Row	A.	..	However,	a	factorization	A	D	QDP	1	is	possible	for	any	m		n	matrix	A!	A	special	factorization	of	this	type,	called	the	singular	value	decomposition,	is	one	of	the	most	useful	matrix	factorizations	in	applied	linear	algebra.	I	am	grateful	for	the	class
testing	of	this	online	homework	support	by	the	following:	Agnes	Boskovitz,	Malcolm	Brooks,	Elizabeth	Ormerod,	Alexander	Isaev,	and	John	Urbas	at	the	Australian	National	University;	John	Scott	and	Leben	Wee	at	Montgomery	College,	Maryland;	and	Xingru	Zhang	at	SUNY	University	of	Buffalo.	The	next	theorem	shows	that	the	decomposition	y	D	z1
C	z2	in	Example	1	can	be	computed	without	having	an	orthogonal	basis	for	Rn	.	Thus	the	distance	is	p	p	ky	yO	k	D	.	x2	v	||u	–	v||	u	1	x1	1	u–v	–v	FIGURE	4	The	distance	between	u	and	v	is	the	length	of	u	v.	.B	TAB/T	D	B	TATB	T	T	D	B	TAB	33.	hu;	v	C	wi	D	hu;	vi	C	hu;	wi.	Hartman,	The	College	of	Wooster	Richard	P.	I	appreciate	the	mathematical
assistance	provided	by	Blaise	DeSesa,	Jean	Horn,	Roger	Lipsett,	Paul	Lorczak,	Thomas	Polaski,	Sarah	Streett,	and	Marie	Vanisko,	who	checked	the	accuracy	of	calculations	in	the	text.	Show	that	if	u	is	any	solution	of	Ax	D	b,	then	kxC	k		kuk,	with	equality	only	if	u	D	xC	.	Carlson,	C.	Gauss	predicted	it	would	appear	ten	months	later	and	gave	its
location.	y	D	6	4	5	5,	v	1	D	4	1	5,	v	2	D	4	1	5	1	1	1	2	3	2	3	2	3	1	4	3	6	17	6	27	6	17	7	6	7	6	7	12.	Let	v	2	Rn	and	let	k	2	R.	Any	y	in	R2	can	be	written	in	the	form	y		u2	y		u1	u1	C	u2	(3)	yD	u	1		u1	u2		u2	The	first	term	in	(3)	is	the	projection	of	y	onto	the	subspace	spanned	by	u1	(the	line	through	u1	and	the	origin),	and	the	second	term	is	the	projection	of
y	onto	the	subspace	spanned	by	u2	.	5	e.	The	principal	axes	of	a	quadratic	form	xTAx	can	be	the	columns	of	any	matrix	P	that	diagonalizes	A.	Then	subtraction	produces	the	equation	0Dx	x	D	.c1	d1	/b1	C				C	.ck	dk	/	b	k	(7b)	The	weights	in	(7b)	sum	to	0	because	the	c	’s	and	the	d	’s	separately	sum	to	1.	By	now	you	should	know	how	to	use	it	properly.
f0	.P	n	/	D	f0	.Q/	C	1	b.	The	next	two	examples	describe	data	that	can	be	visualized	graphically.	The	scale	factor	1=.b	a/	is	inessential	and	is	often	omitted	for	simplicity.	y	3	2	1	x	1	2	3	4	5	6	7	FIGURE	2	The	least-squares	line	yD	2	7	C	5	x.	The	row–column	calculation	of	Au	shows	that	each	row	of	A	is	orthogonal	to	every	u	in	Nul	A.	To	find	R,	observe
that	QTQ	D	I	,	because	the	columns	of	Q	are	orthonormal.	(See	Exercise	25	in	Section	7.2	with	B	and	B	T	interchanged.)	EXAMPLE	3	Three	measurements	are	made	on	each	of	four	individuals	in	a	random	sample	from	a	population.	Let	U	be	a	square	matrix	with	orthonormal	columns.	Write	y	as	the	sum	of	two	Let	y	D	3	7	orthogonal	vectors,	one	in
Span	fug	and	one	orthogonal	to	u.	Basis	for	Nul	A:	6	4	1	5,	4	0	5	0	1	2	3	2	3	2	4	Basis	for	Col	A:	4	2	5,	4	6	5	3	8	Section	4.5	15.	By	definition,	T	.x	/	D	xu	u	D	.x		u/.u		u/	uu	1	u	For	x	and	y	in	Rn	and	any	scalars	c	and	d	,	properties	of	the	inner	product	(Theorem	1)	show	that	T	.c	x	C	d	y/	D	Œ.c	x	C	d	y/	u.u		u/	1	u	D	Œc.x		u/	C	d.y		u/.u		u/	1	u	D	c.x		u/.u		u/
1	u	C	d.y		u/.u		u/	D	cT	.x/	C	d	T	.y/	Thus	T	is	linear.	The	distance	between	u	and	v	is	ku	vk.	The	function	(4)	is	called	a	trigonometric	polynomial.	Its	third	coordinate	is	positive	because	p1	is	on	the	v3	side	of	the	line	through	v1	and	v2	.	Thus			"	p	#	1	1	18	3=p10	D	u1	D	Av1	D	p	1=	10	1	6	10	6	p	#			"	1	1	3	1=p10	u2	D	Av2	D	p	D	9	3=	10	2	3	10	Note
that	fu1	;	u2	g	is	already	a	basis	for	R2	.	The	orthogonal	cubic	polynomial	is	p3	.t/	D	56	t	3	176	t	.	Here	is	the	calculation	using	homogeneous	forms	of	the	points,	with	the	first	step	moving	row	4	to	row	1:	2	3	2	3	1	1	1	1	1	0	0	:25	6		63		4	1	3	7	1	0	:50	7	7		60	7	pQ		6	vQ	1	vQ	2	vQ	3	41	3	5	3	5	4	0	0	1	:25	5	5	4	1	3:5	0	0	0	0	So	p	D	:25v1	C	:5v2	C	:25v3	.
Since	v2	has	fractional	entries,	it	is	convenient	to	scale	it	by	a	factor	of	4	and	replace	fv1	;	v2	g	by	the	orthogonal	basis	2	3	2	3	1	3	617	6	17	0	7	6	7	v1	D	6	4	1	5;	v	2	D	4	1	5	1	1	6.4	The	Gram–Schmidt	Process	355	Step	3.	There	exists	a	2		2	matrix	that	has	no	eigenvectors	in	R2	.	That	is,	the	length	of	Ax	is	maximized	when	x	D	v1	,	and	kAv1	k	D	j1	j,	by
(1).	What	do	you	conjecture	about	the	effect	of	A	on	vectors?	y	2	t	2	ˆ	p(t)	p(t)	FIGURE	1	The	polynomials	p0	,	p1	,	and	p2	in	Examples	5	and	6	belong	to	a	class	of	polynomials	that	are	referred	to	in	statistics	as	orthogonal	polynomials.²	The	orthogonality	refers	to	the	type	of	inner	product	described	in	Example	2.	6	6.2	EXERCISES	In	Exercises	1–6,
determine	which	sets	of	vectors	are	orthogonal.	So	4v1	5v2	3v3	C	4v4	D	0.	3(b)	is	the	graph	of	the	equation	xTAx	D	16,	where	A	is	the	matrix	in	Example	4.	2/k	.0/	D	0	for	all	k	Similarly,	if	yk	D	k.	2	2	3	3	2	3		2	3	7	2=3	1=3		3	5	4	5	D	4	2=3	2=3	5	15.	See	Difference	equation	Recursive	subdivision	of	Bézier	curves,	surfaces,	488–489	Reduced	echelon
form,	13,	14	basis	for	null	space,	200,	231–233	solution	of	system,	18,	20,	21	uniqueness	of,	A1	Reduced	LU	factorization,	130	Reduced	singular	value	decomposition,	422,	433	Reduction	to	first-order	equation,	250	Reflection,	73,	345–346	Householder,	161	Reflector	matrix,	161,	390	Regression	coefficients,	369	line,	369	multiple,	372–373	orthogonal,
432	Regular	polyhedra,	435	I10	Index	Regular	polyhedron,	480	Regular	solids,	434	Relative	change,	391	Relative	error,	391	See	also	Condition	number	Rendering	graphics,	487	Repeller,	304,	314	Residual,	369,	371	Resistance,	82	RGB	coordinates,	449–450	Riemann	sum,	381	Right	singular	vector,	417	Right	distributive	law,	97	Right	multiplication,
98,	176	RLC	circuit,	214–215	Rotation	due	to	a	complex	eigenvalue,	297,	299–300,	308	(fig.)	Rotation	transformation,	67	(fig.),	72,	90,	140,	141–142,	144	Roundabout,	55	Roundoff	error,	9,	114,	269,	358,	417,	420	Row–column	rule,	96	Row	equivalent	matrices,	6,	13,	107,	277,	A1	notation,	18,	29n	Row	operation,	6,	169–170	back-substitution,	19–20
basic/free	variable,	18	determinants,	169–170,	174,	275	echelon	form,	13	eigenvalues,	267,	277	elementary,	6,	106	existence/uniqueness,	20–21	inverse,	105,	107	linear	dependence	relations,	150,	233	pivot	positions,	14–15	rank,	236,	417	See	also	Linear	system	Row	reduction	algorithm,	15–17	backward	phase,	17,	20,	125	forward	phase,	17,	20	See
also	Row	operation	Row	replacement	matrix,	106,	173	Row	space,	231–233	basis,	231–233	dimension	of,	233	Invertible	Matrix	Theorem,	235	See	also	Fundamental	subspaces	Row	vector,	231	Row–vector	rule,	38	S,	191,	244,	245–246	Saddle	point,	304,	305	(fig.),	307	(fig.),	314	Sample	covariance	matrix,	426	Sample	mean,	425	Sample	variance,	430–
431	Samuelson,	P.A.,	251n	Scalar,	25,	190,	191	Scalar	multiple,	24,	27	(fig.),	93–94,	190	Scalar	product.	2/k	D	.	EXAMPLE	2	For	x	in	R3	,	let	Q.x/	D	5x12	C	3x22	C	2x32	this	quadratic	form	as	xTAx.	x1	x2	C	8x2	x3	.	29.	33.	Given	data	for	a	least-squares	problem,	.x1	;	y1	/;	:	:	:	;	.xn	;	yn	/,	the	following	abbreviations	are	helpful:	P	P	P	2	Pn	x	D	niD1	xi	;	x
D	i	D1	xi2	;	P	Pn	P	P	y	D	i	D1	yi	;	xy	D	niD1	xi	yi	Every	statistics	text	that	discusses	regression	and	the	linear	model	y	D	X	ˇ	C		introduces	these	numbers,	though	terminology	and	notation	vary	somewhat.	The	Numerical	Notes	will	warn	you	of	potential	difficulties	in	using	linear	algebra	later	in	your	career,	and	if	you	study	the	notes	now,	you	are	more
likely	to	remember	them	later.	x12	6x1	x2	C	9x22	15.	4	6	6	0	0	1	2			3	1	05	5	3	1	25	2	6.	Construct	4	12	10	50	41	23	5	14	21	49	29	33	a	matrix	N	whose	columns	form	a	basis	for	Nul	A,	and	construct	a	matrix	R	whose	rows	form	a	basis	for	Row	A	(see	Section	4.6	for	details).	Hence,	by	O	Theorem	10,	QQT	b	is	the	orthogonal	projection	bO	of	b	onto	Col
A.	In	this	case,	the	null	space	of	the	18		20	coefficient	matrix	A	is	at	most	two-dimensional.	Compute	q2	D	.q1	C	m/=2	and	r1	D	.m	C	r2	/=2.	Least-Squares	Problems	0	:7	1	:7	0	:7	1	:7	.7	0	:7	1	:7	0	:7	1	wkC2	wkC1	0	:7	1	:7	0	:7	1	:7	.7	0	:7	1	:7	0	:7	1	ykC1	3	3	2	1	.7	6	07	:7	7	7	7	6	2	3	6	:7	7	07	7	a0	7	6	7	6	:7	7	74	a1	5	D	6	1	7	6	:7	7	17	7	a2	7	6	6	07	:7	7
7	7	6	4	:7	5	05	:7	1	yk	wk	3	2	3	1	0	607	:7	7	7	6	7	2	3	607	07	7	a0	6	7	6	7	:7	7	74	a1	5	D	6	0	7	7	607	17	6	7	a2	607	:7	7	7	6	7	405	05	:7	0	Write	an	equation	Ax	D	b,	where	A	is	a	16		3	matrix	formed	from	the	two	coefficient	matrices	above	and	where	b	in	R16	is	formed	from	the	two	right	sides	of	the	equations.	For	an	m		n	matrix	A,	vectors	in	the	null
space	of	A	are	orthogonal	to	vectors	in	the	row	space	of	A.	5/2	C	.	update.	Subtract	˛	x	from	both	sides	of	the	equation	Ax	D	x,	and	use	algebra	to	show	that	1=.	˛/	is	an	eigenvalue	of	B	,	with	x	a	corresponding	eigenvector.	d	is	orthogonal	to	c,	because	2	3	2	3	5	4=3	20	2	dc	D	4	6	5	4	1	5	D	6	D0	3	3	1	2=3	4.	[There	are	many	solutions	of	(1)	if	the
equation	has	free	variables.]	b	b	–	Axˆ	ˆ	=	Axˆ	b	0	subspace	of	m	Col	A	A	xˆ	n	FIGURE	2	The	least-squares	solution	xO	is	in	Rn	.	Instructor’s	Edition	For	the	convenience	of	instructors,	this	special	edition	includes	brief	answers	to	all	exercises.	8	b.	An	Inner	Product	for	C	Œa;	b	(Calculus	required)	Probably	the	most	widely	used	inner	product	space	for
applications	is	the	vector	space	C	Œa;	b	of	all	continuous	functions	on	an	interval	a		t		b	,	with	an	inner	product	that	we	will	describe.	Suppose	W	is	a	subspace	of	Rn	spanned	by	n	nonzero	orthogonal	vectors.	The	signals	2k	and	.	There	exist	fast	iterative	methods	that	produce	the	singular	values	and	singular	vectors	of	A	accurately	to	many	decimal
places.	EXAMPLE	4	Let			1	;	v1	D	0			3	;	v4	D	0			5	;	v3	D	4			2	;	v2	D	3	pD	"	10	3	5	2	#	;	and	S	D	fv1	;	v2	;	v3	;	v4	g.	The	matrix	†	is	the	same	size	as	A,	with	D	in	its	upper	left	corner	and	with	0’s	elsewhere.	Show	that	for	u,	v	in	Rn	,	the	formula	hu;	vi	D	.Au/	.Av/	D	.Au/T	.Av/	defines	an	inner	product	on	Rn	.	Use	formula	(1)	for	the	determinant	0	B	in
Section	5.2	to	explain	why	det	G	D	.det	A/.det	B/.	448	CHAPTER	8	The	Geometry	of	Vector	Spaces									5	9	3	1	.	Use	the	orthogonal	basis	fv1	;	v02	g	to	compute	this	projection	onto	W2	:	Projection	of	x3	onto	v1	Projection	of	x3	onto	v02	❄	❄	x3		v1	v1	C	v1		v1	projW2	x3	D	x3		v02	0	v	v02		v02	2	2	3	2	3	2	3	1	3	0	6	7	6	7	26	1	7	7	C	2	6	1	7	D	6	2=3	7	D	6
4	4	4	5	5	1	2=3	5	4	1	12	1	1	2=3	Then	v3	is	the	component	of	x3	orthogonal	to	W2	,	namely,	2	3	2	3	2	3	0	0	0	6	0	7	6	2=3	7	6	2=3	7	7	6	7	6	7	v3	D	x3	projW2	x3	D	6	4	1	5	4	2=3	5	D	4	1=3	5	1	2=3	1=3	See	Fig.	By	the	principle	of	induction,	the	formula	for	det.Cp	I	/	is	true	for	all	n		2.	Since	the	standard	coordinate	vector	of	any	vector	in	Rn	is	just	the
vector	itself,	ŒI.bj	/E	D	bj	.	Suppose	A	D	PRP	1	,	where	P	is	orthogonal	and	R	is	upper	triangular.	Otherwise,	you	will	not	benefit	from	the	exercise.	The	variance	of	xj	measures	the	spread	of	the	values	of	xj	.	(In	parametric	vector	form,	the	line	is	x	D	M	C	t	u.)	It	can	be	shown	that	the	line	is	the	best	approximation	to	the	data,	h	75	70	Inches	65	60	55
w	120	130	140	150	Pounds	FIGURE	4	An	orthogonal	regression	line	determined	by	the	first	principal	component	of	the	data.	Find	the	point	where	the	ray	x.t/	intersects	the	plane	that	contains	the	triangle	with	vertices	v1	,	v2	,	and	v3	.	A	matrix	with	orthonormal	columns	is	an	orthogonal	matrix.	2	3	2	3	1	3	3	3	4	2	5.	6.4	The	Gram–Schmidt	Process	7.
As	k	!	1,	.:3/k	!	0	and	14	Then	T(w)	v	b.	We	will	assume	this	for	R2	now	and	prove	it	for	Rn	in	Section	6.3.)	6.2	x2	Orthogonal	Sets	341	y	6	L	=	Span{u}	yˆ	3	y	–	yˆ	u	1	8	x1	FIGURE	3	The	orthogonal	projection	of	y	onto	a	line	L	through	the	origin.	4	1	b.	1	n	A	point	y	in	Rn	is	an	affine	combination	of	v1	;	:	:	:	;	vp	in	Rn	if	and	only	if	the	homogeneous	form
of	y	is	in	Span	fQv1	;	:	:	:	;	vQ	p	g.	c.	u		v	v		u	D	0.	For	k	D	1;	:	:	:	;	N	,	let	O	k	D	Xk	M	X	The	columns	of	the	p		N	matrix	O1	X	O2		X	ON		B	D	ŒX	FIGURE	3	Weight–height	data	in	mean-deviation	form.	25.	Figure	4	summarizes	(5)–(8),	but	shows	the	orthogonal	basis	f1	u1	;	:	:	:	;	r	ur	g	for	Col	A	instead	of	the	normalized	basis,	to	remind	you	that	Avi	D	i	ui
for	1		i		r	.	Thus	rank	PA	D	rank	A.	Hint:	Use	Theorems	3	and	2	from	Section	2.1.	23.	p	1	1=	3	7.3	Constrained	Optimization	411	In	Theorem	7	and	in	later	applications,	the	values	of	xTAx	are	computed	with	additional	constraints	on	the	unit	vector	x.	Determine	the	type	of	orbit,	and	predict	where	the	comet	will	be	when	#	D	4:6	(radians).3	y	D	MA	e
:02t	C	MB	e	:07t	.6/	.88	1.10	1.42	1.77	2.14	3.00	2.30	1.65	1.25	1.01	12.	Two	examples	are	shown	in	Fig.	The	weights	sum	to	1,	so	this	is	an	affine	sum.	These	two	optional	sections	present	all	the	vector	space	concepts	from	Chapter	4	needed	for	Chapter	5.	0.	See	Difference	equation	Linear	system,	2–3,	29,	35–36	basic	strategy	for	solving,	4–7
coefficient	matrix,	4	consistent/inconsistent,	4,	7–8	equivalent,	3	existence	of	solutions,	7–9,	20–21	general	solution,	18	homogeneous,	43–44,	49–51	linear	independence,	55–62	and	matrix	equation,	34–36	matrix	notation,	4	nonhomogeneous,	44–46,	234	over-/underdetermined,	23	parametric	solution,	19–20,	44	solution	sets,	3,	18–21,	43–49	and
vector	equations,	29	See	also	Linear	transformation;	Row	operation	Linear	transformation,	62–80,	85,	203–205,	248,	288–295	B-matrix,	290,	292	composite,	94,	140	composition	of,	95	contraction/dilation,	66,	71	of	data,	67–68	determinants,	182–184	diagonal	matrix	representation,	291	differentiation,	205	domain/codomain,	63	geometric,	72–75
Givens	rotation,	90	Householder	reflection,	161	invertible,	113–114	isomorphism,	220–222	kernel,	203–205	matrix	of,	70–80,	289–290,	293	null	space,	203–205	one-to-one/onto,	75–77	projection,	75	properties,	65	on	Rn	,	291–292	range,	63,	203–205	reflection,	73,	161,	345–346	rotation,	67	(fig.),	72	shear,	65,	74,	139	similarity,	277,	292–293	standard
matrix,	71–72	vector	space,	203–205,	290–291	See	also	Isomorphism;	Superposition	principle	Linear	trend,	387	Linearity	property	of	determinant	function,	173,	187	Linearly	dependent	set,	56,	58,	60,	208	Linearly	independent	eigenvectors,	270,	282	Linearly	independent	set,	56,	57–58,	208–216	See	also	Basis	Long-term	behavior	of	a	dynamical
system,	301	of	a	Markov	chain,	256,	259	Loop	current,	82	Lower	triangular	matrix,	115,	124,	125–126,	127	Low-pass	filter,	247,	367	LU	factorization,	92,	124–127,	130,	323	Mmn	,	196	Macromedia	Freehand,	481	Main	diagonal,	92	Maple,	279	Mapping,	63	composition	of,	94	coordinate,	216–217,	219–222,	239	eigenvectors,	290–291	matrix
factorizations,	288–289	one-to-one,	75–77	onto	Rm	,	75,	77	signal	processing,	248	See	also	Linear	transformation	Marginal	propensity	to	consume,	251	Mark	II	computer,	1	Markov	chain,	253–262	convergence,	258	eigenvectors,	279	predictions,	256–257	probability	vector,	254	state	vector,	254	steady-state	vector,	257–260,	279	stochastic	matrix,	254
Markov	Chains	and	Baseball	Statistics,	10.6	Mass–spring	system,	196,	205,	214	Mathematica,	279	Mathematical	ecologists,	265	Mathematical	model,	1,	80–85	aircraft,	91,	138	beam,	104	Index	electrical	network,	82	linear,	80–85,	132,	266,	302,	371	nutrition,	80–82	population,	84–85,	254,	257–258	predator–prey,	302–303	spotted	owl,	265–266	stage-
matrix,	265–266,	307–309	See	also	Markov	chain	MATLAB,	23,	116,	130,	185,	262,	279,	308,	323,	324,	327,	359	Matrix,	92–161	adjoint/adjugate,	179	anticommuting,	160	augmented,	4	band,	131	bidiagonal,	131	block,	117	Casorati,	245–246	change-of-coordinates,	219,	240–241	characteristic	equation,	273–281	coefficient,	4,	37	of	cofactors,	179
column	space,	201–203	column	sum,	134	column	vector,	24	commutativity,	98,	103,	160	companion,	327	consumption,	133,	137	controllability,	264	covariance,	425–427	design,	368	diagonal,	92,	120	diagonalizable,	282	echelon,	14	elementary,	106–107,	173–174,	390	flexibility,	104	geometry,	485	Gram,	432	Hilbert,	116	Householder,	161,	390
identity,	38,	92,	97,	106	ill-conditioned,	114,	364	interchange,	173	inverse,	103	invertible,	103,	105,	112–113	Jacobian,	304n	leading	entry,	12–13	of	a	linear	transformation,	70–80,	289–290	migration,	85,	254,	279	m		n,	4	multiplication,	94–98,	118–119	nonzero	row/column,	13	notation,	4	null	space,	147–148,	198–201	of	observations,	424	orthogonal,
344,	395	orthonormal,	344n	orthonormal	columns,	343–344	partitioned,	117–123	Pauli	spin,	160	positive	definite/semidefinite,	406	powers	of,	98–99	products,	94–98,	172–173	projection,	398,	400	pseudoinverse,	422	of	quadratic	form,	401	rank	of,	153–160	reduced	echelon,	14	regular	stochastic,	258	row	equivalent,	6,	29n,	A1	row	space,	231–233
row–column	rule,	96	scalar	multiple,	93–94	scale,	173	Schur	complement,	122	singular/nonsingular,	103,	113,	114	size	of,	4	square,	111,	114	standard,	71–72,	95	stiffness,	104–105	stochastic,	254,	261–262	submatrix	of,	117,	264	sum,	93–94	symmetric,	394–399	system,	122	trace	of,	294,	426	transfer,	128–129	transpose	of,	99–100,	105	tridiagonal,
131	unit	cost,	67	unit	lower	triangular,	124	Vandermonde,	160,	186,	327	zero,	92	See	also	Determinant;	Diagonalizable	matrix;	Inverse;	Matrix	factorization	(decomposition);	Row	operation;	Triangular	matrix	Matrix	equation,	34–36	Matrix	factorization	(decomposition),	92,	123–132	Cholesky,	406,	432	complex	eigenvalue,	299–300	diagonal,	281–288,
291–292	in	electrical	engineering,	127–129	full	QR,	359	linear	transformations,	288–295	LU,	124–126	permuted	LU,	127	polar,	432	QR,	130,	356–358,	364–365	rank,	130	I7	rank-revealing,	432	reduced	LU,	130	reduced	SVD,	422	Schur,	391	similarity,	277,	292–293	singular	value	decomposition,	130,	414–424	spectral,	130,	398–399	Matrix	Games,	9.1
Matrix	inversion,	102–111	Matrix	multiplication,	94–98	block,	118	column–row	expansion,	119	and	determinants,	172–173	properties,	97–98	row–column	rule,	96	See	also	Composition	of	linear	transformations	Matrix	notation.			1	25.	Convex	Convex	Not	convex	FIGURE	1	The	next	result	is	analogous	to	Theorem	2	for	affine	sets.	Repeat	Exercise	15	for
the	following	SVD	of	a	3		4	matrix	A:	3	2	32	12:48	0	0	0	:86	:11	:50	6:34	0	05	A	D	4	:31	:68	:67	5	4	0	0	0	0	0	:41	:73	:55	2	3	:66	:03	:35	:66	6	:13	:90	:39	:13	7	7	6	4	:65	:08	:16	:73	5	:34	:42	:84	:08	In	Exercises	17–24,	A	is	an	m		n	matrix	with	a	singular	value	decomposition	A	D	U	†V	T	,	where	U	is	an	m		m	orthogonal	matrix,	†	is	an	m		n	“diagonal”	matrix
with	r	positive	entries	and	no	negative	entries,	and	V	is	an	n		n	orthogonal	matrix.	Each	of	the	seven	images	is	one	channel	of	a	multichannel	or	multispectral	image.	Since	fu1	;	u2	g	is	an	orthogonal	basis	for	W	,	3	2	3	2	3	2	1	5	1	7	21	14	15	4	25	D	4	85	25	u1	C	u2	D	yO	D	30	6	2	2	4	1	1	3	2	3	2	3	2	0	1	1	y	yO	D	4	5	5	4	8	5	D	4	3	5	6	4	10	yO	k,	ky	yO	k2	D
32	C	62	D	45	p	p	The	distance	from	y	to	W	is	45	D	3	5.	14	A	common	practice	before	computing	a	least-squares	line	is	to	compute	the	average	x	of	the	original	x	-values	and	form	a	new	variable	x		D	x	x	.	U	TU	D	,	U	U	T	D	4	2=9	0	1	2=9	4=9	5=9	2	3	2	3	2	2	b.	Given	z	in	Rn	,	let	zO	D	projW	z.	This	shows	that	Nul	A	is	contained	in	Nul	ATA.	However,	
can	be	estimated	by	a	least-squares	solution	when	(1)	is	viewed	properly.	[Hint:	One	method	is	to	mimic	the	proof	of	Theorem	7	in	Section	4.4.]	18.	Section	7.2,	page	406	1.	Find	a	change	of	variable	that	removes	the	cross-product	term	from	the	equation.	Now	2	Œ	dist	.u;	v/		D	ku	.	Show	that	ff	.p1	/;	f	.p2	/;	f	.p3	/g	is	affinely	dependent	in	Rm	.	³	See
Joshua	Fender	and	Jonathan	Rose,	“A	High-Speed	Ray	Tracing	Engine	Built	on	a	Field-Programmable	System,”	in	Proc.	3	between	y	and	yO	is	perpendicular	to	L,	by	construction	of	yO	,	the	point	identified	with	yO	is	the	closest	point	of	L	to	y.	(If	S	contains	only	one	point,	p,	then	the	line	through	p	and	p	is	just	a	point,	a	“degenerate”	line.)
Algebraically,	for	a	set	S	to	be	affine,	the	definition	requires	that	every	affine	combination	of	two	points	of	S	belong	to	S	.	There	are	only	four	distinct	subspaces	because	Row	AT	D	Col	A	and	Col	AT	D	Row	A.	If	the	eigenvalues	of	A	are	all	less	than	1	in	magnitude,	and	if	x	¤	0,	then	Ak	x	is	approximately	an	eigenvector	for	large	k	.	[Hint:	Consult
Sections	3.2	and	3.3,	including	the	Exercises.]	22.	Check	your	work.	Suppose	A	is	diagonalizable	and	p.t/	is	the	characteristic	polynomial	of	A.	By	renaming	the	points	if	necessary,	one	may	assume	that	v1	D	c2	v2	C				C	cp	vp	,	where	c2	C				C	cp	D	1.	Justify	the	statement	made	in	this	section	that	m				M	,	where	m	and	M	are	defined	as	in	(2).	Affinely
dependent	and	2v1	C	v2	3v3	D	0	3.	exactly	one	solution,	or	3.	If	the	definite	integral	of	Œf	.t/2	is	zero,	then	Œf	.t/2	must	be	identically	zero	on	Œa;	b,	by	a	theorem	in	advanced	calculus,	in	which	case	f	is	the	zero	function.	The	next	example	takes	a	fresh	look	at	a	familiar	set—the	set	of	all	solutions	of	a	system	Ax	D	b.	Page	141	Molecular	modeling	in
virtual	reality:	Computer	Sciences	Department,	University	of	North	Carolina	at	Chapel	Hill.	For	almost	all	choices	of	x0	,	the	sequence	fk	g	approaches	the	dominant	eigenvalue,	and	the	sequence	fxk	g	approaches	a	corresponding	eigenvector.	If	rank	A	D	r	,	then	dim	Nul	A	D	n	r	,	by	the	Rank	Theorem.	6.1	INNER	PRODUCT,	LENGTH,	AND
ORTHOGONALITY	Geometric	concepts	of	length,	distance,	and	perpendicularity,	which	are	well	known	for	R2	and	R3	,	are	defined	here	for	Rn	.	Suppose	A	is	m		n	with	linearly	independent	columns	and	b	is	in	Rm	.	4	1=2	5	1=4	7.	This	basis	may	be	constructed	by	the	Gram–Schmidt	process	or	some	other	means.	Use	this	fact	to	show	that	1	C	2	D	a	C
d	(the	diagonal	entries	of	A)	and	1	2	D	det	A.	The	areas	of	the	small	triangles	are	proportional	to	the	barycentric	coordinates	of	p.	The	hyperplanes	of	Section	8.4	will	be	important	for	understanding	the	multi-dimensional	nature	of	the	linear	programming	problems	in	Chapter	9.	fcos	!t;	sin	!t	g	29.	THEOREM	7	Let	A;	1	,	and	u1	be	as	in	Theorem	6.	1/k
q./.	2	3	2	3	3	2	3	2	1	6	77	6	17	6	17	7	6	7	7	6	13.	In	this	case,	a	least-squares	solution	xO	of	Ax	D	b	satisfies	AOx	D	0.	1/u	D	1u	C	.	2	has	a	´-coordinate	between	3	and	7,	and	for	any	number	t	between	3	and	7,	there	is	a	unit	vector	x	such	that	Q.x/	D	t	.	(A	slightly	modified	algorithm	for	an	LU	factorization	is	one	approach.)	Such	a	Cholesky	factorization
is	possible	if	and	only	if	A	is	positive	definite.	Problems	“unfold”	quickly,	so	students	spend	little	time	on	numerical	calculations.	Repeat	parts	(b)	and	(c)	for	two	other	pairs	of	random	vectors.	As	early	as	150	years	before	Euclid,	the	Pythagoreans	knew	at	least	three	of	the	regular	solids:	the	tetrahedron	(4	triangular	faces),	the	cube	(6	square	faces),
and	the	octahedron	(8	triangular	faces).	A	similar	calculation	with	the	diagonal	of	a	rectangular	box	shows	that	the	definition	of	length	of	a	vector	v	in	R3	coincides	with	the	usual	notion	of	length.	Roughly	speaking,	the	goal	is	to	find	a	special	linear	combination	of	the	images,	that	is,	a	list	of	weights	that	at	each	pixel	combine	all	seven	corresponding
image	values	into	one	new	value.	2	p	2	3	3	1=p2	2=3		p		1	3	2	3.	y	D	4	3	5,	u1	D	4	4	5,	u2	D	4	3	5	0	0	2	2	2	3	2	3	3	1	1	3	5.	x2	y2	y2	x2	y1	1	1	1	1	x1	x1	y1	(a)	5x	21	–	4x1x	2	+	5x	22	=	48	(b)	x	12	–	8x1x2	–	5x	22	=	16	FIGURE	3	An	ellipse	and	a	hyperbola	not	in	standard	position.	The	county	must	decide	how	to	allocate	its	resources	(funds,	equipment,
labor,	etc.)	between	these	two	projects.	Solving	a	Linear	System	This	section	and	the	next	describe	an	algorithm,	or	a	systematic	procedure,	for	solving	linear	systems.	Suppose	that	fp1	;	p2	;	p3	g	is	an	affinely	independent	set	in	Rn	and	q	is	an	arbitrary	point	in	Rn	.	Produce	an	orthogonal	basis	for	P2	by	applying	the	Gram–Schmidt	process	to	the
polynomials	1,	t	,	and	t	2	.	Also,	Q	is	said	to	be	positive	semidefinite	if	Q.x/		0	for	all	x,	and	to	be	negative	semidefinite	if	Q.x/		0	for	all	x.	Hence	kqk	D	2.	One	answer	is	P1	D	,	whose	columns	are	2	1	eigenvectors	corresponding	to	the	eigenvalues	in	D1	.	4	b.	Closed	e.	WEB	In	order	to	find	an	approximate	solution	to	an	inconsistent	system	of	equations
that	has	no	actual	solution,	a	well-defined	notion	of	nearness	is	needed.	Thus	(3)	shows	that	(1)	is	true.	That	is,	show	that	x	and	y	satisfy	the	linear	equation	y	D	ˇO0	C	ˇO1	x	.	The	matrix	PU	is	orthogonal,	because	P	and	U	are	both	orthogonal.	e	3	/	B	D	4	0	5	3	2	3	0	1	2	2	05	c.	THEOREM	1	If	A	is	symmetric,	then	any	two	eigenvectors	from	different
eigenspaces	are	orthogonal.	For	the	three	matrices	below,	study	what	happens	to	Ak	x	when	x	D	.:5;	:5/,	and	try	to	draw	general	conclusions	(for	a	2		2	matrix).	The	product	of	a	matrix	and	a	vector	The	coordinate	vector	of	v	relative	to	B	17.	Select	an	initial	vector	x0	whose	largest	entry	is	1.	Observe	that	in	Example	3,	the	covariance	between	x1	and
x3	is	0	because	the	.1;	3/-entry	in	S	is	0.	The	special	type	of	diagonalization	in	Example	2	is	crucial	for	the	theory	of	symmetric	matrices.	Finding	the	solution	set	of	a	system	of	two	linear	equations	in	two	variables	is	easy	because	it	amounts	to	finding	the	intersection	of	two	lines.	By	part	(b),	S.P	x/	D	.SP	/x	D	S	x	D	1.	Notice	that	except	at	x	D	0,	the
values	of	Q.x/	are	all	positive	in	Fig.	For	instance,	Sections	8.2	and	8.6	include	applications	to	computer	graphics,	and	Section	8.5	outlines	a	proof	(in	Exercise	21)	that	there	are	only	five	regular	polyhedra	in	R3	.	It	is	easy	to	check	that	the	vectors	in	Fig.	So	A	1	D	.U	†V	1	/	1	D	V	†	1	U	1	D	V	†	1U	T	.	Since	u1	and	u2	are	in	W	,	there	exist	s1	and	s2	in	S
such	that	u1	D	s1	p	and	u2	D	s2	p.	Let	A	D	4	1	1	1	1	3	eigenvalue	of	A	and	v	is	an	eigenvector.	The	affine	hull	of	two	distinct	points	is	often	written	in	a	special	way.	Arrange	the	eigenvalues	of	ATA	in	decreasing	order.	If	B	D	X	11.	Scale	the	polynomial	q	so	that	its	vector	of	values	at	.	Suppose	the	actual	values	of	the	parameters	are	ˇ0	,	ˇ1	,	ˇ2	.	By	the
principle	of	induction,	every	convex	combination	of	such	points	lies	in	S	.	Preface	xi	PEDAGOGICAL	FEATURES	Applications	A	broad	selection	of	applications	illustrates	the	power	of	linear	algebra	to	explain	fundamental	principles	and	simplify	calculations	in	engineering,	computer	science,	mathematics,	physics,	biology,	economics,	and	statistics.
Now,	assume	that	every	affine	combination	of	k	or	fewer	points	of	S	yields	a	point	in	S	,	and	consider	a	combination	of	k	C	1	points.	Repeat	Exercise	5,	using	the	follow6	7	ing	sequence	x,	Ax;	:	:	:	;	A5	x.	If	T	is	one-to-one,	then	the	columns	of	A	are	linearly	independent	(Theorem	12	in	Section	1.9),	so	dim	Nul	A	D	0.	[Hint:	Write	b	as	Ax	for	some	x,	and
use	Exercise	12.]	b.	In	fact,	neither	signal	is	a	multiple	of	the	other,	so	they	are	linearly	independent.	A	D	4	2	1	2	3	3	2	3	2	3	1	2	6	7	6	1	27	7,	b	D	6	1	7	3.	As	the	rubber	band	contracts	around	S	,	it	outlines	the	boundary	of	the	convex	hull	of	S	.	Find	an	orthonormal	basis	of	the	subspace	spanned	by	the	vectors	in	Exercise	4.	For	the	uniqueness,
suppose	Ap	D	b	and	Ap1	D	b,	and	consider	the	equations	p	D	p1	C	.p	p1	/	and	p	D	p	C	0.	Because	the	Mark	II,	one	of	the	largest	computers	of	its	day,	could	not	handle	the	resulting	system	of	500	equations	in	500	unknowns,	Leontief	had	distilled	the	problem	into	a	system	of	42	equations	in	42	unknowns.	Sections	8.1	and	8.4	provide	some	answers.
Think	of	Ax	as	an	approximation	to	b.	The	set	fv2	v1	;	:	:	:	;	vp	v1	g	in	Rn	is	linearly	dependent.	Formula	(4)	for	xO	is	useful	mainly	for	theoretical	purposes	and	for	hand	calculations	when	ATA	is	a	2		2	invertible	matrix.	Verify	each	of	the	four	axioms.	[Hint:	Consider	Ak	x	where	x	represents	any	one	of	the	columns	of	I	.]	11.	A	D	4	0	1	2	In	Exercises	15
and	16,	use	the	factorization	A	D	QR	to	find	the	least-squares	solution	of	Ax	D	b.	Hint:	Let	A	D	Œ	u	Col	A.	This	information,	together	with	the	transmitted	data	about	the	satellites’	locations	and	message	times,	is	used	to	adjust	the	GPS	receiver’s	time	and	to	determine	its	approximate	location	on	the	earth.	Use	Exercise	19	to	show	that	ATA	is	an
invertible	matrix.	Is	S	affinely	dependent?	The	values	of	y3	are	all	close	to	zero.	A	D	6	41	0	1	0	2	1	1	61	1	6	61	1	6.	6.4	The	Gram–Schmidt	Process	THEOREM	12	357	The	QR	Factorization	If	A	is	an	m		n	matrix	with	linearly	independent	columns,	then	A	can	be	factored	as	A	D	QR,	where	Q	is	an	m		n	matrix	whose	columns	form	an	orthonormal	basis	for
Col	A	and	R	is	an	n		n	upper	triangular	invertible	matrix	with	positive	entries	on	its	diagonal.	m	D	5	at	the	point	p3	3.	Each	image	is	digitized	and	stored	as	a	rectangular	array	of	numbers,	each	number	indicating	the	signal	intensity	at	a	corresponding	small	point	(or	pixel)	on	the	image.	Define	A	D	1	u1	uT1	C				C	n	un	uTn	a.	EXAMPLE	1	Fix	any	two
positive	numbers—say,	4	and	5—and	for	vectors	u	D	.u1	;	u2	/	and	v	D	.v1	;	v2	/	in	R2	,	set	hu;	vi	D	4u1	v1	C	5u2	v2	(1)	Show	that	equation	(1)	defines	an	inner	product.	Then	x	is	in	27.	It	is	not	necessarily	clear	what	geometrical	properties	one	might	ascribe	to	these	objects	in	higher	dimensions.	Multiplication	by	A	The	fundamental	subspaces	in
Example	4.	Professor	Lay	has	received	four	university	awards	for	teaching	excellence,	including,	in	1996,	the	title	of	Distinguished	Scholar–Teacher	of	the	University	of	Maryland.	Section	8.5	illustrates	this	idea	for	the	four-dimensional	“cube”	and	the	four-dimensional	“simplex.”	The	study	of	geometry	in	higher	dimensions	not	only	provides	new	ways
of	visualizing	abstract	algebraic	concepts,	but	also	creates	tools	that	may	be	applied	in	R3	.	Prove	that	S	D	fx	2	Rn	W	x		v	D	kg	is	an	affine	subset	of	Rn	.	1/kC1	p./	1	C	k	/	So	the	formula	holds	for	n	D	k	C	1	when	it	holds	for	n	D	k	.	See	Inner	product	Scale	a	nonzero	vector,	332	Scale	matrix,	173	Scatter	plot,	425	Scene	variance,	393–394	Schur
complement,	122	Schur	factorization,	391	Second	principal	component,	427	Series	circuit,	128	Set(s)	affine,	439–441,	455,	456	bounded,	465	closed,	465,	466	compact,	465,	467	convex,	455–459	level,	462	open,	465	vector.	Because	this	material	is	spread	over	several	weeks,	students	have	more	time	than	usual	to	absorb	and	review	these	critical
concepts.	One	possible	approach:	First,	show	that	if	u1	;	:	:	:	;	up	are	linearly	dependent,	then	Œu1	B	;	:	:	:	;	Œup	B	are	linearly	dependent.	You	must	learn	this	language	the	same	way	you	would	a	foreign	language—with	daily	work.	Hint:	Use	the	equation	Ax	D	x	to	find	an	equation	involving	A	1	.	On	graph	paper,	sketch	the	triangle	T	with	vertices	v1	,
v2	,	and	v3	,	extend	the	sides	as	in	Fig.	If	AT	D	A	and	if	vectors	u	and	v	satisfy	Au	D	3u	and	Av	D	4v,	then	u		v	D	0.	Now	use	definitions	of	p	and	q,	and	the	fact	that	f	is	linear.	v		v	D	kvk2	.	4	1=3	5,	4	0	5	0	0	1=2	1=3	2	3	2	3					2=3	1=3	:6	:8	19.	PRACTICE	PROBLEM	Given	a	singular	value	decomposition,	A	D	U	†V	T	,	find	an	SVD	of	AT	.	Show	that	if	A
is	diagonalizable,	with	all	eigenvalues	less	than	1	in	magnitude,	then	Ak	tends	to	the	zero	matrix	as	k	!	1.	Hint:	Use	Theorem	3	and	the	Orthogonal	Decomposition	Theorem.		9.	Without	calculating	the	actual	values,	determine	the	signs	of	the	barycentric	coordinates	of	points	p6	,	p7	,	and	p8	as	shown	in	Fig.	Then	do	the	same	for	p2	.	The	uniqueness	of
xO	follows	from	Theorem	14.	THEOREM	10	If	fu1	;	:	:	:	;	up	g	is	an	orthonormal	basis	for	a	subspace	W	of	Rn	,	then	projW	y	D	.y		u1	/u1	C	.y		u2	/u2	C				C	.y		up	/up	If	U	D	Œ	u1	u2				up	,	then	projW	y	D	U	U	Ty	for	all	y	in	Rn	(4)	(5)	PROOF	Formula	(4)	follows	immediately	from	(2)	in	Theorem	8.	Denote	(ii)	ky	X	ˇk	this	number	by	SS(E).	Hint:	First	write
x	D	Re	x	C	i.Im	x/.	5.8	Iterative	Estimates	for	Eigenvalues	323	THE	INVERSE	POWER	METHOD	FOR	ESTIMATING	AN	EIGENVALUE		OF	A	1.	Find	a	QR	factorization	of	the	matrix	in	Exercise	11.	[M]	Show	that	the	columns	of	the	matrix	A	are	orthogonal	by	making	an	appropriate	matrix	calculation.	4	3	2	1	3	b.	If	the	strictly	dominant	eigenvalue	is	1,
and	if	x	has	a	component	in	the	direction	of	the	corresponding	eigenvector,	then	fAk	xg	will	converge	to	a	multiple	of	that	eigenvector.	Repeat	Exercise	7	when	2	3	2	1	6	07	6	7	6	v1	D	6	4	3	5;	v	2	D	4	2	2	3	2	4	6	17	6	7	6	p1	D	6	4	15	5;	p2	D	4	7	Affine	Combinations	3	1	6	67	7	p3	D	6	4	6	5:	8	9.	[M]	11x12	x22	12x1	x2	2x22	12x1	x3	4x1	x4	C	12x1	x4	C
12x2	x3	C	9x3	x4	12x1	x4	2x3	x4	19.	y	D	6	4	1	5,	v1	D	4	1	5,	v2	D	4	0	5	13	2	3	In	Exercises	13	and	14,	find	the	best	approximation	to	z	by	vectors	of	the	form	c1	v1	C	c2	v2	.	1,	the	resulting	scatter	plot	has	the	form	in	Fig.	The	vector	yO	in	Fig.	[Hint:	Write	A	D	PDPT	,	with	P	T	D	P	1	.	Construct	two	linearly	dependent	indexed	sets	S1	and	S2	in	R2	such
that	S1	is	affinely	dependent	and	S2	is	affinely	independent.	Note:	If	the	calculations	above	are	correct,	then	fOy;	y	yO	g	will	be	an	orthogonal	set.	Corresponding	to	each	data	point	.xj	;	yj	/	there	is	a	point	.xj	;	ˇ0	C	ˇ1	xj	/	on	the	line	with	the	same	x	-coordinate.	1.	The	vector	yO	in	(1)	is	called	the	orthogonal	projection	of	y	onto	W	and	often	is	written
as	projW	y.	SOLUTION	TO	PRACTICE	PROBLEM	For	the	given	A	and	x,	2	5	Ax	D	4	8	4	8	3	1	32	3	2	3	4	1:00	3:00	1	54	4:30	5	D	4	13:00	5	2	8:10	24:50	If	Ax	is	nearly	a	multiple	of	x,	then	the	ratios	of	corresponding	entries	in	the	two	vectors	should	be	nearly	constant.	Use	the	barycentric	coordinates	of	p	to	make	a	linear	combination	of	the	color	data.
[M]	4	0	0	0	1	Section	5.5,	page	300					1Ci	1	i	;		D	2	i,	1	1					1	i	1Ci	;		D	3	2i	,	3.	8.2	AFFINE	INDEPENDENCE	This	section	continues	to	explore	the	relation	between	linear	concepts	and	affine	concepts.	To	show	that	A	1	is	similar	to	B	1	,	use	the	equation	P	1	AP	D	B	.	u2	u1	x1	x2	FIGURE	1	THEOREM	4	u1		u2	D	3.	To	find	the	minimum	value	of	Q.x/,
observe	that	and	hence	9x12		3x12	;	4x22		3x22	Q.x/		3x12	C	3x22	C	3x32	D	3.x12	C	x22	C	x32	/	D	3	whenever	x12	C	x22	C	x32	D	1.	through	3					4	2	and	u	D	.	Also,	since	the	coefficients	sum	to	1,	p1	is	in	aff	S	.	This	proves	the	formula	for	r	.	Interchanging	A	and	AT	,	note	that	.Nul	A/?	1/u	D	Œ1	C	.	6.8	SOLUTION	As	in	Section	6.6,	obtain	2	1	61	6	X
D6	61	41	1	Applications	of	Inner	Product	Spaces	385	write	X	for	the	matrix	A	and	ˇ	for	the	vector	x,	and	2	3	3	3	2	657			17	6	7	7	ˇ0	6	7	07	7;	ˇ	D	ˇ1	;	y	D	6	5	7	445	5	1	3	2	For	a	weighting	matrix,	choose	W	with	diagonal	entries	2,	2,	2,	1,	and	1.	Hint:	Let	x	D	4	y	5,	b	D	4	b	5,	v	D	4	2	5,	and	5	c	´	2	T3	2	3	v	1	2	5	2	5	5.	Given	S	D	fb1	;	:	:	:	;	bk	g	in	Rn	,	each
p	in	aff	S	has	a	unique	representation	as	an	affine	combination	of	b	1	;	:	:	:	;	bk	.	A	quadratic	form	has	no	cross-product	terms	if	and	only	if	the	matrix	of	the	quadratic	form	is	a	diagonal	matrix.	The	Inner	Product	If	u	and	v	are	vectors	in	Rn	,	then	we	regard	u	and	v	as	n		1	matrices.	The	set	of	all	.b1	;	b2	;	b3	/	satisfying	b1	C	2b2	C	b3	D	0.	3(a).	Let	y	D
4	8	5,	u1	D	4	1=3	5,	u2	D	4	2=3	5,	and	2=3	1	1=3	W	D	Span	fu1	;	u2	g.	Chapter	7	Section	7.1,	page	399	1.	If	S	D	fv1	;	:	:	:	;	vp	g	is	an	affinely	independent	set	in	Rn	and	if	p	in	Rn	has	a	negative	barycentric	coordinate	determined	by	S	,	then	p	is	not	in	aff	S	.	From	Exercise	22,	the	columns	of	the	Vandermonde	matrix	V	are	eigenvectors	of	Cp	,
corresponding	to	the	eigenvalues	1	,	2	,	3	(the	roots	of	the	polynomial	p	).	(Baltimore:	Johns	Hopkins	Press,	1996),	pp.	That	is,	yO	D	projL	y	D	yu	u	uu	(2)					7	4	and	u	D	.	The	vectors	v2	v1	D	and	v3	v1	D	are	2	2	not	multiples	and	hence	are	linearly	independent.	For	example,	pure	red	is	.1;	0;	0/,	white	is	.1;	1;	1/,	and	black	is	.0;	0;	0/.	Explain	why
xTATAx	D	0,	and	use	this	to	show	that	Ax	D	0.		13.	Because	of	the	massive	amounts	of	data	involved,	the	models	are	usually	linear;	that	is,	they	are	described	by	systems	of	linear	equations.	In	real-life	problems,	n	might	be	50	or	5000,	or	even	larger.	(This	was	the	case	for	the	North	American	Datum,	since	measurements	were	made	over	a	period	of
140	years.)	As	another	example,	the	entries	in	y	might	be	computed	from	various	samples	of	measurements,	with	unequal	sample	sizes.)	Then	it	becomes	appropriate	to	weight	the	squared	errors	in	(1)	in	such	a	way	that	more	importance	is	assigned	to	the	more	reliable	measurements.¹	If	the	weights	are	denoted	by	w12	;	:	:	:	;	wn2	,	then	the	weighted
sum	of	the	squares	for	error	is	Weighted	SS(E)	D	w12	.y1	yO1	/2	C				C	wn2	.yn	yOn	/2	(2)	This	is	the	square	of	the	length	of	y	yO	,	where	the	length	is	derived	from	an	inner	product	analogous	to	that	in	Example	1	in	Section	6.7,	namely,	hx;	yi	D	w12	x1	y1	C				C	wn2	xn	yn	It	is	sometimes	convenient	to	transform	a	weighted	least-squares	problem	into
an	equivalent	ordinary	least-squares	problem.	Compute	hp;	qi,	where	p.t/	D	3t	4t	2	.	All	that	is	needed	is	to	normalize	the	vectors.	If	xO	is	a	least-squares	solution	of	Ax	D	b,	then	xO	D	.ATA/	1	AT	b.	What	can	you	say	about	the	least-squares	solution	of	Ax	D	b	when	b	is	orthogonal	to	the	columns	of	A?	1	27	u	18	2	D	25	u1	32	u2	C	2u3					4=5	14=5	13.	1,
the	sample	mean	is	the	point	in	the	“center”	of	the	scatter	plot.	Barycentric	coordinates	provide	the	tool	for	smoothly	interpolating	the	vertex	information	over	the	interior	of	a	triangle.	To	seven	places,	the	smallest	eigenvalue	is	.0101500,	with	eigenvector	.	1083–1112.	Find	a	new	variable	y1	of	the	form	y1	D	c1	x1	C	c2	x2	,	with	c12	C	c22	D	1,	such
that	y1	has	maximum	possible	variance	over	the	given	data.	"	p	#	"	p	#	6	10	0	10	0	0	6	p	p	DD	;	†	D	ŒD	0	D	0	3	10	0	3	10	0	Step	3.	At	strategic	points	in	your	textbook,	an	icon	SG	will	direct	you	to	special	subsections	in	the	Study	Guide	entitled	“Mastering	Linear	Algebra	Concepts.”	There	you	will	find	suggestions	for	constructing	effective	review
sheets	of	key	concepts.	If	the	distance	from	u	to	v	equals	the	distance	from	u	to	v,	then	u	and	v	are	orthogonal.	Recall	from	Section	6.1	that	W	?	D	Nul	AT	PROOF	The	row–column	rule	for	computing	Ax	shows	that	if	x	is	in	Nul	A,	then	x	is	orthogonal	to	each	row	of	A	(with	the	rows	treated	as	vectors	in	Rn	/.	Notice	that	Span	S	0	is	a	plane	through	the
origin	and	aff	S	is	a	parallel	plane	through	v1	,	v2	,	and	v3	.	Q	is	negative	definite	if	det	A	>	0	and	a	<	0.	For	instance,	the	first	pixel	in	the	upper-left	corner	of	each	photograph	corresponds	to	the	same	place	on	the	ground	(about	30	meters	by	30	meters).	A	similar	calculation	shows	that	z2		u2	D	0.	Classify	the	quadratic	forms	in	Exercises	9–18.	For
Axiom	4,	observe	that	hf;	f	i	D	Z	b	a	Œf	.t/2	dt		0	The	function	Œf	.t/2	is	continuous	and	nonnegative	on	Œa;	b.	u1	D	,	u2	D	,	and	x	D	3	4	7	¹	A	better	name	might	be	orthonormal	matrix,	and	this	term	is	found	in	some	statistics	texts.	What	is	the	rank	of	A?	through	the	origin	and	perpendicular	to	W	.	Hint:	Consider	a	typical	vector	w	D	c1	v1	C				C	cp	vp
in	W.	See	Bézier	curves	De	Moivre’s	Theorem,	A7	Decomposition	eigenvector,	302,	319	force,	342	orthogonal,	339–340,	348	polar,	432	singular	value,	414–424	See	also	Factorization	Decoupled	system,	306,	312,	315	Degenerate	line,	69,	439	Design	matrix,	368	Determinant,	163–187,	274–275	adjugate,	179	area	and	volume,	180–182	Casoratian,	245
characteristic	equation,	276–277	cofactor	expansion,	165–166,	172	column	operations,	172	Cramer’s	rule,	177–180	echelon	form,	171	eigenvalues,	276,	280	elementary	matrix,	173–174	geometric	interpretation,	180,	275	(fig.)	and	inverse,	103,	171,	179–180	linearity	property,	173,	187	multiplicative	property,	173,	277	n		n	matrix,	165	product	of
pivots,	171,	274	properties	of,	275	recursive	definition,	165	row	operations,	169–170,	174	symbolic,	464	3		3	matrix,	164	transformations,	182–184	triangular	matrix,	167,	275	volume,	180–182,	275	See	also	Matrix	Diagonal	entries,	92	Diagonal	matrix,	92,	120,	281–288,	417–418	Diagonal	Matrix	Representation	Theorem,	291	Diagonalizable	matrix,
282	distinct	eigenvalues,	284–285	nondistinct	eigenvalues,	285–286	orthogonally,	396	Diagonalization	Theorem,	282	Difference	equation,	80,	84–85,	244–253	dimension	of	solution	space,	249	eigenvectors,	271,	279,	301	first-order,	250	homogeneous,	246,	247–248	linear,	246–249	nonhomogeneous,	246,	249–250	population	model,	84–85	recurrence
relation,	84,	246,	248	reduction	to	first	order,	250	signal	processing,	246	solution	sets	of,	247,	248–249,	250	(fig.)	stage-matrix	model,	265–266	state-space	model,	264	See	also	Dynamical	system;	Markov	chain	Differential	equation,	204–205,	311–319	circuit	problem,	312–313,	316–317,	318	decoupled	system,	312,	315	eigenfunctions,	312	initial	value
problem,	312	solutions	of,	312	See	also	Laplace	transform	Differentiation,	205	Digital	signal	processing.	(ii)		6	2	9	4			b.	That	is,	AOx	D	b,	EXAMPLE	1	Find	a	least-squares	solution	of	the	inconsistent	system	Ax	D	b	for	2	4	A	D	40	1	3	0	2	5;	1	2	3	2	b	D	4	05	11	SOLUTION	To	use	normal	equations	(3),	compute:	2	3				4	0	4	0	1	4	17	0	25	D	ATA	D	0	2	1	1	1
1	2	3					2	4	0	1	4	5	19	0	D	AT	b	D	0	2	1	11	11	1	5		Then	the	equation	ATAx	D	AT	b	becomes						17	1	x1	19	D	1	5	x2	11	Row	operations	can	be	used	to	solve	this	system,	but	since	ATA	is	invertible	and	2		2,	it	is	probably	faster	to	compute			1	5	1	T	1	.A	A/	D	1	17	84	and	then	to	solve	ATAx	D	AT	b	as	xO	D	.ATA/	1	AT	b								1	1	1	5	1	19	84	D	D	D	2	1	17	11
84	84	168	In	many	calculations,	ATA	is	invertible,	but	this	is	not	always	the	case.	ISBN-13:	978-0-321-38517-8	ISBN-10:	0-321-38517-9	1.	Verify	the	following	statements.	Harvard	Professor	Wassily	Leontief	was	carefully	feeding	the	last	of	his	punched	cards	into	the	university’s	Mark	II	computer.	If	k	>	n	C	1,	then	fv1	;	:	:	:	;	vk	g	is	affinely	dependent,
by	Exercise	12	in	Section	8.2.	Thus	there	exist	scalars	d1	;	:	:	:	;	dk	,	not	all	zero,	such	that	k	X	i	D1	Consider	the	two	equations	and	di	vi	D	0	and	k	X	i	D1	di	D	0	c1	v1	C	c2	v2	C				C	ck	vk	D	p	d1	v1	C	d2	v2	C				C	dk	vk	D	0	By	subtracting	an	appropriate	multiple	of	the	second	equation	from	the	first,	we	now	eliminate	one	of	the	vi	terms	and	obtain	a
convex	combination	of	fewer	than	k	elements	of	S	that	is	equal	to	p.	Hint:	Review	Practice	Problem	2.	If	one	of	these	two	new	points	is	a	multiple	of	the	other,	the	original	three	points	lie	on	a	line.	If	kuk2	C	kvk2	D	ku	C	vk2	,	then	u	and	v	are	orthogonal.	Hint:	You	need	only	show	that	the	first	four	Hermite	polynomials	are	linearly	independent.	Show
that	cos	mt	and	cos	nt	are	orthogonal.	Three	such	curves	are	shown	in	Fig.	For	instance,	if	the	object	is	moving	in	a	straight	line	when	the	force	is	applied,	the	vector	u	might	point	in	the	direction	of	movement,	as	in	Fig.	h	w	FIGURE	1	A	scatter	plot	of	observation	vectors	X1	;	:	:	:	;	XN	.	Hint:	kU	xk2	D	.U	x/T	.U	x/.	m.	A	central	theme	is	to	view	a
matrix–vector	product	Ax	as	a	linear	combination	of	the	columns	of	A.	The	Linear	Algebra	Curriculum	Study	Group	has	emphasized	the	need	for	a	substantial	unit	on	orthogonality	and	least-squares	problems,	because	orthogonality	plays	such	an	important	role	in	computer	calculations	and	numerical	linear	algebra	and	because	inconsistent	linear
systems	arise	so	often	in	practical	work.	or	its	affiliates	File	loading	please	wait...	Since	p3	D	2p1	C	2p2	,	discard	p3	.	First	arrange	the	data	in	mean-deviation	form.	The	vectors	are	orthogonal	because	u1		u2	D	2=5	C	2=5	D	0	They	are	unit	vectors	because	p	p	ku1	k2	D	.	For	each	point,	compute	the	ratio	of	the	quotients	in	equations	(2)	and	(3).
Taylor,	Calculus	and	Its	Applications,	with	L.	Explain	why	the	set	in	part	(a)	spans	Rn	.	Let	A	D	.	[Hint:	Consider	sets	A	and	B	,	each	of	which	contains	only	one	or	two	points.]	25.	The	weights	are	chosen	in	a	way	that	makes	the	range	of	light	intensities—the	scene	variance—in	the	composite	image	(called	the	first	principal	component)	greater	than
that	in	any	of	the	original	images.	For	instance,	a	continuous	function	might	represent	a	sound	wave,	an	electric	signal	of	some	type,	or	the	movement	of	a	vibrating	mechanical	system.	(complex):	c1	e	3it	C	c2	2	2	(real):					3	cos	3t	3	sin	3t	3	sin	3t	C	3	cos	3t	c1	C	c2	2	cos	3t	2	sin	3t	The	trajectories	are	ellipses	about	the	origin.	If	the	points	are	called
v1	,	v2	,	v3	,	and	v4	,	then	fv1	;	v2	;	v3	g	is	a	basis	for	R3	and	v4	D	16v1	C	5v2	3v3	,	but	the	weights	in	the	linear	combination	do	not	sum	to	1.	6.6	Applications	to	Linear	Models	369	when	graphed,	seem	to	lie	close	to	a	line.	THEOREM	2	A	set	S	is	affine	if	and	only	if	every	affine	combination	of	points	of	S	lies	in	S	.	p1	is	inside	conv	T	.	Eigenvalues
must	be	nonzero	scalars.	5/.2/	C	.	The	larger	the	variance	of	the	error,	the	smaller	the	weight.	That	is,	find	the	eigenvalues	of	ATA	and	a	corresponding	orthonormal	set	of	eigenvectors.	This	is	the	strategy	of	the	next	example.	Parts	(a)	and	(b)	show	the	key	ideas	in	the	proof.	p.	(This	can	be	proved	from	geometry.	If	a	set	is	only	orthogonal,	normalize
the	vectors	to	produce	an	orthonormal	set.	Data	gathering	for	the	NAD	readjustment	was	completed	in	1983.	x	D	4	1=	3	5	p	1=	3	2	3.	The	direction	of	greatest	repulsion	is	given	by	the	eigenvector	v1	.	Finding	the	principal	axes	(determined	by	the	eigenvectors	of	A)	amounts	to	finding	a	new	coordinate	system	with	respect	to	which	the	graph	is	in
standard	position.	Earth	Satellite	Corporation	of	Rockville,	Maryland,	which	kindly	supplied	the	photos	shown	here,	is	experimenting	with	images	from	224	separate	spectral	bands.	Symmetric	3.	4x12	17.	Let	u	and	v	be	linearly	independent	vectors	in	Rn	that	are	not	orthogonal.	R	D		6	0	12	6		2	3	2	3	2	3	3.	6	6	4	3	2	1	6	17	7	6	6	17	,	7	6	15	4	1	3	2	3	6
07	7	6	6	37	,	7	6	35	4	3	3	2	07	7	27	7	25	2	13.	Principal	component	analysis	is	an	effective	way	to	suppress	redundant	information	and	provide	in	only	one	or	two	composite	images	most	of	the	information	from	the	initial	data.	It	is	easy	to	find	the	eigenvalues,	3	"	p	#	"	p	#	1=p2	1=p2	4	and	2,	and	corresponding	unit	eigenvectors,	and	.	[M]	Find	the
least-squares	curve	of	the	form	above	to	fit	the	data	.4;	1:58/,	.6;	2:08/,	.8;	2:5/,	.10;	2:8/,	.12;	3:1/,	.14;	3:4/,	.16;	3:8/,	and	.18;	4:32/,	with	values	in	thousands.	5	2,	3	3	25	9.	Let	D	be	a	diagonal	matrix	with	the	eigenvalues	1	;	:	:	:	;	p	of	S	on	the	diagonal,	arranged	so	that	1		2						p		0,	and	let	P	be	an	orthogonal	matrix	whose	columns	are	the
corresponding	unit	eigenvectors	u1	;	:	:	:	;	up	.	WEB	SUPPORT	This	Web	site	at	www.pearsonhighered.com/lay	contains	support	material	for	the	textbook.	SOLUTION	We	expect	the	data	to	satisfy	the	following	equations:	y1	D	ˇ0	C	ˇ1	u1	C	ˇ2	v1	C	1	y2	D	ˇ0	C	ˇ1	u2	C	ˇ2	v2	C	2	::	::	:	:	yn	D	ˇ0	C	ˇ1	un	C	ˇ2	vn	C	n	This	system	has	the	matrix	form	y	D	Xˇ
C	,	where	Observation	vector	2	3	y1	6	y2	7	6	7	y	D	6	:	7;	4	::	5	yn	SG	The	Geometry	of	a	Linear	Model	6–19	Design	matrix	2	1	61	6	X	D6:	4	::	1	u1	u2	::	:	un	3	v1	v2	7	7	::	7	;	:	5	vn	Parameter	vector	2	3	ˇ0	ˇ	D	4	ˇ1	5;	ˇ2	Residual	vector	3	1	6	2	7	6	7	D6	:	7	4	::	5	2	n	Example	4	shows	that	the	linear	model	for	multiple	regression	has	the	same	abstract	form
as	the	model	for	the	simple	regression	in	the	earlier	examples.	For	any	x	in	R2	,	the	distance	between	b	and	the	vector	p	Ax	is	at	least	84.	These	links	are	the	“glue”	that	enables	you	to	build	a	solid	foundation	for	learning	and	remembering	the	main	concepts	in	the	course.	Show	that	fc1	v1	;	c2	v2	g	is	also	an	orthogonal	set.	For	j	and	k	large	but
unequal,	the	inner	products	uTj	uk	may	not	be	sufficiently	close	to	zero.	F	F	F	f.	5/	C	.	[M]	Compute	the	singular	values	of	the	5		5	matrix	in	Exercise	10	in	Section	2.3,	and	compute	the	condition	number	1	=5	.	C	5		x	14	D	9	4	C	5	.x	14	5:5/	19.	x2	y	L	=	Span{u}	yˆ	y	–	yˆ	u	ref	l	L	y	x1	yˆ	–	y	The	reflection	of	y	in	a	line	through	the	origin.	For	the	matrix	A
in	this	example,	2	2	3	3		4	8		80	100	40	4	11	14	ATA	D	4	11	7	5	D	4	100	170	140	5	8	7	2	14	2	40	140	200	The	eigenvalues	of	ATA	are	1	D	360,	2	D	90,	and	3	D	0.	Hint:	If	fv1	;	:	:	:	;	vp	g	is	linearly	dependent,	then	there	exist	c1	;	:	:	:	;	cp	,	not	all	zero,	such	that	c1	v1	C				C	cp	vp	D	0.	Furthermore,	vk	C1	¤	0	because	xk	C1	is	not	in	Wk	D	Span	fx1	;	:	:	:	;
xk	g.	He	wrote	that	the	barycentric	coordinates	of	p	are	three	nonnegative	numbers	ma	;	mb	,	and	mc	such	that	p	is	the	center	of	mass	of	a	system	consisting	of	the	triangle	(with	no	mass)	and	masses	ma	,	mb	,	and	mc	at	the	corresponding	vertices.	Finish	the	proof	that	W	?	Let	A	be	the	standard	m		n	matrix	of	the	transformation	T	.	The	next	section
will	show	that	any	nonzero	subspace	of	Rn	has	an	orthogonal	basis.	the	form	x	D	x3	u	C	p,	where	u	D	0	2	Find	points	v1	and	v2	such	that	the	solution	set	of	Ax	D	b	is	aff	fv1	;	v2	g.	Analysis	of	the	multivariate	data	in	X1	;	:	:	:	;	XN	is	greatly	simplified	when	most	or	all	of	the	variables	x1	;	:	:	:	;	xp	are	uncorrelated,	that	is,	when	the	covariance	matrix	of
X1	;	:	:	:	;	XN	is	diagonal	or	nearly	diagonal.	The	set	is	linearly	dependent	and	does	not	span	R3	.	SOLUTION	By	an	analysis	similar	to	that	in	Example	2,	we	obtain	x	FIGURE	5	Data	points	along	a	cubic	curve.	xO	D	x2	11	2							6	6	x1	6	4=3	a.	4	1=p3	5,	4	1=	2	1=	3	15.	Hence	rank	A	D	dim	Col	A	D	r	.	Use	the	results	of	Practice	Problems	2	and	3	to
explain	why	d	must	be	orthogonal	to	the	unit	vector	u.	8.3	CONVEX	COMBINATIONS	Section	8.1	considered	special	linear	combinations	of	the	form	c1	v1	C	c2	v2	C				C	ck	vk	;	where	c1	C	c2	C				C	ck	D	1	This	section	further	restricts	the	weights	to	be	nonnegative.	1/	D	0:	This	is	the	additional	property	needed	to	define	affine	dependence.	Choose	a
set	S	of	three	points	such	that	aff	S	is	the	plane	in	R3	whose	equation	is	x3	D	5.	444	CHAPTER	8	The	Geometry	of	Vector	Spaces	SOLUTION	TO	PRACTICE	PROBLEM	x2	p	v2	v3	v1	x1	Since	the	points	v1	,	v2	,	and	v3	are	not	collinear	(that	is,	not	on	a	single	line),	aff	fv1	;	v2	;	v3	g	cannot	be	one-dimensional.					8=4	2	xO	D	D	45=90	1=2	In	some	cases,
the	normal	equations	for	a	least-squares	problem	can	be	illconditioned;	that	is,	small	errors	in	the	calculations	of	the	entries	of	ATA	can	sometimes	cause	relatively	large	errors	in	the	solution	xO	.	This	is	the	same	as	requiring	the	squares	of	the	distances	to	be	the	same.	Johnson	(Cambridge:	Cambridge	University	Press,	1985),	pp.	Lay	has	been	an
educator	and	research	mathematician	since	1966,	mostly	at	the	University	of	Maryland,	College	Park.	Describe	the	linear	model	based	on	(4)	that	gives	a	least-squares	fit	to	such	data.	v	k.	The	theory	is	rich	and	beautiful,	depending	in	an	essential	way	on	both	diagonalization	from	Chapter	5	and	orthogonality	from	Chapter	6.	6	21.	However,
orthogonal	matrix	is	the	standard	term	in	linear	algebra.	Show	that	P	is	symmetric	and	has	the	same	eigenvalues	as	†.	A	similar	argument	shows	that	m	is	the	least	eigenvalue,	c	,	and	this	value	of	xTAx	is	attained	when	x	D	P	e3	D	u3	.	S	conv	S	T	conv	T	8.3	Convex	Combinations	457	b.	See	Signals	Disjoint	closed	convex	sets,	466	(fig.)	Distance
between	vector	and	subspace,	340–341,	351	between	vectors,	332–333	Distortion,	163	Distributive	laws,	97,	98	Dodecahedron,	435,	436	Domain,	63	Dot	product,	330	Duality,	9.4	Dynamical	system,	265–266	attractor,	304,	314	change	of	variable,	306–307	decoupling,	312,	315	discrete,	301–311	eigenvalues	and	eigenvectors,	266–273,	278–279,	301–
311	evolution	of,	301	graphical	solutions,	303–305	owl	population	model,	265–266,	307–309	predator-prey	model,	302–303	repeller,	304,	314	saddle	point,	304,	305	(fig.),	314	spiral	point,	317	stage-matrix	model,	265–266,	307–309	See	also	Difference	equation;	Mathematical	model	Earth	Satellite	Corporation,	394	Eccentricity	of	orbit,	374	Echelon
form,	12,	13	basis	for	row	space,	231–233	consistent	system,	21	determinant,	171,	274	flops,	20	LU	factorization,	124–126	pivot	positions,	14–15	I3	I4	Index	Edges	of	polyhedron,	470	Effective	rank,	157,	236,	417	Eigenfunctions,	312,	315–316	Eigenspace,	268–269	dimension	of,	285,	397	orthogonal	basis	for,	397	Eigenvalue,	266–273	characteristic
equation,	276–277,	295	complex,	277,	295–301,	307,	315–317	constrained	optimization,	408	determinants,	274–275,	280	diagonalization,	281–288,	395–397	differential	equations,	312–314	distinct,	284–285	dynamical	systems,	278–279,	301	invariant	plane,	300	Invertible	Matrix	Theorem,	275	iterative	estimates,	277,	319–325	multiplicity	of,	276
nondistinct,	285–286	and	quadratic	forms,	405	and	rotation,	295,	297,	299–300,	308	(fig.),	317	(fig.)	row	operations,	267,	277	similarity,	277	strictly	dominant,	319	triangular	matrix,	269	See	also	Dynamical	system	Eigenvector,	266–273	basis,	282,	285	complex,	295,	299	decomposition,	302,	319	diagonalization,	281–288,	395–397	difference
equations,	271	dynamical	system,	278–279,	301–311,	312–314	linear	transformations	and,	288–295	linearly	independent,	270,	282	Markov	chain,	279	principal	components,	427	row	operations,	267	Electrical	network	model,	2,	82–83	circuit	problem,	312,	316–317,	318	matrix	factorization,	127–129	minimal	realization,	129	Elementary	matrix,	106–107
determinant,	173–174	interchange,	173	reflector,	390	row	replacement,	173	scale,	173	Elementary	reflector,	390	Elementary	row	operation,	6,	106,	107	Elements	(Plato),	435	Ellipse,	404	area,	184	singular	values,	415–416	Equal	matrices,	93	Equation	auxiliary,	248	characteristic,	276–277	difference,	80,	84–85,	244–253	differential,	204–205,	311–
319	ill-conditioned,	364	of	a	line,	45,	69	linear,	2–12,	45,	368–369	normal,	329,	361–362,	364	parametric,	44–46	price,	137	production,	133	three-moment,	252	vector,	24–34,	48	Equilibrium	prices,	49–51,	54	Equilibrium,	unstable,	310	Equilibrium	vector,	257–260	Equivalence	relation,	293	Equivalent	linear	systems,	3	Euler,	Leonard,	479	Existence
and	Uniqueness	Theorem,	21,	43	Existence	of	solution,	64,	73	Existence	questions,	7–9,	20–21,	36–37,	64,	72,	113	Explicit	description,	44,	148,	200–201,	203	Extreme	point,	470–473	Faces	of	polyhedron,	470	Facet	of	polytope,	470	Factorization	analysis	of	a	dynamical	system,	281	of	block	matrices,	120	complex	eigenvalue,	299	diagonal,	281,	292	for
a	dynamical	system,	281	in	electrical	engineering,	127–129	See	also	Matrix	factorization	(decomposition);	Singular	value	decomposition	(SVD)	Feasible	set,	412	Feynman,	Richard,	163	Filter	coefficients,	246	Filter,	linear,	246	low-pass,	247,	367	moving	average,	252	Final	demand	vector,	132	Finite	set,	226	Finite-dimensional	vector	space,	226
subspace,	227–228	First	principal	component,	393,	427	First-order	difference	equation.	c2	=c1	/v2	C				C	.	Show	that	xC	is	a	solution	of	Ax	D	b.	[M]	6	4	:07	:63	:53	:56	5	:51	:34	:29	:73	2	3	16:46	0	0	0	0	6	0	12:16	0	0	07	7	6	4	0	0	4:87	0	05	0	0	0	4:31	0	2	3	:10	:61	:21	:52	:55	6	:39	:29	:84	:14	:19	7	6	7	7	6	6	:74	:27	:07	:38	:49	7	4	:41	:50	:45	:23	:58	5	:36
:48	:19	:72	:29	SD	D	1	N	1	1	N	1	BB	T	D	N	X	1	1	N	1	O	kX	O	Tk	D	X		O1	X	1	N	1		N	X	2	O	T1	X	6		:	On	6	X	6	::	4	O	TN	X	.Xk	3	7	7	7	5	M/.Xk	M	/T	1	Chapter	7	Supplementary	Exercises,	page	432	1.	x0	D	c1	v1	C	c2	v2	C	c3	v3	Since	x0	and	v1	are	probability	vectors	and	since	the	entries	in	v2	and	in	v3	each	sum	to	0,	()	shows	that	1	D	c1	.	Explain	why	V
is	an	orthogonal	matrix.	To	do	this,	suppose	y	and	u	are	given	and	yO	has	been	computed	by	formula	(2)	in	this	section.	The	conclusions	of	Theorem	1	now	become	axioms	in	the	following	definition.	c1	D	1=3,	c2	D	2=3,	c3	D	2=3;	the	variance	of	y	is	9.	19.	Then	x4	is	free,	x1	D	x4	,	x2	D	1:25x4	,	and	x3	D	:75x4	.	fn	1	.P	n	/	D	fn	2	.Q/	C	1	17.	How	can
one	characterize	such	objects?	The	transpose	uT	is	a	1		n	matrix,	and	the	matrix	product	uT	v	is	a	1		1	matrix,	which	we	write	as	a	single	real	number	(a	scalar)	without	brackets.	Section	6.4	provides	another	opportunity	to	see	orthogonal	projections	at	work,	creating	a	matrix	factorization	widely	used	in	numerical	linear	algebra.	A	system	of	linear
equations	(or	a	linear	system)	is	a	collection	of	one	or	more	linear	equations	involving	the	same	variables—say,	x1	;	:	:	:	;	xn	.	In	practice,	the	computation	of	ATA	should	be	avoided,	since	any	errors	in	the	entries	of	A	are	squared	in	the	entries	of	ATA.	2	2	3	2	3	3	1	6	4	2t	t	15.	(Try	some	examples	of	x.)	20.	Let	Q.x/	D	2x12	x22	C	4x1	x2	C	4x2	x3	.	In	fact,
the	entire	geometric	behavior	of	the	transformation	x	7!	Ax	is	captured	by	this	quadratic	form,	as	we	shall	see.	The	set	is	linearly	independent	because	one	vector	is	not	a	multiple	of	the	3	other.	.A2	/T	D	.AA/T	D	ATAT	,	by	a	property	of	transposes.	x2	A4	x	Ax	x	A3x	A2	x	1	Eigenspace	v1	1	4	10	x1	FIGURE	1	Directions	determined	by	x,	Ax,	A2	x;	:	:	:	;	A7
x.	v1	D	,	v2	D	,	v3	D	,	v4	D	,yD	2	2	4	7	3									1	1	3	5	2.	For	easy	application	of	the	discussion	to	real	problems	that	you	may	encounter	later	in	your	career,	we	choose	notation	that	is	commonly	used	in	the	statistical	analysis	of	scientific	and	engineering	data.	Since	this	statement	is	true	for	any	matrix,	it	is	true	for	AT	.	Since	p	is	in	Pn	for	all	large	n,	we
could	use	a	much	larger	n,	with	many	more	points	for	the	“evaluation”	inner	product.	For	y	in	Rn	,	the	reflection	of	y	in	L	is	the	point	reflL	y	defined	by	346	CHAPTER	6	Orthogonality	and	Least	Squares	reflL	y	D	2	projL	y	2	y	See	the	figure,	which	shows	that	reflL	y	is	the	sum	of	yO	D	projL	y	and	yO	y.	Hint:	Write	Ax	˛	x	D	.A	˛I	/x,	and	use	the	fact	that
.A	˛I	/	is	invertible	when	˛	is	not	an	eigenvalue	of	A.	Normalize	each	Avi	to	obtain	an	orthonormal	basis	fu1	;	:	:	:	;	ur	g,	where	ui	D	and	1	1	Avi	D	Avi	kAvi	k	i	Avi	D	i	ui	(4)	.1		i		r/	Now	extend	fu1	;	:	:	:	;	ur	g	to	an	orthonormal	basis	fu1	;	:	:	:	;	um	g	of	Rm	,	and	let	U	D	Œ	u1	u2				u	m		and	V	D	Œ	v1	v	2				v	n		By	construction,	U	and	V	are	orthogonal
matrices.	QA184.2.L39	2012	5120	.5–dc22	2010048460	Copyright	©	2012,	2006,	1997,	1994	Pearson	Education,	Inc.	[M]	fv1	;	v2	;	v3	;	v5	g	19.	By	renaming	the	points	if	necessary,	one	may	assume	that	c1	¤	0	and	divide	both	equations	in	(1)	by	c1	,	so	that	1	C	.c2	=c1	/	C				C	.cp	=c1	/	D	0	and	v1	D	.	2	3	EXAMPLE	3	Orthogonally	diagonalize	the
matrix	A	D	4	2	4	characteristic	equation	is	0D	3	C	122	21	98	D	.	2	6	2	3	4	2	5,	whose	3	7/2	.	C	2/	SOLUTION	The	usual	calculations	produce	bases	for	the	eigenspaces:	2	3	2	3	2	3	1	1=2	1		D	2	W	v3	D	4	1=2	5		D	7	W	v1	D	4	0	5;	v2	D	4	1	5	I	1	0	1	Although	v1	and	v2	are	linearly	independent,	they	are	not	orthogonal.	Show	that	if	fv1	;	:	:	:	;	vn	g	is	an
orthonormal	basis	for	Rn	,	then	so	is	fU	v1	;	:	:	:	;	U	vn	g.	Use	the	normal	equations	to	produce	a	formula	O	the	projection	of	b	onto	Col	A.	Applying	the	Rank	Theorem,	we	find	that	n	D	rank	A	C	dim	Nul	A		rank	A	C	rank	B	17.	So	I	A	must	be	invertible.	For	each	y	and	each	subspace	W	,	the	vector	y	is	orthogonal	to	W	.	Frequent	Numerical	Notes	draw
attention	to	issues	in	computing	and	distinguish	between	theoretical	concepts,	such	as	matrix	inversion,	and	computer	implementations,	such	as	LU	factorizations.	If	A	has	linearly	independent	columns,	then	left-multiplication	by	a	sequence	of	elementary	reflectors	can	produce	an	upper	triangular	matrix.)	Chapter	6	Supplementary	Exercises	391	8.
Its	coordinates	are	.0;	C;	C/.	These	concepts	provide	powerful	geometric	tools	for	solving	many	applied	problems,	including	the	least-squares	problems	mentioned	above.	So	(1)	defines	an	inner	product	on	R2	.	Show	that	sin	mt	and	cos	nt	are	orthogonal	for	all	positive	integers	m	and	n.	Choose	c1	;	c2	;	c3	so	that	the	variance	of	y	over	the	data	set	is	as
large	as	possible.	3	corresponds	to	the	vector	y	in	Fig.	Show	that	Y1	;	:	:	:	;	YN	are	in	mean-deviation	form.	Then	each	p	in	aff	S	has	a	unique	representation	as	an	affine	combination	of	v1	;	:	:	:	;	vk	.	See	Exercise	31.	4	1	1	1	1							2	2	1	1	13.	Axk	D	A.c1	k	u	C	c2	k	v/	D	c1	k	Au	C	c2	k	Av	D	c1	k	u	C	c2	k	v	D	xkC1	x2	Linearity	u	and	v	are	eigenvectors.	As
before,	the	text	provides	a	modern	elementary	introduction	to	linear	algebra	and	a	broad	selection	of	interesting	applications.	Compute	Au	and	Av,	and	compare	them	with	b.	Find	the	orthogonal	projection	of	y	6	2	onto	u.	Explain	why	the	spectral	decomposition	of	A	represents	A	as	the	sum	of	r	rank	1	matrices.	2	C	3t/p4	C	6.1	3t/p5	C	6t	p6	Then	set
x00	.1/	D	y00	.0/.	[M]	4x12	C	4x22	C	4x32	C	4x42	C	3x1	x2	C	3x3	x4	4x2	x3	17.	xii	Preface	True/False	Questions	To	encourage	students	to	read	all	of	the	text	and	to	think	critically,	I	have	developed	300	simple	true/false	questions	that	appear	in	33	sections	of	the	text,	just	after	the	computational	problems.	That	is,	dist	.u;	v/	D	ku	vk	In	R2	and	R3	,	this
definition	of	distance	coincides	with	the	usual	formulas	for	the	Euclidean	distance	between	two	points,	as	the	next	two	examples	show.	Associated	unit	eigenvectors	are	"	p	#	"	p	#	1=p5	2=p5	I		D	7W		D	3W	1=	5	2=	5	These	vectors	are	automatically	orthogonal	(because	they	correspond	to	distinct	eigenvalues)	and	so	provide	an	orthonormal	basis	for
R2	.	It	requires	a	preliminary	result	on	intersections	of	sets.	hv;	0i	D	h0;	vi	D	0.	2W	Œnew	eq.	The	four	fundamental	subspaces	and	the	concept	of	singular	values	provide	the	final	statements	of	the	Invertible	Matrix	Theorem.	Set	up	V	and	†	.	Linearly	dependent.	This	theorem	is	rather	amazing,	because	the	work	in	Chapter	5	would	suggest	that	it	is
usually	impossible	to	tell	when	a	matrix	is	diagonalizable.	Let	x1	;	x2	denote	the	variables	for	the	two-dimensional	data	in	Exercise	1.	Using	the	notation	of	Exercise	23,	show	that	AT	uj	D	j	vj	for	1		j		r	D	rank	A.	The	following	example	illustrates	the	calculations	in	the	proof	above.	Show	that	the	translated	set	fp1	C	q;	p2	C	q;	p3	C	qg	is	also	affinely
independent.	Determine	whether	the	points	p1	and	p2	are	affine	combinations	of	the	points	in	B	.	The	proof	of	the	theorem	was	essentially	given	before	Example	4.	SOLUTION	The	quantity	kAxk2	is	maximized	at	the	same	x	that	maximizes	kAxk,	and	kAxk2	is	easier	to	study.	Let	z	D	y	yO	.	An	orthogonal	matrix	is	a	square	invertible	matrix	U	such	that
U	1	D	U	T	.	p	D	61	v1	C	21	v2	C	13	v4	and	p	D	21	v1	C	16	v2	C	31	v3	.	Then	a.	Thus	p.A/	D	P		0		P	1	D	0.	In	fact,	y	D	c1	v1	C				C	cp	vp	,	with	c1	C				C	cp	D	1,	if	and	only	if	yQ	D	c1	vQ	1	C				C	cp	vQ	p	.	In	Exercises	21–26,	prove	the	given	statement	about	subsets	A	and	B	of	Rn	,	or	provide	the	required	example	in	R2	.	If	S	D	fu1	;	:	:	:	;	up	g	is	an
orthogonal	set	of	nonzero	vectors	in	Rn	,	then	S	is	linearly	independent	and	hence	is	a	basis	for	the	subspace	spanned	by	S	.	4	0	0	1	10	5	p	p	0	0	1=	"	2	p	1=	2	p	0#	1=p5	2=p5		2=	5	1=	5	2	32	p	3	1=3	2=3	2=3	3	10	0	1=3	2=3	5	4	0	11.	Notice	that	y	D	p	C	z,	with	p	in	Col	A.	C	P	B	D	,	BPC	D	5	2	5	3					1	3	2	3	9.	Certain	orthogonal	bases	that	arise
frequently	in	applications	can	be	constructed	by	this	process.	Find	the	third-order	Fourier	approximation	to	sin2	t	,	without	performing	any	integration	calculations.	A	D	6	4	0	0	1	1	15	0	0	1	1	1	2	4	6	5	16.	If	di	>	0,	then	bi	D	di	.ci	=di	ck	=dk	/		0.	354	Orthogonality	and	Least	Squares	CHAPTER	6	6.4	THE	GRAM	SCHMIDT	PROCESS	The	Gram–Schmidt
process	is	a	simple	algorithm	for	producing	an	orthogonal	or	orthonormal	basis	for	any	nonzero	subspace	of	Rn	.	This	is	a	least-squares	problem,	Ax	D	b,	with	different	notation!	The	square	of	the	distance	between	the	vectors	Xˇ	and	y	is	precisely	the	sum	of	the	squares	of	the	residuals.	Since	the	range	of	T	is	Col	A,	the	dimension	of	the	range	of	T	is	n.
[M]	x.t/	D	c1	4	0	5e	C	c2	4	1	5e	C	c3	4	1	5e	t	1	5	4	The	origin	is	a	saddle	point.	Show	that	if	A	is	symmetric,	then	R	is	symmetric	and	hence	is	actually	a	diagonal	matrix.	By	part	(a),	3.q3	q2	/	D	3.r1	r0	/.	To	check	the	calculations,	however,	it	is	a	good	idea	to	verify	that	y	yO	is	orthogonal	to	both	u1	and	u2	and	hence	to	all	of	W	.	But	because	the
examples	are	written	carefully,	with	lots	of	detail,	students	can	read	them	on	their	own.	2	13.	Suppose	the	result	is	true	for	n	D	k	for	some	k		2,	and	consider	a	polynomial	p	of	degree	k	C	1.	(Do	not	go	on	to	find	a	vector	where	the	maximum	is	attained.)	10.	Given	u	¤	0	in	Rn	,	let	L	D	Span	fug.	Examples	This	text	devotes	a	larger	proportion	of	its
expository	material	to	examples	than	do	most	linear	algebra	texts.	T	F	F	f.	j.	Open	d.	Applications	by	Chapters	The	Web	site	also	contains	seven	Case	Studies,	which	expand	topics	introduced	at	the	beginning	of	each	chapter,	adding	real-world	data	and	opportunities	for	further	exploration.	z	D	6	4	2	5,	v	1	D	4	3	5,	v	2	D	4	0	5	3	1	1	3	2	3	2	3	2	2	5	2	6	07
6	27	6	47	7	6	7	6	7	14.	1	u	Section	6.5	Section	6.3,	page	352	1.	Let	u	D	4	5	5	and	v	D	4	4	5.	Then	Section	6	uses	these	ideas	to	study	Bezier	curves	and	surfaces,	which	are	used	in	engineering	and	online	computer	graphics	(in	Adobe®	Illustrator®	and	Macromedia®	FreeHand®	).	f	.x;	y/	D	4x	C	1.	Let	x	D	4	2	5	and	A	D	4	2	1	5	7	1	Nul	A.	Porter.	This
construction	is	analogous	to	the	leftmultiplication	by	elementary	matrices	that	produces	an	LU	factorization	of	A.	3W	C	Œeq.	Van	Loan,	Matrix	Computations,	3rd	ed.	This	definition	of	distance	in	R	has	a	direct	analogue	in	Rn	.					7	2	.	Find	the	principal	components	of	the	data	for	Exercise	1.	Then	Œ	X1				XN		w	D	0	(the	zero	vector	in	Rp	/.]	b.	By
definition,	if	A	is	similar	to	B	,	there	exists	an	invertible	matrix	P	such	that	P	1	AP	D	B	.	Observe	that	the	zero	vector	is	orthogonal	to	every	vector	in	Rn	because	0T	v	D	0	for	all	v.	4	1	5,	4	1	5;	dim	is	2	0	3	2	3	2	3	2	3	0	0	2	617	6	17	6	07	7	6	7	6	7	3.	Find	an	orthogonal	basis	for	the	column	space	of	each	matrix	in	Exercises	9–12.	D	Nul	A.	The	orthogonal
projection	of	y	onto	v	is	the	same	as	the	orthogonal	projection	of	y	onto	c	v	whenever	c	¤	0.	If	yk	D	2	,	then	ykC1	D	2	and	ykC2	D	2	.	uv	D	vu	.u	C	v/	w	D	u		w	C	v		w	.c	u/	v	D	c.u		v/	D	u	.c	v/	u		u		0,	and	u		u	D	0	if	and	only	if	u	D	0	Properties	(b)	and	(c)	can	be	combined	several	times	to	produce	the	following	useful	rule:	.c1	u1	C				C	cp	up	/	w	D	c1	.u1		w/
C				C	cp	.up		w/	The	Length	of	a	Vector	If	v	is	in	Rn	,	with	entries	v1	;	:	:	:	;	vn	,	then	the	square	root	of	v		v	is	defined	because	v		v	is	nonnegative.	cp	=c1	/vp	(2)	.c2	C				C	cp	/v1	D	c2	v2	C				C	cp	vp	(3)	Note	that	the	coefficients	on	the	right	side	of	(2)	sum	to	1.	Furthermore,	each	matrix	uj	uTj	is	a	projection	matrix	in	the	sense	that	for	each	x	in	Rn	,	the
vector	.uj	uTj	/x	is	the	orthogonal	projection	of	x	onto	the	subspace	spanned	by	uj	.	Given	a		0	and	b		0,	let	u	D	p	and	v	D	p	.	Then	h0;	vi	D	h0v;	vi	D	0hv;	vi,	by	Axiom	3,	so	h0;	vi	D	0.	If	v1	,	v2	,	v3	,	and	v4	are	in	R3	and	if	the	set	fv2	v1	;	v3	v1	;	v4	v1	g	is	linearly	independent,	then	fv1	;	:	:	:	;	v4	g	is	affinely	independent.	The	requirement	that	a	vector	x	in
Rn	be	a	unit	vector	can	be	stated	in	several	equivalent	ways:	kxk	D	1;	kxk2	D	1;	xT	x	D	1	and	x12	C	x22	C				C	xn2	D	1	(1)	The	expanded	version	(1)	of	xTx	D	1	is	commonly	used	in	applications.	SG	The	Linearity	of	an	Orthogonal	Projection	6–25	SOLUTIONS	TO	PRACTICE	PROBLEMS	1.	A	careful	explanation	of	this	apparent	contradiction	will	require
ideas	developed	in	the	first	five	sections	of	this	chapter.	Cp	D	;	det.Cp	I	/	D	6	5	C	2	D	p./	6	5	21.	Kubelka,	San	Jose	State	University	Martin	Nikolov,	University	of	Connecticut	Ilya	M.	Only	the	notation	in	the	proof	would	change.	and	y	D			1	.	Then	.1	t/v1	C	t	v2	v3	D	0:	This	is	a	linear	dependence	relation	because	not	all	the	weights	are	zero.	Let	u1	D	2=
5	1=	5	basis	for	R2	.	p	aCb	.	The	least-squares	solution	of	Ax	D	b	is	the	point	in	the	column	space	of	A	closest	to	b.	2/2	C	4.	In	a	practical	sense,	linear	algebra	is	a	language.	2	3	2	2	3	3	0	5	1	19.	This	line	is	also	called	a	line	of	regression	of	y	on	x,	because	any	errors	in	the	data	are	assumed	to	be	only	in	the	y	-coordinates.	positive	definite	if	Q.x/	>	0	for
all	x	¤	0,	b.	Theorem	5	decomposes	each	y	in	Span	fu1	;	:	:	:	;	up	g	into	the	sum	of	p	projections	onto	one-dimensional	subspaces	that	are	mutually	orthogonal.	c.Ax/	D	A.c	x/,	which	shows	that	c.Ax/	is	in	Col	A	for	all	scalars	c	.	If	S	D	fxg,	then	aff	S	is	the	empty	set.	If	the	.j;	j	/	entry	in	D	is	,	then	the	.j;	j	/	entry	in	D	k	is	k	,	and	so	the	.j;	j	/	entry	in	p.D/	is
p./.	Then	the	maximum	value	of	xTAx	subject	to	the	constraints	xTx	D	1;	xTu1	D	0	is	the	second	greatest	eigenvalue,	2	,	and	this	maximum	is	attained	when	x	is	an	eigenvector	u2	corresponding	to	2	.	Therefore,	the	intersection	point	is	2	Also,	3	2	3	2	3	0	:7	3:5	x.5/	D	a	C	5b	D	4	0	5	C	54	:4	5	D	4	2:0	5	10	3	5:0	x.5/	D	.1	:3	:1/v1	C	:3v2	C	:1v3	2	3	2	3	2	3
2	3	1	8	5	3:5	D	:64	1	5	C	:34	1	5	C	:14	11	5	D	4	2:0	5	6	4	2	5:0	The	intersection	point	is	inside	the	triangle	because	the	barycentric	weights	for	x.5/	are	all	positive.	The	following	statements	are	logically	equivalent:	a.	u	D	6	4	5	5,	v	D	4	2	5	18.	Constant	polynomial,	p.t/	D	5	b.	Show	that	the	columns	of	A	are	linearly	independent.	Let	x1	,	x2	,	x3	denote
the	spectral	components	of	each	pixel	in	the	image.	Solve	.A	˛I	/yk	D	xk	for	yk	.	Œ	T	.e1	/	B	D	4	0	5,	Œ	T	.e2	/	B	D	4	2	5,	1	0	2	3	2	Œ	T	.	The	proof	of	the	affine	case	is	similar.	[M]	The	cubic	curve	is	the	graph	of	g.t/	D	:2685	C	3:6095t	C	5:8576t	2	:0477t	3	.	A33	Warning:	Although	the	Study	Guide	has	complete	solutions	for	every	odd-numbered	exercise
whose	answer	here	is	only	a	“Hint,”	you	must	really	try	to	work	the	solution	yourself.	T	F	F	F	3.	Let	p.t/	D	.t	2/.t	3/.t	4/	D	24	C	26t	9t	2	C	t	3	.	Suppose	the	eigenvalues	close	to	4	and	4	are	known	to	have	exactly	the	same	absolute	value.	Since	the	diagonal	entries	in	D	are	nonzero,	D	is	invertible.	Inner	Product,	Length,	and	Orthogonality	6.1	335	The
next	theorem	and	Exercise	31	verify	the	claims	made	in	Section	4.6	concerning	the	subspaces	shown	in	Fig.	8	2	2	Determine	which	pairs	of	vectors	in	Exercises	15–18	are	orthogonal.	Neither	Not	compact,	convex	Compact,	convex	Not	compact,	convex	Not	compact,	not	convex	Not	compact,	convex	2	3	0	n	D	4	2	5	or	a	multiple	3	f	.x/	D	2x2	C	3x3	,	d	D
11	2	3	3	6	17	7	nD6	4	2	5	or	a	multiple	1	f	.x/	D	3x1	x2	C	2x3	C	x4	,	d	D	5	11.	A	key	step	in	the	problem	is	to	decompose	the	force	into	a	component	in	the	direction	of	u	and	a	component	orthogonal	to	u.	This	section	describes	a	variety	of	situations	in	which	data	are	used	to	build	or	verify	a	formula	that	predicts	the	value	of	one	variable	as	a	function	of
other	variables.	The	calculations	will	illustrate	the	use	of	orthogonal	diagonalization	and	the	singular	value	decomposition.	In	each	case,	the	problem	will	amount	to	solving	a	least-squares	problem.	A51	25.	To	simplify	matters,	assume	that	the	mean	of	the	y	-values	is	zero.	A	D	4	0	0	4	3	2	3	1	5	6	7	62	4	5	27	7	14.	Explain	why	an	equation	Ax	D	b	has	a
solution	if	and	only	if	b	is	orthogonal	to	all	solutions	of	the	equation	ATx	D	0.	3/.1/	8.2/.	i.	(See	Exercise	29	in	Section	6.2.)	So	the	equation	PA	D	.PU	/†V	T	has	the	form	required	for	a	singular	value	decomposition.	4	2	0	13.	.0;	1/,	.1;	1/,	.2;	2/,	.3;	2/	2.	2/k	D	ck.	The	trajectories	spiral	outward,	away	from	the	origin.	Find	a	least-squares	solution	of	Ax	D	b,
1.			19	22	6	3	2	20	1.	xv	xvi	A	Note	to	Students	Study	Guide	To	help	you	succeed	in	this	course,	I	suggest	that	you	purchase	the	Study	Guide	(www.mypearsonstore.com;	0-321-38883-6).	The	next	example	treats	a	matrix	whose	eigenvalues	are	not	all	distinct.	The	other	two	terms	in	the	formula	for	f	.t/	are	orthogonal	to	the	functions	in	W	,	so	they



contribute	nothing	to	the	integrals	that	give	the	Fourier	coefficients	for	a	first-order	approximation.	3	indicates	that,	except	for	the	origin,	the	positive	y	axis	is	not	in	conv	S	,	because	the	origin	is	the	only	point	of	S	on	the	y	-axis.	For	A,	B	in	M22	and	any	scalar	c	,	T	.A	C	B/	D	.A	C	B/	C	.A	C	B/T	D	A	C	B	C	AT	C	B	T	Transpose	property	D	.A	C	AT	/	C	.B	C
B	T	/	D	T	.A/	C	T	.B/	T	.cA/	D	.cA/	C	.cA/T	D	cA	C	cAT	D	c.A	C	AT	/	D	cT	.A/	So	T	is	a	linear	transformation	from	M22	into	M22	.	[Hint:	Find	an	x	such	that		D	xTAx.]	13.	So	there	are	constants,	r1k	;	:	:	:	;	rkk	,	such	that	xk	D	r1k	u1	C				C	rkk	uk	C	0	uk	C1	C				C	0	un	We	may	assume	that	rkk		0.		D	˙2i	,	'	D	=2	radians,	r	D	2	p	11.	Find	a	unit	vector	u	in	the
direction	of	c.	The	goal	is	to	show	that	the	line	segment	y	D	.1	t	/p	C	t	q,	for	0		t		1,	is	in	f	.S/.	The	length	of	every	vector	is	a	positive	number.	Blank,	Washington	University	in	St.	Louis	Vahid	Dabbaghian-Abdoly,	Simon	Fraser	University	James	L.	Let	A	be	an	n		n	invertible	symmetric	matrix.	These	four	sections	can	be	covered	in	four	or	five	50-minute
class	periods.	35.	For	each	sector,	he	had	written	a	linear	equation	that	described	how	the	sector	distributed	its	output	to	the	other	sectors	of	the	economy.	The	proof	follows	immediately	from	the	calculation	in	(1)	above	and	the	definition	of	orthogonality.	The	resulting	estimate	for		is	called	a	Rayleigh	quotient.	EXAMPLE	3	Given	A	and	b	as	in
Example	1,	determine	the	least-squares	error	in	the	least-squares	solution	of	Ax	D	b.	Let	b.	Orthonormal	Bases	An	orthonormal	basis	is	constructed	easily	from	an	orthogonal	basis	fv1	;	:	:	:	;	vp	g:	simply	normalize	(i.e.,	“scale”)	all	the	vk	.	If	the	vectors	are	not	collinear,	their	affine	hull	cannot	be	a	line,	so	it	must	be	the	plane.	A	triple	.r;	g;	b/	indicates
the	amount	of	each	color—red,	green,	and	blue—with	the	parameters	varying	from	0	to	1.	Example	6	below	and	the	discussion	in	Section	7.5	will	illustrate	how	such	problems	arise	in	practice.	In	matrix	form,	0	1	0	v1	2	3	1	v1	D	4	1	5	16	0	0	1	3	:3	:1	5	5	Thus	c2	D	:3,	c3	D	:1,	and	t	D	5.	To	simplify	the	calculation,	“scale”	x	to	eliminate	fractions.	PROOF
Given	p	in	conv	S	,	one	may	write	p	D	c1	v1	C				C	ck	vk	,	where	vi	2	S;	c1	C				C	ck	D	1,	and	ci		0,	for	some	k	and	i	D	1;	:	:	:	;	k	.	Monthly	90	(1983),	pp.	hu;	vi	D	1	ku	4	C	vk	2	18.	Let	u1	and	u2	be	as	in	Exercise	19,	and	let	u4	D	4	1	5.	They	come	directly	from	courses	I	have	taught	in	past	years.	Suppose	ATAx	D	0.	Take	any	scalar	c	and	show	that	c	z	is
orthogonal	to	u.	Show	that	the	change	of	variable	X	D	P	Y	does	not	change	the	total	variance	of	the	data.	So	0	is	an	eigenvalue	of	multiplicity	n	r	.	Proofs	are	suggested	in	Exercises	29	and	30.	Set	v1	D	x1	,	so	that	Span	fv1	g	D	Span	fx1	g.	Closed	c.	From	this	and	earlier	work,	conclude	that	the	parameter	x	is	the	first	barycentric	coordinate	of	p.	One
possibility	is	to	let	A	be	two	adjacent	corners	of	a	square	and	let	B	be	the	other	two	corners.	Page	163	Richard	Feynman:	AP	images.	Let	B	be	an	n		n	symmetric	matrix	such	that	B	2	=	B	.	It	was	first	proved	by	Constantin	Caratheodory	in	1907.	If	p,	q	2	f	.S/,	then	there	exist	r,	s	2	S	such	that	f	.r/	D	p	and	f	.s/	D	q.	Then,	for	1		i		n,	kAvi	k2	D	.Avi	/TAvi	D
vTi	ATAvi	D	vTi	.i	vi	/	D	i	Since	vi	is	an	eigenvector	of	ATA	(2)	Since	vi	is	a	unit	vector	So	the	eigenvalues	of	ATA	are	all	nonnegative.	Let	A	and	B	be	symmetric	n		n	matrices	whose	eigenvalues	are	all	positive.	First	find	P	;	then	compute	P	1	AP	.	Suppose	the	covariance	matrix	of	the	data	is	2	3	5	2	0	6	25	S	D	42	0	2	7	Let	y	be	an	“index”	of	student
performance,	with	y	D	c1	x1	C	c2	x2	C	c3	x3	and	c12	C	c22	C	c32	D	1.	Since	the	ci	’s	sum	to	1,	at	least	one	of	them	must	not	be	equal	to	1.	Sensors	aboard	the	satellite	acquire	seven	simultaneous	images	of	any	region	on	earth	to	be	studied.	2/k	are	in	the	solution	space	H	of	the	difference	equation.	In	this	case,	we	need	two	orthogonal	unit	vectors	u2
and	u3	that	are	orthogonal	to	u1	.	Compute	U	TU	and	U	U	T	.	1/kC1	a0	4	0	1	5	a1	a2		ak		A44	Answers	to	Odd-Numbered	Exercises	The	k		k	matrix	shown	is	Cq	I	,	where	q.t/	D	a1	C	a2	t	C				C	ak	t	k	1	C	t	k	.	have	a	zero	sample	mean,	and	B	is	said	to	be	in	mean-deviation	form.	5	5	Section	6.2,	page	344	1.	˙	c.	Alternatively,	use	the	method	of	Example	3
and	row	reduce:	3	2	3	2	3	1	0	0			1	1	1	1	2	v1	v2	v3	p	6	1	7	1	3	45		40	1	0		41	2	5	1	1	1	1	0	2	1	3	0	0	1	2	This	shows	that	p	D	3	v	2	1	C	12	v2	C	2v3	.	hu;	c	vi	D	hc	v;	ui	Axiom	1	D	chu;	vi	Axiom	1	D	chv;	ui	Axiom	3	17.	4	6	8	4	1	4	0	so	w	is	in	Nul	A.	2	3	2	3	2	3	2	3	3	1	1	4	EXAMPLE	4	Let	v1	D	4	1	5,	v2	D	4	2	5,	v3	D	4	7	5,	and	p	D	4	3	5.	31	,	23	17.	Recall
from	Section	4.1	(Exercise	32)	that	the	intersection	of	two	subspaces	is	itself	a	subspace.	Here	y	is	the	coordinate	vector	of	x	relative	to	the	basis	of	Rn	determined	by	the	columns	of	P	.	A	system	of	linear	equations	is	said	to	be	consistent	if	it	has	either	one	solution	or	infinitely	many	solutions;	a	system	is	inconsistent	if	it	has	no	solution.	If	a	5		5
matrix	A	has	fewer	than	5	distinct	eigenvalues,	then	A	is	not	diagonalizable.	[Hint:	To	show	that	D	[	E		F	,	show	that	D		F	and	E		F	.]	24.	The	dashed	line	in	Fig.	Let	u	be	an	eigenvector	of	A	corresponding	to	an	eigenvalue	,	and	let	H	be	the	line	in	Rn	through	u	and	the	origin.	If	ku	vk2	D	kuk2	C	kvk2	,	then	u	and	v	are	orthogonal.	6	4	15	1	2	3	1	6	37	7
13.	If	fTˇ	W	ˇ	2	B	g	is	any	collection	of	affine	sets,	then	\ˇ2B	Tˇ	is	affine.	Morrison,	“Singular	Value	Analysis	of	Cryptograms.”	Amer.	An	eigenvector	for	1.05	is	.6;	13/,	so	eventually	there	will	be	approximately	6	spotted	owls	to	every	13	(thousand)	flying	squirrels.	6	4	0	5,	4	1	3	2	3	6	17	6	7	6	9.	The	sample	covariance	matrix	is	a	generalization	of	a
formula	for	the	variance	of	a	sample	of	N	scalar	measurements,	say,	t1	;	:	:	:	;	tN	.	By	part	(a),	the	row	space	is	spanned	by	the	first	.n	1/	rows	of	A.	Show	that	x	is	an	eigenvector	of	5I	the	corresponding	eigenvalue?	Then,	using	partitioned	matrix			R	multiplication,	Q1	D	QR	D	A.	Show	that	I	A	is	invertible	when	all	the	eigenvalues	of	A	are	less	than	1	in
magnitude.	13.	x1	x2	7.2	5.	A	singular	value	decomposition	of	an	m		n	matrix	B	can	be	written	as	B	D	P	†Q,	where	P	is	an	m		m	orthogonal	matrix,	Q	is	an	n		n	orthogonal	matrix,	and	†	is	an	m		n	“diagonal”	matrix.	Since	polynomials	p	and	q	are	continuous	functions,	the	expression	in	brackets	is	a	Riemann	sum	that	approaches	a	definite	integral,	and
we	are	led	to	consider	the	average	value	of	p.t/q.t/	on	the	interval	Œa;	b:	1	b	a	Z	b	p.t/q.t/	dt	a	This	quantity	is	defined	for	polynomials	of	any	degree	(in	fact,	for	all	continuous	functions),	and	it	has	all	the	properties	of	an	inner	product,	as	the	next	example	shows.	p2	2	Span	S	,	and	p2	2	aff	S	c.	For	any	scalar	c	,	u		.c	v/	D	c.u		v/.	In	Example	3,	the
eigenvalue	7	has	multiplicity	two	and	the	eigenspace	is	twodimensional.	EXAMPLE	1	Let	2	3	3	6	07	7	v1	D	6	4	6	5;	3	2	3	6	6	37	7	v2	D	6	4	3	5;	0	2	3	3	667	7	v3	D	6	4	0	5;	3	2	3	0	637	7	p1	D	6	4	3	5;	0	2	3	10	6	57	7	p2	D	6	4	11	5;	4	8.3	Convex	Combinations	455	and	S	D	fv1	;	v2	;	v3	g.	By	Exercise	24(c)	in	Section	6.3,	dim	Nul	A	C	dim.Nul	A/?	Row
reduction	of	the	augmented	matrix			vQ	1				vQ	k	pQ	for	(8)	produces	the	barycentric	coordinates	of	p.	The	airline	industry,	for	instance,	Electrical	networks.	A	simple	equation	for	predicting	y	from	u	and	v	has	the	form	y	D	ˇ0	C	ˇ1	u	C	ˇ2	v	(4)	y	D	ˇ0	C	ˇ1	u	C	ˇ2	v	C	ˇ3	u2	C	ˇ4	uv	C	ˇ5	v	2	(5)	A	more	general	prediction	equation	might	have	the	form	This
equation	is	used	in	geology,	for	instance,	to	model	erosion	surfaces,	glacial	cirques,	soil	pH,	and	other	quantities.	f0	.C	5	/	D	32,	f1	.C	5	/	D	80,	f2	.C	5	/	D	80,	f3	.C	5	/	D	40,	f4	.C	5	/	D	10,	and	32	80	C	80	40	C	10	D	2.	Let	bO	D	projCol	A	b	Because	bO	is	in	the	column	space	of	A,	the	equation	Ax	D	bO	is	consistent,	and	there	is	an	xO	in	Rn	such	that	AOx
D	bO	(1)	Since	bO	is	the	closest	point	in	Col	A	to	b,	a	vector	xO	is	a	least-squares	solution	of	Ax	D	b	if	and	only	if	xO	satisfies	(1).	THEOREM	3	The	Spectral	Theorem	for	Symmetric	Matrices	An	n		n	symmetric	matrix	A	has	the	following	properties:	a.	(complex	solution):					1	i	1Ci	c1	e	.	D	n	So	dim.Nul	A/?	A	D	0	2	16.	By	the	Basis	Theorem	in	Section
4.5,	this	set	is	an	orthogonal	basis	for	Wk	C1	.	230–231.	Step	2.	Assume	the	data	are	.x1	;	y1	/;	:	:	:	;	.xn	;	yn	/.	The	text	returns	to	that	application	in	a	section	toward	the	end	of	the	chapter.	[M]	Find	the	least-squares	curve	based	on	(6).	2	3	3	17	7	15	3	2	6	6	11.	426	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	The	(sample)	covariance	matrix
is	the	p		p	matrix	S	defined	by	1	SD	N	1	BB	T	Since	any	matrix	of	the	form	BB	T	is	positive	semidefinite,	so	is	S	.	Since	P	is	invertible,	there	is	a	one-toone	correspondence	between	all	nonzero	x	and	all	nonzero	y.	The	solution	method	is	discussed	in	the	Study	Guide.	The	waves	bounce	off	subsurface	rocks	and	are	measured	by	geophones	attached	to
mile-long	cables	behind	the	ship.	Use	them	to	form	A2	.	Equations	(4)	and	(5)	both	lead	to	a	linear	model	because	they	are	linear	in	the	unknown	parameters	(even	though	u	and	v	are	multiplied).	P	D	"	15.	Explain	why	p	is	in	Col	A.	31.	2	2	2	kuk2	D	u		u	D	31	C	32	C	32	C	.0/2	EXAMPLE	3	Let	W	be	the	subspace	of	R2	spanned	by	x	D	.	Theorems	and
Proofs	Important	results	are	stated	as	theorems.	410	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	PROOF	Orthogonally	diagonalize	A	as	PDP	1	.	185	c.	If	fv1	;	v2	;	v3	g	is	an	orthogonal	set	and	if	c1	,	c2	,	and	c3	are	scalars,	then	fc1	v1	;	c2	v2	;	c3	v3	g	is	an	orthogonal	set.	For	arbitrary	polynomials	p,	q	in	P2	and	any	scalar	c	,					.p	C	q/.0/	p.0/
C	q.0/	T	.p	C	q	/	D	D	.p	C	q/.1/	p.1/	C	q.1/					p.0/	q.0/	D	C	D	T	.p	/	C	T	.	78–87.	Since	there	is	only	one	nonzero	p	singular	value,	the	“matrix”	D	may	be	written	as	a	single	number.	DEFINITION	THEOREM	4			v	For	v	in	R	,	the	standard	homogeneous	form	of	v	is	the	point	vQ	D	in	RnC1	.	That	is,	conv	S		T	.	2/kC1	C	4.	Use	the	identity	cos2	kt	D	11.	xk	D	v1
C	:1.:5/k	4	3	5	C	:3.:2/k	4	0	5	!	v1	as	1	1	k!1			0	1:6	17.	Conversely,	suppose	xO	satisfies	ATAOx	D	AT	b.	Recall	from	equation	(2)	and	the	paragraph	before	Example	2	that	kAv1	k	D	1	and	kAv2	k	D	2	.	See	the	Numerical	Note	at	the	end	of	the	section.	2	3	5	2	9	6	6	2	5	6	97	7	37.	Show	that	the	convex	hull	of	y				x	2	S	is	the	union	of	the	origin	and	W	x	>	0
and	y		x	.	SOLUTION	Certainly	Axiom	1	is	satisfied,	because	hu;	vi	D	4u1	v1	C	5u2	v2	D	4v1	u1	C	5v2	u2	D	hv;	ui.	Find	the	distance	between	u	D	4	5	5	and	z	D	4	1	5.	Let	V	be	the	Vandermonde	matrix	3	2	1	1	1	6	2	3	7	V	D	4	1	5	21	22	23	(The	transpose	of	V	was	considered	in	Supplementary	Exercise	11	in	Chapter	2.)	Use	Exercise	22	and	a	theorem
from	this	chapter	to	deduce	that	V	is	invertible	(but	do	not	compute	V	1	/.	If	A	is	invertible	and	1	is	an	eigenvalue	for	A,	then	1	is	also	an	eigenvalue	of	A	1	.	Reducing	the	Dimension	of	Multivariate	Data	Principal	component	analysis	is	potentially	valuable	for	applications	in	which	most	of	the	variation,	or	dynamic	range,	in	the	data	is	due	to	variations
in	only	a	few	of	the	new	variables,	y1	;	:	:	:	;	yp	.	Since	the	eigenvalues	of	ATA	are	360,	90,	and	0,	the	singular	values	of	A	are	p	p	p	p	1	D	360	D	6	10;	2	D	90	D	3	10;	x2	Av1	x1	Av2	FIGURE	2	3	D	0	From	Example	1,	the	first	singular	value	of	A	is	the	maximum	of	kAxk	over	all	unit	vectors,	and	the	maximum	is	attained	at	the	unit	eigenvector	v1	.
PRACTICE	PROBLEM	When	the	monthly	sales	of	a	product	are	subject	to	seasonal	fluctuations,	a	curve	that	approximates	the	sales	data	might	have	the	form	y	D	ˇ0	C	ˇ1	x	C	ˇ2	sin	.2x=12/	where	x	is	the	time	in	months.	THEOREM	3	Let	A	be	an	m		n	matrix.	Give	the	design	matrix	and	the	parameter	vector	for	the	linear	model	that	leads	to	a	least-
squares	fit	of	the	equation	above.	28	p			1	105,	225	b.	Finally,	(d)	is	equivalent	to	(a)	because	the	two	equations	in	(1)	are	equivalent	to	the	following	equation	involving	the	homogeneous	forms	of	the	points	in	S	:							v	v	0	c1	1	C				C	cp	p	D	1	1	0	In	statement	(c)	of	Theorem	5,	v1	could	be	replaced	by	any	of	the	other	points	in	the	list	v1	;	:	:	:	;	vp	.
(Recall	that	statements	about	AT	have	been	omitted	from	the	theorem,	to	avoid	nearly	doubling	the	number	of	statements.)	The	other	statements	were	given	in	Sections	2.3,	2.9,	3.2,	4.6,	and	5.2.	THEOREM	The	Invertible	Matrix	Theorem	(concluded)	Let	A	be	an	n		n	matrix.					2	7	,	and	u	D	2.	The	eigenvalues	of	S	are	(to	two	decimal	places)	1	D
123:02	2	10	5	5	5	15		3	4	57	7	17	7	35	7	and	2	D	1:98			:900	The	unit	eigenvector	corresponding	to	1	is	u	D	.	By	Theorem	4	in	Section	1.4,	the	columns	of	A	do	not	span	Rn	and	hence	are	not	a	basis	for	Rn	.	EXAMPLE	4	Find	a	least-squares	solution	of	Ax	D	b	for	2	1	61	AD6	41	1	3	6	27	7;	15	7	2	3	1	6	27	7	bD6	4	15	6	SOLUTION	Because	the	columns	a1
and	a2	of	A	are	orthogonal,	the	orthogonal	projection	of	b	onto	Col	A	is	given	by	b		a1	b		a2	8	45	bO	D	a1	C	a2	D	a1	C	a2	a1		a1	a2		a2	4	90	2	3	2	3	2	3	2	3	1	627	6	1	7	6	1	7	7	6	7	6	7	D6	4	2	5	C	4	1=2	5	D	4	5=2	5	2	7=2	11=2	(5)	O	But	this	is	trivial,	since	we	already	Now	that	bO	is	known,	we	can	solve	AOx	D	b.	However,	the	variances	of	the	variables
y1	,	y2	,	y3	appear	on	the	diagonal	of	D	,	and	obviously	the	first	variance	in	D	is	much	larger	than	the	other	two.	Figure	1	dis0	7	plays	the	graph	of	Q.	Let	a	D	a2	b2	c	3	2	2	a1	b1	c1	det	Œ	aQ	bQ	cQ		D	det	4	a2	b2	c2	5	D	1	1	1	2	3	a1	a2	1	det	4	b1	b2	1	5,	by	the	transpose	property	of	the	c1	c2	1	determinant	(Theorem	5	in	Section	3.2).	THEOREM	9	The
Best	Approximation	Theorem	Let	W	be	a	subspace	of	Rn	,	let	y	be	any	vector	in	Rn	,	and	let	yO	be	the	orthogonal	projection	of	y	onto	W	.	My	students	have	found	the	strategies	there	very	helpful,	and	I	hope	you	will,	too.	New	terms	are	in	boldface	type,	sometimes	enclosed	in	a	definition	box.	Suppose,	for	some	k	<	p	,	we	have	constructed	v1	;	:	:	:	;	vk
so	that	fv1	;	:	:	:	;	vk	g	is	an	orthogonal	basis	for	Wk	.	The	characteristic	equation	turns	out	to	be	0D	3	C	102	27	C	18	D	.	6/.	3/.	1/	The	greatest	eigenvalue	is	6.	9	b.	The	Gram–Schmidt	process	produces	from	a	linearly	independent	set	fx1	;	:	:	:	;	xp	g	an	orthogonal	set	fv1	;	:	:	:	;	vp	g	with	the	property	that	for	each	k	,	the	vectors	v1	;	:	:	:	;	vk	span	the
same	subspace	as	that	spanned	by	x1	;	:	:	:	;	xk	.	[M]	A	D	,	1	1							1	5	1	3	v1	.t/	e	:5t	e	2:5t	D	2	v2	.t/	2	2	2			1	8	21.	Span	fv2	v1	;	v3	v1	g	is	a	plane	if	and	only	if	fv2	v1	;	v3	v1	g	is	linearly	independent.	The	columns	of	A	are	linearly	indpendent.	For	a	nonzero	v	in	Rn	,	the	matrix	vvT	is	called	a	projection	matrix.	Show	that	the	area	of	abc	is	det	Œ	aQ	bQ
cQ	=2.	That	is,	S	is	convex	if	and	only	if	S	D	conv	S	.	2	SOLUTION	A	construction	can	be	divided	into	three	steps.	Write	a	vector	of	the	polynomial	weights	for	x.t/,	expand	the	polynomial	weights,	and	factor	the	vector	as	MB	u.t/:	2	3	1	4t	C	6t	2	4t	3	C	t	4	6	4t	12t	2	C	12t	3	4t	4	7	6	7	6	7	6t	2	12t	3	C	6t	4	6	7	4	5	4t	3	4t	4	4	t	2	1	4	6	4	60	4	12	12	6	0	6	12
D6	60	40	0	0	4	0	0	0	0	2	1	4	6	4	60	4	12	12	6	0	6	12	MB	D	6	60	40	0	0	4	0	0	0	0	11.	Find	a	change	of	variable	that	transforms	Q	into	a	quadratic	form	with	no	cross-product	term,	and	give	the	new	quadratic	form.	If	T	is	a	triangle	in	R2	and	if	a	point	p	is	on	an	edge	of	the	triangle,	then	the	barycentric	coordinates	of	p	(for	this	triangle)	are	not	all
positive.	So	each	row	of	A	is	in	.Nul	A/?	Let	J	be	the	n		n	matrix	of	all	1’s,	and	consider	A	D	.a	b/I	C	bJ	;	that	is,	2	3	a	b	b		b	6b	a	b		b7	6	7	6b	b	a		b7	AD6	:	::	7	::	::	::	6	:	7	:	4	:	:5	:	:	b	b	b		a	Use	the	results	of	Exercise	16	in	the	Supplementary	Exercises	for	Chapter	3	to	show	that	the	eigenvalues	of	A	are	a	b	and	a	C	.n	1/b	.	Sections	6.2	and	6.3	show	how
orthogonality	can	be	used	to	identify	the	point	within	a	subspace	W	that	is	nearest	to	a	point	y	lying	outside	of	W	.	It	may	seem	reasonable	that	Fig.	Since	K	is	one-dimensional,	K	must	be	the	set	of	all	scalar	multiples	of	x.	Let	fu1	;	:	:	:	;	un	g	be	an	orthonormal	basis	for	Rn	,	and	let	1	;	:	:	:	;	n	be	any	real	scalars.	T	x	Ax	D	Œ	x1	T		3	x2		2	D	x1	.3x1	D	D
3x12	3x12	2	7		x1	x2		D	Œ	x1	2x2	/	C	x2	.	When	m	¤	n,	Z	2	hcos	mt;	cos	nt	i	D	cos	mt	cos	nt	dt	0	Z	1	2	D	Œcos.mt	C	nt/	C	cos.mt	nt/	dt	2	0		ˇ	1	sin.mt	C	nt/	sin.mt	nt/	ˇˇ2	D	C	ˇ	D0	2	mCn	m	n	0	Let	W	be	the	subspace	of	C	Œ0;	2	spanned	by	the	functions	in	(5).	Suppose	A	D	QR,	where	Q	is	m		n	and	R	is	n		n.	This	set	does	not	form	a	basis	for	R3	.	Let	A	be
an	n		n	symmetric	matrix.	A	positive	definite	quadratic	form	can	be	changed	into	a	negative	definite	form	by	a	suitable	change	of	variable	x	D	P	u,	for	some	orthogonal	matrix	P	.	Use	Exercise	19	to	show	that	rank	ATA	D	rank	A.	W	is	not	a	subspace	of	R3	because	the	zero	vector	.0;	0;	0/	is	not	in	W	.	The	coordinate	vectors	4	5	5,	4	8	5,	4	4	5,	4	3	5	1	2	2
0	span	R3	.	The	component	of	x2	orthogonal	to	x1	is	x2	p,	which	is	in	W	because	it	is	formed	from	x2	and	a	multiple	of	x1	.	The	origin	is	an	extreme	point,	but	it	is	not	a	vertex.	353	e.	Let	u	D	4	6	5,	and	let	W	be	the	set	of	all	x	in	R3	such	that	7	u		x	D	0.	For	almost	all	choices	of	x0	,	the	sequence	fk	g	approaches	the	eigenvalue		of	A,	and	the	sequence
fxk	g	approaches	a	corresponding	eigenvector.	Ax	D	Ax	and	A	is	real;	(c)	because	xT	Ax	is	a	scalar	and	hence	may	be	viewed	as	a	1		1	matrix;	(d)	properties	of	transposes;	(e)	AT	D	A,	definition	of	q	25.							3	0	1	0	3	0	1	0	5.	Show	that	if	A	is	square,	then	j	det	Aj	is	the	product	of	the	singular	values	of	A.	So	compute:	f	entry	in	Ax	g		f	entry	in	x	g	D	f	ratio
g	3:00	1:00	3:000	13:00	4:30	3:023	24:50	8:10	3:025	WEB	Each	entry	in	Ax	is	about	3	times	the	corresponding	entry	in	x,	so	x	is	close	to	an	eigenvector.	3).	Let	A	D	PDP	1	,	where	P	is	orthogonal	and	D	is	diagonal,	and	let		be	an	eigenvalue	of	A	of	multiplicity	k	.	Hint:	Use	an	orthogonal	diagonalization	of	A,	or	appeal	to	Theorem	2.	In	the	examples	that
follow,	the	matrix	equation	is	still	Xˇ	D	y,	but	the	specific	form	of	X	changes	from	one	problem	to	the	next.	The	proof	is	omitted.	3/2	D	20	In	some	cases,	quadratic	forms	are	easier	to	use	when	they	have	no	cross-product	terms—that	is,	when	the	matrix	of	the	quadratic	form	is	a	diagonal	matrix.	The	exercises	in	the	Fourth	Edition	maintain	the
integrity	of	the	exercises	from	the	third	edition,	while	providing	fresh	problems	for	students	and	instructors.	Note	the	signs	of	the	barycentric	coordinates	of	the	points	in	each	region.	Each	photograph	gives	different	information	about	the	same	physical	region.	A	D	;	:4	:7											1	:6875	:5577	:5188	1	;	;	;	;	:8	1	1	1	0				4:1	6	;	4.	The	following
calculations	will	design	a	filter	with	approximately	those	properties.	DEFINITION	x2	√	`````	a2	+	b2	|b|	0			a	.	Later	in	your	career,	computers	will	do	the	calculations,	but	you	will	have	to	choose	the	calculations,	know	how	to	interpret	the	results,	and	then	explain	the	results	to	other	people.	If	2	3	u1	6	u2	7	6	7	uD6	:	7	4	::	5	un	then	the	inner	product
of	u	and	v	is	Œ	u1	u2	2	and	2	3	v1	6	v2	7	6	7	vD6	:	7	4	::	5	vn	3	v1	6	v2	7	6	7				un		6	:	7	D	u1	v1	C	u2	v2	C				C	un	vn	4	::	5	vn	6.1	Inner	Product,	Length,	and	Orthogonality	331	2	3	2	3	2	3	EXAMPLE	1	Compute	u		v	and	v		u	for	u	D	4	5	5	and	v	D	4	2	5.	The	columns	of	P	in	the	theorem	are	called	the	principal	axes	of	the	quadratic	form	xTAx.	The	vector	y
is	the	coordinate	vector	of	x	relative	to	the	orthonormal	basis	of	Rn	given	by	these	principal	axes.	(New	York:	John	Wiley,	2000).	[M]	In	parts	(a)–(d),	let	U	be	the	matrix	formed	by	normalizing	each	column	of	the	matrix	A	in	Exercise	35.	About	half	of	the	projects	explore	fundamental	concepts	such	as	the	column	space,	diagonalization,	and	orthogonal
projections;	several	projects	focus	on	numerical	issues	such	as	flops,	iterative	methods,	and	the	SVD;	and	a	few	projects	explore	applications	such	as	Lagrange	interpolation	and	Markov	chains.	Select	an	initial	estimate	˛	sufficiently	close	to	.	By	the	induction	assumption,	the	determinant	of	Cq	I	is	.	If	A	and	B	are	invertible	n		n	matrices,	then	AB	is
similar	to	BA.	Furthermore,	Q.x/	D	9	when	x	D	.1;	0;	0/.	This	is	about	.7%	faster	than	the	estimate	obtained	in	Exercise	13	in	Section	6.6.	Chapter	6	Supplementary	Exercises,	page	390	1.	A	D	2	7	SOLUTION						4	0	x1	4x1	a.	If	a	set	S	D	fu1	;	:	:	:	;	up	g	has	the	property	that	ui		uj	D	0	whenever	i	¤	j	,	then	S	is	an	orthonormal	set.	Adding	p	to	each	point
on	this	line	translates	Span	fug	into	the	line	through	p	parallel	to	the	line	through	u	and	the	origin.	[Hint:	Use	Theorem	7	in	Section	7.3.]	23.	See	the	Study	Guide,	after	you	have	written	your	answers.	First	show	that	fT	.v1	/;	:	:	:	;	T	.vp	/g	spans	T	.H	/.	O	It	is	clear	from	(5)	that	know	what	weights	to	place	on	the	columns	of	A	to	produce	b.	Then	and	c2
.v2	v1	/	C				C	cp	.vp	v1	/	D	0	(4)	Not	all	of	c2	;	:	:	:	;	cp	can	be	zero	because	they	sum	to	1.	y	D	4	4	5,	z	D	4	15	5	0	7	0	6	In	Exercises	19	and	20,	all	vectors	are	in	Rn	.			3	1	is	not	b.	Then	zO	is	in	Col	A,	where	A	D	Œ	u	v	,	say,	zO	D	AOx	for	some	xO	in	R2	.	4	4	5	0	2	2	2	C	32	u3	C	2u4	;	3	2	3	10=3	7=3	7.	The	Study	Guide	is	your	“lab	manual”	that	explains
how	to	use	each	of	these	matrix	utilities.	D.	Orthogonal,	4	2=3	1=p5	4=p45	5	1=3	2=	5	2=	45		A48	Answers	to	Odd-Numbered	Exercises	13.	2(a).	Write	the	Bézier	curve	through	these	points,	and	show	algebraically	that	this	curve	is	x.t/	C	b.	Once	X	and	y	are	determined,	the	goal	is	to	minimize	the	length	of	,	which	amounts	to	finding	a	least-squares
solution	of	X	ˇ	D	y.	Part	(b)	showed	that	the	range	of	T	contains	all	B	such	that	B	T	D	B	.	EXAMPLE	1	Let	A	D	SOLUTION	The	first	three	calculations	are						1:8	:8	:5	:1	Ax	D	D	:2	1:2	1	1:1						:7	:1	1:8	:8	D	A2	x	D	A.Ax/	D	1:3	1:1	:2	1:2						2:3	:7	1:8	:8	3	2	D	A	x	D	A.A	x/	D	1:7	:2	1:2	1:3	Analogous	calculations	complete	Table	1.	Explain	why	U	is	invertible.
3	29.	A	D	4	10	19	6	1	11	9	2	4	0	7	7	3	:27	6	7	7:76	7	b	D	10	4	6	4	3:77	5	3:93	3	3	2	1	4:230	7	6	27	7,	b	D	6	11:043	7,	4	49:991	5	35	69:536	1	7	Symmetric	Matrices	and	Quadratic	Forms	INTRODUCTORY	EXAMPLE	Multichannel	Image	Processing	Around	the	world	in	little	more	than	80	minutes,	the	two	Landsat	satellites	streak	silently	across	the	sky	in
near	polar	orbits,	recording	images	of	terrain	and	coastline,	in	swaths	185	kilometers	wide.	Q.x/	D	5x12	C	5x22	4x1	x2	6.	The	data	can	be	visualized	as	a	cluster	of	4	million	points	in	R3	,	perhaps	as	in	Fig.	Scale	these	polynomials	so	their	values	at	2,	1,	0,	1,	and	2	are	small	integers.	The	case	of	a	triangle	is	illustrated	in	Fig.	In	fact,	1	area.pbc/	D	
area.abc/	4	area.apc/	D	1		area.abc/	3	area.abp/	D	5		area.abc/	12	(9)	a	area	=	s	·	area(∆abc)	p	area	=	t	·	area(∆abc)	b	c	area	=	r	·	area(∆abc)	FIGURE	4	p	D	r	a	C	s	b	C	t	c.	4	2	6	5.	A	D	4	1	0	3	0	0	2	3	2	3	1	1	2	2	1	9	5,	x0	D	4	0	5	10.	[M]	ˇ	D	1:45	and	e	D	:811;	the	orbit	is	an	ellipse.	k	k	15.	That	is,	S	is	affine	if	and	only	if	S	D	aff	S	.	Version[version]
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Positive	definite;	eigenvalues	are	7	and	2	1	Change	of	variable:	x	D	P	y,	with	P	D	p	5	New	quadratic	form:	7y12	C	2y22		1	2	2	1	11.	338	CHAPTER	6	Orthogonality	and	Least	Squares	SOLUTIONS	TO	PRACTICE	PROBLEMS					ab	7	7	ab	14=5	1.	2	3	2	2	3	3	4	2=3	2=3	17.	Av1	(8)	vr	σr	ur	vr	+	1	ur	+	1	0	0	...	A	solution	of	(3)	is	often	denoted	by	xO	.	0,	3
19.	The	next	theorem	suggests	why	an	orthogonal	basis	is	much	nicer	than	other	bases.	2/kC1	C	4k.	Show	that	if	an	n		n	matrix	G	is	positive	semidefinite	and	has	rank	r	,	then	G	is	the	Gram	matrix	of	some	r		n	matrix	A.	Kiefer,	Remote	Sensing	and	Image	Interpretation,	4th	ed.					1	1	2	1	13.	It	is	not	difficult	to	verify	that	for	any	orthogonal	P	,	the
covariance	matrix	of	Y1	;	:	:	:	;	YN	is	P	T	SP	(Exercise	11).	Section	7.5,	page	430	7.	Let	R2	have	the	inner	product	of	Example	1.	Yes	3.	[M]	About	13.9%	of	the	United	States	population	17.	From	now	on,	when	an	inner	product	space	involves	polynomials	or	other	functions,	we	will	write	the	functions	in	the	familiar	way,	rather	than	use	the	boldface	type
for	vectors.	6	4	25	3	2	3	2	0	6	27	6	7	6	xD6	4	45C4	2	3	10	67	7	25	2	2	3	2	2	647	6	7	6	9.	Getting	Started	with	Technology	If	your	course	includes	some	work	with	MATLAB,	Maple,	Mathematica,	or	TI	calculators,	you	can	read	one	of	the	projects	on	the	Web	site	for	an	introduction	to	the	Preface	xiii	technology.	b.	y	D	4	2	5,	u1	D	4	1	5,	u2	D	4	1	5	2	6	2	2
3	2	3	2	3	6	0	4	6.	Its	eigenvalues	turn	out	to	be		D	3	and		D	7.	F	T	T	T	c.	Here,	r	D	41	,	s	D	31	,	t	D	5	.	When	c4	D	0,	y	and	v1	D	3.v2	v1	/	10.v3	y	D	8v1	C	3v2	v1	/	C	0.v4	10v3	As	another	example,	take	c4	D	1.	1	3	5	1					16	4	7	24	15.	2	1/	D	12t	4q1	2	6q2	12t	C	2.	1/.	1	D	.PB/P	1	,	and	use	the	trace	27.					1Ci	1	i	13.	If	A	is	symmetric	and	P	is	an	orthogonal
matrix,	then	the	change	of	variable	x	D	P	y	transforms	xTAx	into	a	quadratic	form	with	no	cross-product	term.	SOLUTION	Let	q1	D	p1	,	and	compute	hp2	;	q1	i	D	Z	0	1	.2t	1/.1/	dt	D	.t	2	ˇ1	ˇ	t/ˇˇ	D	0	0	382	CHAPTER	6	Orthogonality	and	Least	Squares	So	p2	is	already	orthogonal	to	q1	,	and	we	can	take	q2	D	p2	.	x2	Positive	definite	z	x1	(4)	x2	EXAMPLE
6	Is	Q.x/	D	3x12	C	2x22	C	x32	C	4x1	x2	C	4x2	x3	positive	definite?	The	calculations	in	Example	3	show	that	v4	v1	is	a	linear	combination	of	v2	v1	and	v3	v1	,	which	means	that	v4	v1	is	in	Span	fv2	v1	;	v3	v1	g.	Row	A	D	.Nul	A/?	For	instance,	it	is	the	heart	of	the	MATLAB	command	eig(A),	which	rapidly	computes	eigenvalues	and	eigenvectors	of	A.	By
Theorem	9,	is	an	orthonormal	basis	for	Col	A.	The	general	least-squares	problem	is	to	find	an	x	that	makes	Ax	as	close	as	possible	to	b.	Use	the	transpose	definition	of	the	inner	product	to	verify	parts	(b)	and	(c)	of	Theorem	1.	Let	v1	D	4	2	5,	v2	D	4	1	5,	v3	D	4	4	5,	p1	D	4	3	5,	and	p2	D	4	2	5,	and	let	1	1	1	5	2	S	D	fv1	;	v2	;	v3	g.	In	this	case,	the	Casorati
matrix	gives	no	information	about	the	linear	independence/dependence	of	the	set	of	signals.	An	n		n	matrix	A	is	said	to	be	orthogonally	diagonalizable	if	there	are	an	orthogonal	matrix	P	(with	P	1	D	P	T	)	and	a	diagonal	matrix	D	such	that	A	D	PDPT	D	PDP	(1)	1	Such	a	diagonalization	requires	n	linearly	independent	and	orthonormal	eigenvectors.	The
text	includes	many	exercises	for	which	a	written	justification	is	part	of	the	answer.	Strang,	Gilbert,	Linear	Algebra	and	Its	Applications,	4th	ed.	The	col3:5	1	4	5	ors	at	the	vertices	v1	,	v2	,	and	v3	of	a	triangle	are	magenta	.1;	0;	1/,	light	magenta	.1;	:4;	1/,	and	purple	.:6;	0;	1/,	respectively.	That	line	points	in	the	direction	of	x00	.0/.	v1	Row	A	v2	...	2/k	.0/
7.	Then	conv	S	is	a	triangular	surface	in	R3	,	with	vertices	e1	,	e2	,	and	e3	.	Not	symmetric		:6	:8	7.	Watkins,	David	S.,	Fundamentals	of	Matrix	Computations	(New	York:	Wiley,	1991),	pp.		D	1:	;		D	7:	2	2	2	3	2	2	3	3	0	1	1	13.	The	masses	are	uniquely	determined	by	requiring	that	their	sum	be	1.	Other	terms,	such	as	positive	semidefinite	matrix,	are
defined	analogously.	That	is,	either	they	are	all	true	statements	or	they	are	all	false.	Determine	the	rank	of	A.	Any	multiple	of	4	2=5	5,	such	as	4	2	5	1=5	1	19.	[A	common	incorrect	answer	is	.	Yes;	no.	Bessel’s	inequality	follows	from	the	fact	that	kOxk2		kxk2	,	noted	before	the	statement	of	the	Cauchy–Schwarz	inequality,	in	Section	6.7.	5.	4	are
verified	in	Exercises	21–23.	Since	dim	W	D	2,	the	set	fv1	;	v2	g	is	a	basis	for	W	.	While	the	curriculum	included	astronomy,	biology,	political	theory,	and	philosophy,	the	subject	closest	to	his	heart	was	geometry.	Frequent	“Warnings”	identify	common	errors	and	show	how	to	prevent	them.	5	C	5	˙4	2=3	5	2=3	Section	7.4,	page	423	1.	Report	the	final
matrix	entries	accurate	to	two	decimal	places.	Hint:	Suppose	A	and	B	are	convex.	Similarly,	the	values	of	x2	and	x3	produced	photographs	(b)	and	(c),	respectively.	The	new	axes	for	this	change	of	variable	are	shown	in	Fig.	cm.	For	a	square	matrix	A,	vectors	in	Col	A	are	orthogonal	to	vectors	in	Nul	A.	projW	y	c.	[M]	The	reduced	echelon	form	of	Œv1	;
v2	;	v3	;	w	shows	that	w	D	v1	2v2	C	v3	.	Three	basic	operations	are	used	to	simplify	a	linear	system:	Replace	one	equation	by	the	sum	of	itself	and	a	multiple	of	another	equation,	interchange	two	equations,	and	multiply	all	the	terms	in	an	equation	by	a	nonzero	constant.	Describe	the	model	that	produces	a	least-squares	fit	of	these	points	by	a	function
of	the	form	where	ˇ	is	a	constant	and	e	is	the	eccentricity	of	the	orbit,	with	0		e	<	1	for	an	ellipse,	e	D	1	for	a	parabola,	and	e	>	1	for	a	hyperbola.	The	least-squares	solution	was	found	in	1986	by	solving	a	related	system	of	so-called	normal	equations,	which	involved	928,735	equations	in	928,735	variables.1	More	recently,	knowledge	of	reference
points	on	the	ground	has	become	crucial	for	accurately	determining	the	locations	of	satellites	in	the	satellite-based	Global	Positioning	System	(GPS).	The	main	goal	of	this	section	is	to	explain	a	technique,	called	principal	component	analysis,	used	to	analyze	such	multivariate	data.	Construct	a	spectral	decomposition	of	A	from	Example	3.	Then	3	2	1	0
6	2	07	7	6	7	6	:	::	U	†	D	Œ	u	1	u2				um		6	7	7	6	5	4	0	r	0	0	D	Œ	1	u1				r	ur	D	AV	0		0	Since	V	is	an	orthogonal	matrix,	U	†V	T	D	AV	V	T	D	A.	Construct	U.	Find	the	maximum	value	of	xTAx	subject	to	the	conditions	xTx	D	1;	xTu1	D	0	(4)	SOLUTION	From	Example	3,	the	second	greatest	eigenvalue	of	A	is		D	3.	3.)	Each	vector	must	satisfy	uT1	x	D	0,	which
is	equivalent	to	the	equation	x1	2x2	C	2x3	D	0.	However,	2	3	2	3	3	3	0	0	1	1	0	0	4	3	7	0	35		40	4	0	35	0	0	0	5	0	0	0	5	The	matrix	has	a	pivot	in	each	row	and	hence	its	columns	span	R3	.	2	1	3	5	13.	Replace	u	in	that	formula	by	c	u,	where	c	is	an	unspecified	nonzero	scalar.	y	D	4	4	5,	u1	D	4	1	5,	u2	D	4	1	5	1	1	1	In	Exercises	7–10,	let	W	be	the	subspace
spanned	by	the	u’s,	and	write	y	as	the	sum	of	a	vector	in	W	and	a	vector	orthogonal	to	W	.	fv1	;	v2	g,	where	v2	D	is	an	eigenvector	for		D	:3	1	25.	Written	by	Rick	Smith,	they	were	developed	to	accompany	a	computational	linear	algebra	course	at	the	University	of	Florida,	which	has	used	Linear	Algebra	and	Its	Applications	for	many	years.	(See
Exercises	15	and	16.)	Suppose,	for	example,	that	˛	is	closer	to	2	than	to	the	other	eigenvalues	of	A.	The	value	of	xTAx	is	M	when	x	is	a	unit	eigenvector	u1	corresponding	to	M	.	However,	some	choices	of	the	other	“control”	points,	p0	,	p1	,	p5	,	and	p6	,	can	produce	a	curve	with	a	visible	corner	at	p3	,	in	which	case	the	curve	is	not	G	1	continuous	at	p3
.]	7.	The	recorded	latitudes	and	longitudes	in	the	NAD	must	be	determined	to	within	a	few	centimeters	because	they	form	the	basis	for	all	surveys,	maps,	legal	property	boundaries,	and	layouts	of	civil	engineering	projects	such	as	highways	and	public	utility	lines.	Mention	Theorem	4,	and	observe	that	three	linearly	independent	vectors	in	R3	form	a
basis.	The	ratio	for	v4	is	smaller,	so	subtract	48	6	times	equation	(3)	from	equation	(2)	to	eliminate	v4	:	1	4	C	5	48		v1	C	1	6	4	48	17	v	48	1		v2	C	C	4	v	48	2	1	2	C	C	3	48		v3	C	27	v	48	3	Dp	1	12	4	48		v4	D	p	This	result	cannot,	in	general,	be	improved	by	decreasing	the	required	number	of	points.	THEOREM	7	A	set	S	is	convex	if	and	only	if	every	convex
combination	of	points	of	S	lies	in	S	.	The	Study	Guide	contains	a	detailed	solution	to	every	third	odd-numbered	exercise,	plus	solutions	to	all	odd-numbered	writing	exercises	for	which	only	a	hint	is	given	in	the	Answers	section	of	this	book.	3,	3,	1,	1,	0	11.	A	partial	answer	is	provided	by	two-dimensional	projections	of	the	fourdimensional	object,
created	in	a	manner	analogous	to	twodimensional	projections	of	a	three-dimensional	object.	Is	p3	in	Span	S	?	As	a	check,	compute					8	1	yO	.y	yO	/	D		D	8C8D0	4	2	Since	the	line	segment	in	Fig.	As	we	shall	see,	this	fact	will	permit	us	to	view	the	data	as	essentially	one-dimensional	rather	than	three-dimensional.	The	Guide	supplies	a	detailed	solution
to	every	third	odd-numbered	exercise,	which	allows	students	to	check	their	work.	A	D	:3	:8	b.	That	is,	2	(a,	b)	|a|	The	length	(or	norm)	of	v	is	the	nonnegative	scalar	kvk	defined	by	q	p	kvk	D	v		v	D	v12	C	v22	C				C	vn2	;	and	kvk2	D	v		v	x1	FIGURE	1	Interpretation	of	kvk	as	length.	y1	D	ˇ0	C	ˇ1	x1	C	ˇ2	x12	C	1	y2	D	ˇ0	C	ˇ1	x2	C	ˇ2	x22	C	2	::	::	:	:	yn	D	ˇ0
C	ˇ1	xn	C	ˇ2	xn2	C	n	372	CHAPTER	6	Orthogonality	and	Least	Squares	It	is	a	simple	matter	to	write	this	system	of	equations	in	the	form	y	D	Xˇ	C	.	The	next	two	examples	focus	attention	on	the	internal	structure	of	a	singular	value	decomposition.	Note	that	p2	(from	Example	2)	is	in	the	plane	through	b1	,	b2	,	and	b3	,	while	p1	is	not	in	that	plane.
Images	from	three	Landsat	spectral	bands	are	shown	in	(a)–(c).	[M]	2x12	6x3	x4	6x22	9x32	12.	The	coefficients	ˇ0	,	ˇ1	of	the	line	are	called	(linear)	regression	coefficients.²	If	the	data	points	were	on	the	line,	the	parameters	ˇ0	and	ˇ1	would	satisfy	the	equations	Predicted	y	-value	Observed	y	-value	ˇ0	C	ˇ1	x	1	=	y1	ˇ0	C	ˇ1	x	2	::	:	=	y2	::	:	ˇ0	C	ˇ1	x	n	=
yn	We	can	write	this	system	as	Xˇ	D	y;	2	1	61	6	where	X	D	6	::	4:	1	3	x1	x2	7	7	::	7	;	:	5	xn	ˇD			ˇ0	;	ˇ1	2	3	y1	6	y2	7	6	7	y	D	6	::	7	4	:	5	(1)	yn	Of	course,	if	the	data	points	don’t	lie	on	a	line,	then	there	are	no	parameters	ˇ0	,	ˇ1	for	which	the	predicted	y	-values	in	Xˇ	equal	the	observed	y	-values	in	y,	and	Xˇ	D	y	has	no	solution.	Compute	the	quadratic	form
xTAx,	for	A	D	4	3	0	and	5	1=3	1=3	1			1	3	3	2	1		3	0	15	1	3	x1	a.	xiv	Preface	ACKNOWLEDGMENTS	I	am	indeed	grateful	to	many	groups	of	people	who	have	helped	me	over	the	years	with	various	aspects	of	this	book.	l.	SOLUTION	The	constraint	equation	4x	2	C	9y	2	D	36	does	not	describe	a	set	of	unit	vectors,	but	a	change	of	variable	can	fix	that
problem.	That	is,	i	D	i	for	1		i		n.	A	solution	with	c1	D	c2	D	0	is	repelled.				0	6	5	.	Thus	the	matrix	for	I	relative	to	B	and	the	standard	basis	E	is	simply	Œ	b1	b2				bn	.	433	14.	The	value	of	xTAx	is	m	when	x	is	a	unit	eigenvector	corresponding	to	m.	if	and	only	if	x	is	orthogonal	to	every	vector	in	a	set	that	spans	W	.	[Hint:	See	the	Supplementary
Exercises	for	Chapter	5.]	2y	C	5´	D	a	2y	C	5´	D	b	2	1	6	0	6	U	TAU	D	6	::	4	:	2y	C	5´	D	c	12.	Since	each	S˛	is	convex,	the	line	segment	between	p	and	q	is	in	S˛	for	all	˛	and	hence	that	segment	is	contained	in	\S˛	.	4,	3,	3	7.		3	0	2	2	2	7	9.	Find	the	first	principal	component	of	the	data,	and	compute	the	percentage	of	the	total	variance	that	is	contained	in
this	component.	[M]	Construct	a	pair	u,	v	of	random	vectors	in	R4	,	and	let	2	3	:5	:5	:5	:5	6	:5	:5	:5	:5	7	7	AD6	4	:5	:5	:5	:5	5	:5	:5	:5	:5	a.	Show	that	A	and	Q	have	the	same	column	space.	You	should	find	that	AP	PD	has	extremely	small	entries	and	PDP	1	is	close	to	A.	2	3	r	Q	then	Cramer’s	rule	gives	23.	is	a	subspace,	it	must	contain	all	linear
combinations	of	the	rows	of	A;	hence	.Nul	A/?	4	27.	Not	orthogonal	5.	Show	that	d	is	orthogonal	to	c.	The	mathematics	for	finding	the	ray-triangle	intersections	can	also	be	used	to	perform	extremely	realistic	shading	of	objects.	(See	Exercise	13.)	Denote	the	left	and	right	endpoints	of	this	interval	by	m	and	M	,	respectively.	Statisticians	usually
introduce	a	residual	vector	,	defined	by		D	y	Xˇ	,	and	write	y	D	Xˇ	C		Any	equation	of	this	form	is	referred	to	as	a	linear	model.	Which	of	the	following	trigonometric	polynomials	is	closer	to	f	?	Other	answers	are	possible.	The	distance	between	u	and	v	is	ku	d.	Principal	component	analysis,	essential	for	such	massive	data	sets,	typically	reduces	the	data
to	about	15	usable	principal	components.	15%,	12.5%	A38	Answers	to	Odd-Numbered	Exercises			1	:	0	2	3	1=4	7.	What	is	the	value	of	xTAx?	Compute	kpk	and	kqk,	for	p	and	q	in	Exercise	3.	Compute	the	distance	from	y	and	u	D	Let	y	D	6	1	to	the	line	through	u	and	the	origin.	The	next	two	examples	show	how	to	fit	data	by	curves	that	have	the	general
form	y	D	ˇ0	f0	.x/	C	ˇ1	f1	.x/	C				C	ˇk	fk	.x/	(2)	where	f0	;	:	:	:	;	fk	are	known	functions	and	ˇ0	;	:	:	:	;	ˇk	are	parameters	that	must	be	determined.	The	5.	From	(5)	and	(6),	the	orthogonal	complement	of	Nul	AT	is	Col	A.	Find	an	upper	triangular	matrix	R	such	that	A	D	QR.	7.4	The	Singular	Value	Decomposition	423	Moler,	C.		5=14	9=14		9.	Just	as	in	Rn	,
we	define	the	length,	or	norm,	of	a	vector	v	to	be	the	scalar	p	kvk	D	hv;	vi	Equivalently,	kvk2	D	hv;	vi.	Is	it	likely	to	be	useful?	Hence	N	ul	fur	C1	;	:	:	:	;	um	g	(6)	is	an	orthonormal	basis	for	Nul	AT	.	State	the	calculation	you	use.	That	is,	let	x	D	un	,	and	verify	that	xTAx	D	m.	(Since	S	is	2		2,	the	:436	computations	can	be	done	by	hand	if	a	matrix	program
is	not	available.)	For	the	size	index,	set	y	D	:900wO	C	:436hO	where	wO	and	hO	are	weight	and	height,	respectively,	in	mean-deviation	form.	6.	Least-Squares	Problems	6.5	361	Solution	of	the	General	Least-Squares	Problem	Given	A	and	b	as	above,	apply	the	Best	Approximation	Theorem	in	Section	6.3	to	the	subspace	Col	A.	In	Exercise	11,	one	choice
for	U	is	4	2=3	2=3	2=3	1=3	2	p	3	1=p6	7	6	Exercise	12,	one	column	of	U	can	be	4	2=	6	5.]	p	1=	6	5.	For	simplicity,	we	consider	functions	on	0		t		2	.	A	line	in	Rn	is	a	flat	of	dimension	1.	Find	the	interpolated	color	at	p.	Show	that	u	is	an	eigenvector	of	B	.	Observe	that	if	Ax	D	x,	then	xTAx	D	xT	.x/	D	.xT	x/,	and	the	Rayleigh	quotient	R.x/	D	xTAx	xT	x
equals	.	NUMERICAL	NOTE	A	fast	way	to	determine	whether	a	symmetric	matrix	A	is	positive	definite	is	to	attempt	to	factor	A	in	the	form	A	D	RTR,	where	R	is	upper	triangular	with	positive	diagonal	entries.	A	more	robust	and	widely	used	iterative	method	is	the	QR	algorithm.	14.	3.	3	2	4	0	2	The	set	B	D	fb1	;	b2	;	b3	g	is	a	basis	for	R3	.	Write
SOLUTION	The	coefficients	of	x12	,	x22	,	x32	go	on	the	diagonal	of	A.	Similarly,	the	two	lowest	points	on	the	curve	are	3	units	above	the	x1	x2	-plane.	If	z	is	orthogonal	to	u1	and	to	u2	and	if	W	D	Span	fu1	;	u2	g,	then	z	must	be	in	W	?	y	D	3v1	C	2v2	C	2v3	.	THEOREM	13	The	set	of	least-squares	solutions	of	Ax	D	b	coincides	with	the	nonempty	set	of
solutions	of	the	normal	equations	ATAx	D	AT	b.	rank	A	D	2;	dim	Nul	A	D	2;	2	3	2	3	1	4	Basis	for	Col	A:	4	1	5,	4	2	5	5	6	Basis	for	Row	A:	.1;	0;	1;	5/,	.0;	2;	5;	6/	2	3	2	3	1	5	6	5=2	7	6	3	7	7	6	7	Basis	for	Nul	A:	6	4	1	5,	4	0	5	0	1	3.	A	Cholesky	factorization	of	a	symmetric	matrix	A	has	the	form	A	D	RTR,	for	an	upper	triangular	matrix	R	with	positive	diagonal
entries.	This	shows	that	the	tangent	vector	x0	.0/	points	in	the	direction	from	p0	to	p1	and	is	three	times	the	length	of	p1	p0	.	The	first	principal	component	is	the	eigenvector	corresponding	to	the	largest	eigenvalue	of	S	,	the	second	principal	component	is	the	eigenvector	corresponding	to	the	second	largest	eigenvalue,	and	so	on.	Find	a	singular	value
decomposition	of	A	1	.	In	particular,	x0	.1/	D	0	if	and	only	if	p3	D	p2	.	1/kC1	Œa0	C	.a1	C				C	ak	k	D	.	4	2=p69	5	4=	69	15.	4(a)	and	4(d)	and	hyperbolas	in	Fig.	Use	the	steps	below	to	show	that	a	vector	x	in	Rn	satisfies	Ax	D	0	if	and	only	if	ATAx	D	0.	Since	p0	;	:	:	:	;	p3	are	orthogonal,	the	trend	coefficients	may	be	computed	one	at	a	time,	independently
of	one	another.	Then	y	yO	is	orthogonal	to	u	if	and	only	if	0	D	.y	˛	u/	u	D	y		u	.˛	u/	u	D	y		u	˛.u		u/	yu	yu	and	yO	D	u.	THEOREM	11	The	Gram--Schmidt	Process	Given	a	basis	fx1	;	:	:	:	;	xp	g	for	a	nonzero	subspace	W	of	Rn	,	define	v1	D	x1	v2	D	x2	v3	D	x3	::	:	vp	D	xp	x2		v1	v1	v1		v1	x3		v1	v1	v1		v1	x3		v2	v2	v2		v2	xp		v1	v1	v1		v1	xp		v	2	v2	v2		v2		xp		vp
1	vp	v	p	1		vp	1	Then	fv1	;	:	:	:	;	vp	g	is	an	orthogonal	basis	for	W	.	v1	D	and	v2	D	.			5	11.	Hence,	by	(a),	P	x	is	a	probability	vector.	Hint:	Write	A	D	PDP	1	.	To	do	this,	the	satellites	use	precise	atomic	clocks	that	have	been	synchronized	with	ground	stations	(whose	locations	are	known	accurately	because	of	the	NAD).	When	the	sample	mean	is
subtracted	from	the	data	in	Fig.	4	1=2	5	1	12.	SOLUTION	If	p1	is	at	least	a	linear	combination	of	the	points	in	S	,	then	the	weights	are	easily	found,	because	S	is	an	orthogonal	set.	Furthermore,	since	the	lengths	of	the	vectors	Av1	;	:	:	:	;	Avn	are	the	singular	values	of	A,	and	since	there	are	r	nonzero	singular	values,	Avi	¤	0	if	and	only	if	1		i		r	.	p2	D
2b1	C	0b2	C	b3	…	aff	S	since	the	coefficients	do	not	sum	to	1.	Such	software	relies	on	linear	algebra	techniques	and	systems	of	linear	equations.	Show	that	if	A	is	a	symmetric	matrix,	then	A2	is	symmetric.	I	thank	the	technology	experts	who	labored	on	the	various	supplements	for	the	Fourth	Edition,	preparing	the	data,	writing	notes	for	the
instructors,	writing	technology	notes	for	the	students	in	the	Study	Guide,	and	sharing	their	projects	with	us:	Jeremy	Case	(MATLAB),	Taylor	University;	Douglas	Meade	(Maple),	University	of	South	Carolina;	Michael	Miller	(TI	Calculator),	Western	Baptist	College;	and	Marie	Vanisko	(Mathematica),	Carroll	College.	Compute	the	orthogonal	projection
yO	of			2	instead	of	the	u	in	Example	3.	Study	this	equation,	and	use	the	fact	that	.vvT	/x	D	v.vT	x/	D	.vT	x/v,	because	vT	x	is	a	scalar.	A	Householder	matrix,	or	an	elementary	reflector,	has	the	form	Q	D	I	2uuT	where	u	is	a	unit	vector.	[M]	Compute	the	singular	values	of	the	4		4	matrix	in	Exercise	9	in	Section	2.3,	and	compute	the	condition	number	1
=4	.	Note	that	the	least-squares	solution	xO	itself	does	not	appear	in	the	figure.	9/2	C	52	D	131	D	30	C	101			b	25.	6.3	Orthogonal	Projections	349	2	3	2	3	2	3	2	2	1	EXAMPLE	2	Let	u1	D	4	5	5,	u2	D	4	1	5,	and	y	D	4	2	5.	That	is,	S	D	W	C	p	for	some	p	2	Rn	and	some	subspace	W	.	In	statistics,	for	instance,	the	value	of	cos	#	defined	by	(2)	for	suitable
vectors	u	and	v	is	what	statisticians	call	a	correlation	coefficient.	y	onto	L	using	u	D	1		p		3	2	3.	The	squares	of	the	singular	values	of	A	are	the	p	eigenvalues	of	S	,	and	the	right	singular	vectors	of	A	are	the	principal	components	of	the	data.	Let	A	be	an	n		n	matrix	with	n	real	eigenvalues,	counting	multiplicities,	denoted	by	1	;	:	:	:	;	n	.	4	can	occur	in
physics	when	some	sort	of	force	is	applied	to	an	object.	Let	U	and	x	be	as	in	Example	6,	and	let	y	D	.	If	the	car	is	traveling	at	constant	velocity,	then	the	graph	of	f	.t/	should	be	a	straight	line	whose	slope	is	the	car’s	velocity.	6.7	Inner	Product	Spaces	377	EXAMPLE	2	Let	t0	;	:	:	:	;	tn	be	distinct	real	numbers.	(See	the	Exercises	in	Section	6.5.)	10.
Denote	this	number	by	SS(T).	6.5	b.	Use	the	method	of	Examples	3	and	4.	The	origin	is	a	repeller.	Governments	can	detect	and	assess	damage	from	natural	disasters,	such	as	forest	fires,	lava	flows,	floods,	and	hurricanes.	By	the	Basis	Theorem	in	Section	4.5,	the	two	linearly	independent	signals	2k	and	.	9	3t	C	t	2	C	t	3	b.	This	calculation	shows	that
when	vectors	u	and	v	are	identified	with	geometric	points,	the	corresponding	lines	through	the	points	and	the	origin	are	perpendicular	if	and	only	if	u		v	D	0.	F	T	T	F	b.	Reproduced	by	permission.	Use	this	equation.	That	is,							8	1	7	D	C	4	2	6	"	y	"	yO	.y	"	yO	/	This	decomposition	of	y	is	illustrated	in	Fig.	THEOREM	3	A	nonempty	set	S	is	affine	if	and
only	if	it	is	a	flat.	This	modern	approach	simplifies	many	arguments,	and	it	ties	vector	space	ideas	into	the	study	of	linear	systems.	Long,	Cliff,	“Visualization	of	Matrix	Singular	Value	Decomposition.”	Mathematics	Magazine	56	(1983),	pp.	When	A	is	a	symmetric	matrix	.AT	D	A/,	the	Rayleigh	quotient	R.xk	/	D	.xTk	Axk	/=.xTk	xk	/	will	have	roughly	twice
as	many	digits	of	accuracy	as	the	scaling	factor	k	in	the	power	method.	Leone	(New	York:	John	Wiley	&	Sons,	1977).	a/2	C	.	The	following	calculations	show	that	given	any	number	t	between	M	and	m,	there	is	a	unit	vector	x	such	that	t	D	xTAx.	Verify	that	t	D	.1	˛/mp	C	˛M	for	some	number	˛	between	p	0	and	1.	[Hint:	Use	the	definition	of	an
eigenvector.]	6.	Her	help	and	enthusiasm	for	the	book	was	refreshing	and	inspiring.	Find	the	least-squares	solution	of	this	system	of	n	equations	in	the	one	unknown	,	and	write	this	solution	using	the	original	symbols.	Given	x	and	an	orthonormal	set	fv1	;	:	:	:	;	vp	g	in	Rn	,	let	xO	be	the	orthogonal	projection	of	x	onto	the	subspace	spanned	by	v1	;	:	:	:	;
vp	.	By	the	Rank	Theorem,	dim	Nul	A	D	n	dim	Col	A	D	n	m.	Then	AOx	D	QRxO	D	QRR	1	QT	b	D	QQT	b	By	Theorem	12,	the	columns	of	Q	form	an	orthonormal	basis	for	Col	A.	Yes,	because	P	2	has	all	positive	entries.	7.3	Constrained	Optimization	409	It	is	easy	to	see	in	Example	1	that	the	matrix	of	the	quadratic	form	Q	has	eigenvalues	9,	4,	and	3	and
that	the	greatest	and	least	eigenvalues	equal,	respectively,	the	(constrained)	maximum	and	minimum	of	Q.x/.	Here	are	a	few	possibilities;	others	will	be	described	later.	Justify	your	answer.	1;	0/,	.0;	1/,	.1;	2/,	.2;	4/	4.	s.	To	monitor	the	process,	300	samples	are	taken	of	the	material	produced,	and	each	sample	is	subjected	to	a	battery	of	eight	tests,	such
as	melting	point,	density,	ductility,	tensile	strength,	and	so	on.	8.1	x3	5	b3	b2	p2	0	b1	p1	5	x1	FIGURE	3	Affine	Combinations	441	Theorem	3	provides	a	geometric	way	to	view	the	affine	hull	of	a	set:	it	is	the	flat	that	consists	of	all	the	affine	combinations	of	points	in	the	set.	Show	that	x	is	an	eigenvector	of	5I	A.	Conversely,	if	x	is	orthogonal	to	Row	A,
then	x	is	certainly	orthogonal	to	each	row	of	A,	and	hence	Ax	D	0.	This	factorization	is	widely	used	in	computer	algorithms	for	various	computations,	such	as	solving	equations	(discussed	in	Section	6.5)	and	finding	eigenvalues	(mentioned	in	the	exercises	for	Section	5.2).	The	corresponding	unit	eigenvectors,	v1	,	v2	,	and	v3	,	are	the	right	singular
vectors	of	A.	[M]		D	5	2	3	1	7.	1	3	SOLUTION	2	3	3	5	1	4	2	5	D	.2/.3/	C	.	Note	that	u1	is	a	unit	eigenvector	corresponding	to	the	greatest	eigenvalue		D	9	of	the	matrix	of	the	quadratic	form.	(ISBN:	0-321-38518-7)	Instructor’s	Technology	Manuals	Each	manual	provides	detailed	guidance	for	integrating	a	specific	software	package	or	graphic	calculator
throughout	the	course,	written	by	faculty	who	have	already	used	the	technology	with	this	text.	Material	presented	in	one	section	is	not	easily	understood	unless	you	have	thoroughly	studied	the	text	and	worked	the	exercises	for	the	preceding	sections.	So	the	desired	orthogonal	matrix	P	is	one	that	makes	P	T	SP	diagonal.	From	the	proof	of	Theorem
12,	A	D	QR	for	some	R.	(The	Study	Guide	describes	one	method.)	Let	Q0	D	Œ	qnC1				qm		and	Q1	D	Œ	Q	Q0	.	/B	C	.	Since	B	is	affine,	Theorem	1	implies	that	B	contains	all	affine	combinations	of	points	of	B	.	A	D	4	1	1	2	4	61	11.	One	goal	of	multichannel	image	processing	is	to	view	the	data	in	a	way	that	extracts	information	better	than	studying	each
image	separately.		8.	Johnson,	Matrix	Analysis	(Cambridge:	Cambridge	University	Press,	1990).	Let	v3	be	the	vector	produced	by	subtracting	from	x3	its	projection	onto	the	subspace	W2	.	The	values	of	x1	,	converted	to	a	gray	scale	between	black	and	white,	produced	photograph	(a).	5,	for	vertices	a,	b,	c,	and	coordinate	values	r;	s;	t	,	as	above.	6.6
Applications	to	Linear	Models	371	The	General	Linear	Model	In	some	applications,	it	is	necessary	to	fit	data	points	with	something	other	than	a	straight	line.	If	A	is	m		n	and	x	is	in	Rn	,	then	xTATAx	D	.Ax/T	.Ax/	D	kAxk2		0.	Use	this	equation	to	find	an	eigenvalue	of	A	in	terms	of		and	˛	.	If	v1	;	:	:	:	vp	are	in	Rn	and	if	the	set	of	homogeneous	forms	fQv1	;
:	:	:	;	vQ	p	g	in	RnC1	is	linearly	independent,	then	fv1	;	:	:	:	;	vp	g	is	affinely	dependent.	xO	D	1=7	0	2	3	2	3	3	2=3	6	17	7	a.	2	2	3	3	1:8	1	1	6	2:7	7	62	47	6	6	7	7	7,	X	D	6	3	3:4	97	7.	Principal	component	analysis	can	be	applied	to	any	data	that	consist	of	lists	of	measurements	made	on	a	collection	of	objects	or	individuals.	y	yO	D		19.	But	the	definition
makes	no	stipulation	as	to	how	many	points	of	S	are	required	to	make	the	combination.	Consider	the	problem	of	finding	an	eigenvalue	of	an	n		n	matrix	A	when	an	approximate	eigenvector	v	is	known.	4	5	5,	4	3=2	5	1	3=2	9.	So	all	statements	in	Theorem	5	are	false,	and	S	is	affinely	independent.	Since	dim	H	D	2,	the	signals	form	a	basis	for	H	,	by	the
Basis	Theorem.	6	40	1	35	0	0	1	2	3	3	0	0	45	2	05	0	4	1	2	3	2	a.	Then	S	D	PDPT	and	P	TSP	D	D	.	To	show	that	W	is	closed	under	sums	and	scalar	multiples,	it	suffices	to	show	that	if	u1	and	u2	are	elements	of	W	,	then	u1	C	t	u2	is	in	W	for	every	real	t	.											1	2	0	3	5	1.	be	the	set	of	all	vectors	orthogonal	to	W	.	When	A	has	rank	r	,	the	first	r	columns	of
U	are	the	normalized	vectors	obtained	from	Av1	;	:	:	:	;	Avr	.	Leontief	had	divided	the	U.S.	economy	into	500	“sectors,”	such	as	the	coal	industry,	the	automotive	industry,	communications,	and	so	on.	Note	that	W	is	three-dimensional	since	it	was	defined	by	a	basis	of	three	vectors.	The	variables	x1	,	x2	,	x3	are	the	signal	intensities	in	the	three	spectral
bands.	Similarly,	c2	;	:	:	:	;	cp	must	be	zero.	p	1=	2	6	p	EXAMPLE	6	Let	U	D	4	1=	2	0	thonormal	columns	and	2	T	U	U	D		p	1=	2	2=3	Verify	that	kU	xk	D	kxk.	Let	u1	be	a	unit	eigenvector	corresponding	to	1	,	let	u2	;	:	:	:	;	un	be	any	other	vectors	such	that	fu1	;	:	:	:	;	un	g	is	an	orthonormal	basis	for	Rn	,	and	then	let	U	D	Œ	u1	u2				un	.	Let	2	p	3	p	2	3	1=
2	1=	18	2=3	7	0	0	p	6	7	P	D	Œ	u1	u2	u3		D	4	0	1=3	5	;	D	D	4	0	7	0	5	4=	18	p	p	0	0	2	1=	2	1=	18	2=3	Then	P	orthogonally	diagonalizes	A,	and	A	D	PDP	1	.	I	also	thank	Thomas	Polaski,	of	Winthrop	University,	for	his	newly	revised	Chapter	10.	But	this	time,	since	P	is	square	and	has	orthonormal	columns,	P	is	an	orthogonal	matrix,	and	P	1	is	simply	P	T
.	3	2	3	2	3	21	x1	x12	2	3	1	y1	6	7	2	7	ˇ0	6	y2	7	6	1	x2	x2	76	7	6	2	7	6	7	6	6	7	6	::	7	D	6	:	:	::	7	6	74	ˇ1	5	C	6	::	7	::	4	:	5	4	::	4	:	5	:	5	ˇ2	yn	2	1	x	x		n	y	D	n	n	X	C	ˇ		EXAMPLE	3	If	data	points	tend	to	follow	a	pattern	such	as	in	Fig.	To	simplify	notation,	suppose	that	A	is	a	3		3	matrix	with	eigenvalues	a		b		c	.	Numerical	linear	algebra	topics,	such	as	condition
numbers,	matrix	factorizations,	and	the	QR	method	for	finding	eigenvalues,	are	also	included.	(Answer	this	without	computing	a	leastsquares	solution.)	1	10.	Eigenvector:	x4	D					4:9978	1	,	or	Ax4	D	;	:3326	1:6652					:5188	:4594	,	or	Ax4	D	;	1	:9075			:9075					:7999	4:0015	5.	Show	that	S	is	an	affine	subset	of	Rn	.	If	A	is	a	2		2	symmetric	matrix,	then
the	set	of	x	such	that	xTAx	D	c	(for	a	constant	c	)	corresponds	to	either	a	circle,	an	ellipse,	or	a	hyperbola.	Then	yO	v	is	in	W	.	The	remaining	r	terms	(corresponding	to	the	nonzero	eigenvalues)	are	all	rank	1	matrices,	as	mentioned	in	the	discussion	of	the	spectral	decomposition.	Photo	by	Bo	Strain.	An	n		n	matrix	with	n	linearly	independent
eigenvectors	is	invertible.	Scaling	of	vectors	is	not	mentioned	because	that	is	used	only	to	simplify	hand	calculations.	Find	the	covariance	matrix	for	the	data.	Each	point	.x;	y/	in	the	shaded	feasible	set	represents	a	possible	public	works	schedule	for	the	year.	yO	where	yO	D	˛	u	for	some	scalar	˛	and	z	is	some	vector	orthogonal	to	u.	Then	A2	is	r		r	with
linearly	independent	rows.	D	0	0	0	1	0	0	0	1	"	p	p	p	#	p	#	"	3	0	2=p5	2=p5	1=p5	1=p5	7.	The	act	of	preparing	the	sheets	is	one	of	the	secrets	to	success	in	the	course,	because	you	will	construct	links	between	ideas.	Since	xk	C1	is	in	Wk	C1	,	so	is	vk	C1	(because	Wk	C1	is	a	subspace	and	is	closed	under	subtraction).	4/k	.	Orthogonality	and	Least-
Squares	Problems	These	topics	receive	a	more	comprehensive	treatment	than	is	commonly	found	in	beginning	texts.	z	x1	z	x2	FIGURE	1	´	D	3x12	C	7x22	.	For	Axiom	4,	note	that	hp;	pi	D	Œp.t0	/2	C	Œp.t1	/2	C				C	Œp.tn	/2		0	Also,	h0;	0i	D	0.	Show	that	T	is	a	linear	transformation.	If	y	D	z1	C	z2	,	where	z1	is	in	a	subspace	W	and	z2	is	in	W	?	2	4	Find
points	v1	and	v2	such	that	the	solution	set	of	Ax	D	b	is	aff	fv1	;	v2	g.	Some	applications	appear	in	separate	sections;	others	are	treated	in	examples	and	exercises.	Orthonormal	23.	Then	c1	C				C	cp	D	0.	Section	6.1,	page	336	1.	Compute	kyk2	D	29	and	kyk	D	29.	Compute	m	D	.p1	C	p2	/=2.	Orthogonal	7.	8.2	Affine	Independence	449	When	a	point	is
not	inside	the	triangle	(or	tetrahedron),	some	or	all	of	the	barycentric	coordinates	will	be	negative.	Let	A	be	an	n		n	symmetric	matrix	of	rank	r	.	The	Inverse	Power	Method	This	method	provides	an	approximation	for	any	eigenvalue,	provided	a	good	initial	estimate	˛	of	the	eigenvalue		is	known.	y	D	:8558	C	4:7025t	C	5:5554t	2	:0274t	3	b.	Also,	parts
(a)	and	(c)	follow	from	(b).	6.8	Applications	of	Inner	Product	Spaces	383	13.	Show	that	if	fv1	;	v2	;	v3	g	is	a	basis	for	R3	,	then	aff	fv1	;	v2	;	v3	g	is	the	plane	through	v1	,	v2	,	and	v3	.	I	sincerely	thank	the	following	reviewers	for	their	careful	analyses	and	constructive	suggestions:	Rafal	Ablamowicz,	Tennessee	Technological	University	Brian	E.	.	But
then	.1	t/s1	C	t	y	is	also	in	S	.							a1	b1	c	,bD	,	and	c	D	1	.	If	y	is	in	a	subspace	W	,	then	the	orthogonal	projection	of	y	onto	W	is	y	itself.	This	view	is	still	useful	in	physics	today.¹	Figure	4	gives	a	geometric	interpretation	to	the	barycentric	coordinates	in	Example	4,	showing	the	triangle	abc	and	three	small	triangles	pbc,	apc,	and	abp.	T	F	F	2.	Compute
the	least-squares	error	associated	with	the	leastsquares	solution	found	in	Exercise	3.	1/k	q./	D	.	No	basis;	dim	is	0	15.	Notice	that	U	has	or2=3	5	and	x	D	3	1=3	2	p	p		1=	2	1=	2	0	4	p	1=	2	2=3	1=3	0	3		2=3	1	5	2=3	D	0	1=3	0	1		344	CHAPTER	6	Orthogonality	and	Least	Squares	SOLUTION	p	2	3	3	3	1=p2	2=3		p		2	D	4	15	U	x	D	4	1=	2	2=3	5	3	1	0
1=3	p	p	kU	xk	D	9	C	1	C	1	D	11	p	p	kxk	D	2	C	9	D	11	2	Theorems	6	and	7	are	particularly	useful	when	applied	to	square	matrices.	A	simple	curve	that	often	makes	a	good	model	for	the	variable	costs	of	a	company,	as	a	function	of	the	sales	level	x	,	has	the	form	y	D	ˇ1	x	C	ˇ2	x	2	C	ˇ3	x	3	.	If	v2	D	v1	,	then	(1)	again	describes	just	one	point.	p3	D	4	4	5	5
:5	0	7.	This	may	indicate	that	you	do	not	really	have	three	linearly	independent	eigenvectors.	The	orthogonal	projection	of	y	onto	u	is	a	scalar	multiple	of	y.	Given	a	vector	y	and	a	subspace	W	in	Rn	,	there	is	a	vector	yO	in	W	such	that	(1)	yO	is	the	unique	vector	in	W	for	which	y	yO	is	orthogonal	to	W	,	and	(2)	yO	is	the	unique	vector	in	W	closest	to	y.
However,	p2	is	an	affine	combination	of	the	b’s,	because	the	sum	of	the	weights	for	p2	is	1.	D	b.	6	5	4	43	0	0	2	05	1	4	1	0	1	0	1	1	3	1	4	2	3	2	3	1	3	1	1	3	1	5	and	v	D	4	1	5.	SOLUTION	Inner	product	Axioms	1–3	follow	from	elementary	properties	of	definite	integrals.	Change	of	Variable	in	a	Quadratic	Form	If	x	represents	a	variable	vector	in	Rn	,	then	a
change	of	variable	is	an	equation	of	the	form	x	D	P	y;	or	equivalently;	y	D	P	1	x	(1)	where	P	is	an	invertible	matrix	and	y	is	a	new	variable	vector	in	Rn	.	A	pair	of	numbers	.x1	;	x2	/	satisfies	both	equations	in	the	system	if	and	only	if	the	point	.x1	;	x2	/	lies	on	both	`1	and	`2	.	If	p	D	:325,	the	eigenvalues	are	1.05	and	.55.	Then	x1	,	for	example,	is	a	scalar
that	varies	over	the	set	of	first	coordinates	of	X1	;	:	:	:	;	XN	.	EXAMPLE	1	Show	that	fu1	;	u2	;	u3	g	is	an	orthogonal	set,	where	2	3	3	u1	D	4	1	5;	1	x3	u3	2	3	1	u	2	D	4	2	5;	1	2	3	1=2	u3	D	4	2	5	7=2	SOLUTION	Consider	the	three	possible	pairs	of	distinct	vectors,	namely,	fu1	;	u2	g,	fu1	;	u3	g,	and	fu2	;	u3	g.	Section	5.3,	page	286	1.	Prove	that	any	n		n
matrix	A	admits	a	polar	decomposition	of	the	form	A	D	PQ,	where	P	is	an	n		n	positive	semidefinite	matrix	with	the	same	rank	as	A	and	where	Q	is	an	n		n	orthogonal	matrix.	Let	W	be	the	subspace	spanned	by	S	.	This	is	possible	only	if	p	is	the	zero	polynomial,	because	the	degree	of	p	is	less	than	n	C	1.	A	D	6	;b	D	6	41	5	4	5	4	55	1	1=2	1=2	0	5	7	1	4
1=2	1=2	In	Exercises	17	and	18,	A	is	an	m		n	matrix	and	b	is	in	Rm	.	Compute	the	quadratic	form	xTAx,	when	A	D	and	a.	First-	and	third-order	approximations	to	f	.t/.	1	1	2	2	The	direction	of	greatest	attraction	is	the	line	through	.	Exercises	15	and	16	concern	the	(real)	Schur	factorization	of	an	n		n	matrix	A	in	the	form	A	D	URU	T	,	where	U	is	an
orthogonal	matrix	and	R	is	an	n		n	upper	triangular	matrix.1	9.			2	3	.	Because	the	largest	entry	in	xk	is	1,	the	largest	entry	in	Axk	is	close	to	1	.	2;	3/,	.	Formula	(2)	is	recommended	for	hand	calculations.	In	this	case,	the	best	approximation	to	f	by	functions	in	W	is	the	orthogonal	projection	of	f	onto	the	subspace	W	.	:5	15.	In	a	QR	factorization,	say	A	D
QR	(when	A	has	linearly	independent	columns),	the	columns	of	Q	form	an	orthonormal	basis	for	the	column	space	of	A.	2	3	8	5	2	0	6	5	2	1	27	7.	That	is,	aff	A		B	.	O	By	the	Orthogonal	Decomposition	Theorem	in	SecSuppose	xO	satisfies	AOx	D	b.													3	0	2	2	5	3	1.	So	each	vector	on	L	is	orthogonal	to	every	w	in	W	.	4	1	24	7	2	3	3	2	2	36	0	1	1	3	23	05
3	15	18.	p2	is	on	the	edge	v2	v3	of	conv	T	.	Includes	index.	(This	also	shows	that	the	eigenvalues	of	A	are	1,	.5,	and	.2.)	b.	8.1	AFFINE	COMBINATIONS	An	affine	combination	of	vectors	is	a	special	kind	of	linear	combination.	Then	A	D	8u1	uT1	C	3u2	uT2	To	verify	this	decomposition	of	A,	compute	p				p		4=5	2=5	2=p5		p	D	2=	5	1=	5	2=5	1=5	1=	5	p			
	p		p	1=p5		1=5	2=5	T	u2	u2	D	1=	5	2=	5	D	2=5	4=5	2=	5	u1	uT1	D		and	8u1	uT1	C	3u2	uT2	D		32=5	16=5			3=5	16=5	C	6=5	8=5	6=5	12=5		D		7	2	2	4		DA	7.1	Diagonalization	of	Symmetric	Matrices	399	NUMERICAL	NOTE	When	A	is	symmetric	and	not	too	large,	modern	high-performance	computer	algorithms	calculate	eigenvalues	and
eigenvectors	with	great	precision.	Show	that	1	;	:	:	:	;	n	are	the	eigenvalues	of	A.	yu	u.	16			5	3=2	3=2	0	2	3	0	2	3	42	0	45	3	4	0		1	,	yT	D	y	D	6y12	1	4y22	In	Exercises	9–14,	other	answers	(change	of	variables	and	new	quadratic	form)	are	possible.	Find	the	SVD	of	A	D	0	1	2	3	3	1	15	1		2	[Hint:	Work	with	AT	.]	2	14.	Page	254	Chicago,	frontview:	Archana
Bhartia/Shutterstock;	House	shopping:	Noah	Strycker/Shutterstock.	THEOREM	5	Quadratic	Forms	and	Eigenvalues	Let	A	be	an	n		n	symmetric	matrix.	[M]	To	measure	the	takeoff	performance	of	an	airplane,	the	horizontal	position	of	the	plane	was	measured	every	second,	from	t	D	0	to	t	D	12.	,	and	let	u	represent	any	element	of	W	.	2	for	a	diagram	of
this	construction.	a	D	,bD	16.	What	is	the	corresponding	eigenvalue?	We	turn	next	to	a	construction	that	will	become	a	key	step	in	many	calculations	involving	orthogonality,	and	it	will	lead	to	a	geometric	interpretation	of	Theorem	5.	37.	By	matrix	multiplication	and	part	(a),					SP	D	S	p1	S	p2				S	pn	D	1	1				1	D	S	c.	m	D	3	on	the	set	conv	fp1	;	p2	g							
	0	5	4	0	5.	(These	weights	are	just	the	B	-coordinates	of	y,	as	in	Section	4.4.)	8.1	Affine	Combinations	439	2	3	2	3	2	3	2	3	2	3	4	0	5	2	1	EXAMPLE	2	Let	b1	D	4	0	5,	b2	D	4	4	5,	b3	D	4	2	5,	p1	D	4	0	5,	and	p2	D	4	2	5.	So,	for	each	real	t	,	.1	t/s1	C	t	s2	D	.1	D	.1	Since	W	is	a	subspace,	.1	Thus	S	is	affine.	If	A	D	QR,	where	Q	has	orthonormal	columns,	then	R
D	QTA.	Find	the	least-squares	cubic	curve	y	D	ˇ0	C	ˇ1	t	C	ˇ2	t	2	C	ˇ3	t	3	for	these	data.	In	fact,	L	consists	of	all	vectors	that	are	orthogonal	to	the	w’s	in	W	,	and	W	consists	of	all	vectors	orthogonal	to	the	z’s	in	L.	T	F	F	F	c.	1/2	D	17	vD	The	vectors	u,	v,	and	u	v	are	shown	in	Fig.	Theorem	9	says	that	this	error	is	minimized	when	v	D	yO	.	Find	a	nonzero
vector	u	in	Nul	A,	and	verify	that	kOxk	<	kOx	C	uk,	which	must	be	true	by	Exercise	13(c).	Note	that	S	is	an	orthogonal	set.	4(c).	When	taking	a	convex	combination	of	k	C	1	points,	consider	y	D	c1	v1	C				C	ck	vk	C	ck	C1	vk	C1	,	where	c1	C				C	ck	C1	D	1	and	0		ci		1	for	456	CHAPTER	8	The	Geometry	of	Vector	Spaces	all	i	.	Such	an	xO	in	Rn	is	a	list	of
weights	that	will	build	bO	out	of	the	columns	of	A.	See	Exercise	19.	Quadratic	Forms	407	e.	p		p		a	b	19.	P	D	4	1=	3	p	1=	3	2	5	0	2	D	D	40	0	0	2	0	2	p	#		17	1=p17	,DD	0	4=	17	p	4=p17	1=	17	2	2	p	#		4	1=p2	,DD	0	1=	2	p	1=p6	2=p6	1=	6	3	0	05	2		0	0		p	3	1=	2	7	0p	5,	1=	2	35.	1,	t	,	3t	2	1	27.	Let	T	W	Rn	!	Rm	be	a	linear	transformation.	(Elementary
reflectors	are	often	used	in	computer	programs	to	produce	a	QR	factorization	of	a	matrix	A.	Write	the	normal	equations	for	the	data	in	part	(a),	and	solve	them	to	find	the	least-squares	line,	y	D	ˇ0	C	ˇ1	x		,	where	x		D	x	5:5.	Show	that	if	the	columns	of	A	are	linearly	independent,	then	R	must	be	invertible.	4(a)	and	all	negative	in	Fig.	ku	C	vk		kuk	C	kvk
The	triangle	inequality	follows	immediately	by	taking	square	roots	of	both	sides.	Find	an	example	in	R2	to	show	that	equality	need	not	hold	in	the	statement	of	Exercise	25.	Suppose	A	D	QR	is	a	QR	factorization	of	an	m		n	matrix	A	(with	linearly	independent	columns).	If	A	is	orthogonally	diagonalizable,	then	A	is	symmetric.	Write	y	as	the	sum	of	a
vector	and	u	D	Let	y	D	1	6	in	Span	fug	and	a	vector	orthogonal	to	u.	In	this	case,	the	two	columns	of	the	design	matrix	will	be	orthogonal.	A	nonsymmetric	matrix	cannot	have	a	full	set	of	orthogonal	eigenvectors,	but	the	algorithm	still	produces	fairly	accurate	eigenvalues.	Note	that	S	is	an	orthogonal	basis	for	R3	.	Solve	.A	3I	/x	D	0	to	find	an
eigenvector,	and	normalize	it	to	obtain	p	3	1=p6	6	7	u2	D	4	1=	6	5	p	2=	6	2	The	vector	u2	is	automatically	orthogonal	to	u1	because	the	vectors	correspond	to	different	eigenvalues.	Find	the	cubic	curve	that	fits	the	data	with	minimum	weighted	least-squares	error,	and	use	it	to	estimate	the	velocity	of	the	plane	when	t	D	4:5	seconds.	Also,	the	entries
in	P	x	are	nonnegative	(because	P	and	x	have	nonnegative	entries).	Refer	to	the	Study	Guide	after	you	have	written	your	answers.	The	proof	of	Theorem	5	essentially	points	out	that	an	affine	dependence	relation	among	points	corresponds	to	a	linear	dependence	relation	among	the	homogeneous	454	CHAPTER	8	The	Geometry	of	Vector	Spaces	forms
of	the	points,	using	the	same	weights.	Each	eigenvector	of	A	is	also	an	eigenvector	of	A2	.	Computational	Topics	The	text	stresses	the	impact	of	the	computer	on	both	the	development	and	practice	of	linear	algebra	in	science	and	engineering.	Rewrite	the	constraint	in	the	form		x	2		y	2	C	D1	3	2	²	Indifference	curves	are	discussed	in	Michael	D.	0			A1		
3	7	7	7	5	[M]	When	the	right	side	of	an	equation	Ax	D	b	is	changed	slightly—say,	to	Ax	D	b	C	b	for	some	vector	b—the	solution	changes	from	x	to	x	C	x,	where	x	satisfies	A.x/	D	b.	2	3	3	2	1	1	SOLUTION	Compute	v2	v1	D	4	4	5	and	v3	v1	D	4	1	5.	To	find	cj	for	j	D	2;	:	:	:	;	p	,	compute	y		uj	and	solve	for	cj	.	EXAMPLE	2	Find	a	least-squares	solution	of	Ax	D
b	for	2	1	61	6	61	AD6	61	6	41	1	1	1	0	0	0	0	0	0	1	1	0	0	3	0	07	7	07	7;	07	7	15	1	2	6	6	6	bD6	6	6	4	3	3	17	7	07	7	27	7	55	1	6.5	Least-Squares	Problems	363	SOLUTION	Compute	2	1	1	0	0	1	0	1	0	1	0	1	0	1	0	0	1	2	1	1	0	0	1	0	1	0	1	0	1	0	1	0	0	1	1	61	T	AAD6	40	0	1	61	T	A	bD6	40	0	2	1	0	3	1	1	6	1	1	0	6	61	07	0	1	76	0	56	1	0	1	6	1	41	0	0	1	0	0	3	2	3	2	3	7	1	6	6
17	7	6	6	07	76	0	7	D	6	6	4	5	0	6	27	7	5	4	5	1	1	The	augmented	matrix	for	ATAx	D	AT	b	is	3	2	2	1	6	2	2	2	4	7	60	62	2	0	0	4	76	6	42	0	2	0	25	40	0	2	0	0	2	6	0	1	0	0	3	0	2	07	6	7	62	07	7D6	42	07	7	5	1	2	1	2	2	0	0	3	2	07	7	05	2	2	0	2	0	3	4	47	7	25	6	0	0	1	0	The	general	solution	is	x1	D	3	x4	,	x2	D	5	C	x4	,	x3	D	the	general	least-squares	solution	of	Ax	D	b	has
the	form	2	3	2	3	3	1	6	57	6	17	7	6	7	xO	D	6	4	2	5	C	x4	4	1	5	0	1	1	1	1	0	3	3	57	7	25	0	2	C	x4	,	and	x4	is	free.	Page	84	Aerial	view	of	downtown	Kuala	Lumpur:	SF	Photo/Shutterstock;	Aerial	view	of	suburban	neighborhood	on	outskirts	of	Phoenix,	Arizona:	Iofoto/Shutterstock.	2	4	5.	In	fact,	principal	component	analysis	is	equivalent	to	what	is	termed
orthogonal	regression,	but	that	is	a	story	for	another	day.	1:0	1:50	Exercises	19–23	concern	the	polynomial	p.t/	D	a0	C	a1	t	C				C	an	1t	n	1	C	tn	327	and	an	n		n	matrix	Cp	called	the	companion	matrix	of	p	:	2	3	0	1	0		0	6	0	0	1	0	7	6	:	::	7	6	:	7	Cp	D	6	:	:	7	6	7	4	0	0	0	1	5	a0	a1	a2		an	1	19.	This	fact	also	follows	from	the	next	theorem.	See	Mathematical
model	Linear	programming,	2	partitioned	matrix,	120	Linear	Programming-Geometric	Method,	9.2	Linear	Programming-Simplex	Method,	9.3	Linear	recurrence	relation.	F	T	T	T	e.	Use	the	definition	of	C	-coordinate	vectors	and	matrix	algebra	to	compute	u1	,	u2	,	u3	.	For	a	particular	value	of	x	,	(2)	gives	a	predicted,	or	“fitted,”	value	of	y	.	Generate	a
random	vector	y	in	R8	,	and	compute	p	D	U	U	Ty	and	z	D	y	p.	Find	an	example	in	R2	to	show	that	equality	need	not	hold	in	the	statement	of	Exercise	23.	The	size	of	a	matrix	tells	how	many	rows	and	columns	it	has.	3	11	6	8	15	11	3.	DEFINITION	If	A	is	m		n	and	b	is	in	Rm	,	a	least-squares	solution	of	Ax	D	b	is	an	xO	in	Rn	such	that	kb	AOxk		kb	Axk	for
all	x	in	Rn	.	p	p	By	Cauchy–Schwarz,	2	ab		a	C	b	b	C	a	D	a	C	b	.	WEB	360	CHAPTER	6	Orthogonality	and	Least	Squares	SOLUTION	TO	PRACTICE	PROBLEM	2	3	1	x2		v1	Let	v1	D	x1	D	4	1	5	and	v2	D	x2	v1	D	x2	0v1	D	x2	.	Its	main	diagonal	entries	are	arbitrary,	but	its	other	entries	occur	in	pairs—on	opposite	sides	of	the	main	diagonal.	If	the	columns
of	A	are	linearly	independent,	the	least-squares	solution	can	often	be	computed	more	reliably	through	a	QR	factorization	of	A	(described	in	Section	6.4).¹	¹	The	QR	method	is	compared	with	the	standard	normal	equation	method	in	G.	2	Section	5.7,	page	317				3	4t	3	1	2t	e	e	1	1	2					9	5	3	t	1	e	C	e	t	.	Trend	Analysis	of	Data	Let	f	represent	an	unknown
function	whose	values	are	known	(perhaps	only	approximately)	at	t0	;	:	:	:	;	tn	.	The	affine	hull	of	two	distinct	points	is	called	a	line.	x.t/	D	5	2		d	.P	y/	D	A.P	y/	dt	P	y0	D	PDP	1	.P	y/	D	PD	y	Left-multiplying	by	P	1	gives	#	"	"	4	y10	.t/	0	D	y	D	D	y;	or	0	0	y2	.t/	0	6	#"	y1	.t/	y2	.t/	#	9.	(Explain	why.)	25.	So	(5)	defines	an	inner	product	on	C	Œa;	b.	4x1	x2	C
6x1	x3	8x2	x3	6.	The	exercises	concentrate	on	teaching	understanding	rather	than	mechanical	calculations.	Hence	the	equation	b	D	AOx	C	.b	AOx/	is	a	decomposition	of	b	into	the	sum	of	a	vector	in	Col	A	and	a	vector	orthogonal	to	Col	A.	1W	Œnew	eq.	Later	generalizations	of	these	concepts	appear	as	natural	extensions	of	familiar	ideas,	visualized
through	the	geometric	intuition	developed	in	Chapter	1.	Q.x/	D	3x12	C	2x22	C	2x32	C	2x1	x2	C	2x1	x3	C	4x2	x3	(See	Exercise	2.)	5.	The	columns	of	U	in	such	a	decomposition	are	called	left	singular	vectors	of	A,	and	the	columns	of	V	are	called	right	singular	vectors	of	A.	At	each	pixel	in	photograph	(d),	the	gray	scale	value	is	computed	from	y1	,	a
weighted	linear	combination	of	x1	;	x2	;	x3	.	The	matrices	A	and	AT	have	the	same	eigenvalues,	counting	multiplicities.	1/	D	1	v		u	D	vT	u	D	Œ	3	2	1	It	is	clear	from	the	calculations	in	Example	1	why	u		v	D	v		u.	Hint:	If	x	is	in	W	?	The	pair	.A;	B/	is	not	controllable.	bO	D	6	b.	THEOREM	9	Suppose	fv1	;	:	:	:	;	vn	g	is	an	orthonormal	basis	of	Rn	consisting
of	eigenvectors	of	ATA,	arranged	so	that	the	corresponding	eigenvalues	of	ATA	satisfy	1						n	,	and	suppose	A	has	r	nonzero	singular	values.	6	6	6	6	4	Data:	g	p2	3	2	17	7	07	7;	15	2	2	3	2	17	7	27	7;	15	2	6	6	6	6	4	2	3	3	657	6	7	657	6	7	445	3	The	calculations	involve	only	these	vectors,	not	the	specific	formulas	for	the	orthogonal	polynomials.	Observe
that	t	is	orthogonal	to	the	constant	function	1.	W	?	3	shows	the	points	studied	in	Example	2.	SOLUTION	The	distance	from	y	to	L	is	the	length	of	the	perpendicular	line	segment	from	y	to	the	orthogonal	projection	yO	.	In	such	cases,	the	least-squares	fit	is	called	a	trend	surface.	When	p	D	:2,	the	eigenvalues	of	A	are	.9	and	.7,	and					2	1	!	0	as	k	!	1	C	c2
.:7/k	xk	D	c1	.:9/k	1	1	The	higher	predation	rate	cuts	down	the	owls’	food	supply,	and	eventually	both	predator	and	prey	populations	perish.	Here	is	a	more	complicated	example.	Show	that	xC	is	in	Row	A.	Compute	kgk	for	g	in	Exercise	22.	If	p	is	the	characteristic	polynomial	of	A,	then	p./	D	0	A43	for	each	diagonal	entry	of	D	,	because	these	entries	in
D	are	the	eigenvalues	of	A.	Since	that	time,	researchers	in	many	other	fields	have	employed	computers	to	analyze	mathematical	models.	PRACTICE	PROBLEMS	1.	However,	2	3	the	vectors	do	not	span	R	.	Show	that	.Col	A/?						2	2	x	6	25.	374	Orthogonality	and	Least	Squares	CHAPTER	6	6.6	EXERCISES	In	Exercises	1–4,	find	the	equation	y	D	ˇ0	C	ˇ1
x	of	the	leastsquares	line	that	best	fits	the	given	data	points.	One	basis	is	fv1	;	v2	;	v3	;	e2	;	e3	g.		When	an	answer	involves	a	diagonalization,	A	D	PDP	1	,	the	factors	P	and	D	are	not	unique,	so	your	answer	may	differ	from	that	given	here.	3	does	show	conv	S	,	but	how	can	you	be	sure	that	the	point	.10	2	;	104	/,	for	example,	is	on	a	line	segment	from
the	origin	to	a	point	on	the	curve	in	S?	6.2	DEFINITION	Orthogonal	Sets	339	An	orthogonal	basis	for	a	subspace	W	of	Rn	is	a	basis	for	W	that	is	also	an	orthogonal	set.	For	i	D	1;	:	:	:	;	k	,	let	bi	D	ci	.ck	=dk	/di	.	Thus	S	is	a	flat,	because	S	D	W	C	p.	They	also	arise,	for	example,	in	physics	(as	potential	and	kinetic	energy),	differential	geometry	(as	normal
curvature	of	surfaces),	economics	(as	utility	functions),	and	statistics	(in	confidence	ellipsoids).	A	positive	definite	quadratic	form	Q	satisfies	Q.x/	>	0	for	all	x	in	Rn	.	Show	that	if	x	is	orthogonal	to	each	vj	,	for	1		j		p	,	then	x	is	orthogonal	to	every	vector	in	W	.	Experience	from	Chapter	6	suggests	that	an	orthonormal	basis	might	be	useful	for
calculations,	so	here	are	the	normalized	(unit)	eigenvectors.	A	good	number	of	innovative	questions	pinpoint	conceptual	difficulties	that	I	have	found	on	student	papers	over	the	years.	The	next	theorem	provides	a	useful	fact	about	orthogonal	vectors.	Linearly	independent.	hu;	vi	D	pa	b	Cp	b	a	D	2	ab	,	b/2	D	a	C	b	.	8	6:5y32	6:5y42	21.	Woven	into	each
discussion	are	exercises	that	may	involve	large	data	sets	(and	thus	require	technology	for	their	solution).	8.3	EXERCISES						S	2	0	W0y	ˆ	ˆ	>	ˆ	ˆ	>	:	;	0	0	3	19.	B	AB	A	B	D	4	1	:9	:81	5	1	:5	:25	3	2	1	:9	:81	1	05		40	0	0	:56	This	matrix	has	rank	3,	so	the	pair	.A;	B/	is	controllable.	Let	A	be	the	matrix	of	the	quadratic	form	9x12	C	7x22	C	11x32	8x1	x2	C	8x1
x3	It	can	be	shown	that	the	eigenvalues	of	A	are	3,	9,	and	15.	Show	that	if	the	covariance	matrix	of	X1	;	:	:	:	;	XN	is	S	,	then	the	covariance	matrix	of	Y1	;	:	:	:	;	YN	is	P	TSP	.	Then	equation	(7)	has	a	solution,	because	p	is	in	aff	S	.	SOLUTION	Because	of	all	the	plus	signs,	this	form	“looks”	positive	definite.	[M]	A	D	,	5	5					20	sin	6t	iL	.t/	D	e	3t	vC	.t/	15	cos
6t	5	sin	6t	Section	5.8,	page	324	1.	Also,	see	Exercise	14.	Any	P	that	makes	P	1	AP	equal	to	the	given	C	or	to	C	T	is	a	satisfactory	answer.	There	are	two	2	entries	in	A.	In	Exercise	7,	find	a	unit	vector	x	at	which	Ax	has	maximum	length.	Hint:	Use	x00	.t/	from	Exercise	3	and	adapt	this	for	the	second	curve	to	see	that	y00	.t/	D	6.1	t	/p3	C	6.	v	||u||	0
FIGURE	6	EXAMPLE	6	Let	W	be	a	plane	through	the	origin	in	R3	,	and	let	L	be	the	line	w	0	z	L	W	FIGURE	7	A	plane	and	line	through	0	as	orthogonal	complements.	Let	U	D	Œ	u1				um		and	V	D	Œ	v1				ui	and	vi	are	as	in	Theorem	10.	Use	these	data	to	estimate	the	largest	eigenvalue	of	A,	and	give	a	corresponding	eigenvector.	(With	a	few	keystrokes,
you	can	display	any	numerical	homework	problem	on	your	screen.)	Special	matrix	commands	will	perform	the	computations	for	you!	What	you	do	in	your	first	few	weeks	of	studying	this	course	will	set	your	pattern	for	the	term	and	determine	how	well	you	finish	the	course.	Use	part	(a)	to	show	that	the	matrix	A	D	0	3	diagonalizable.	See	Dynamical
system	Discrete-time	signal.	3	0	2	5,	3	2	3	5	Œ	1	C	2t	B	D	4	2	5	1	The	coordinate	mapping	is	a	linear	transformation.	When	a	set	of	five	points	is	translated	by	subtracting,	say,	the	first	point,	the	new	set	of	four	points	must	be	linearly	dependent,	by	Theorem	8	in	Section	1.7,	because	the	four	points	are	in	R3	.	Given	f	in	C	Œ0;	2,	the	best	approximation
to	f	by	functions	in	W	is	called	the	nth-order	Fourier	approximation	to	f	on	Œ0;	2.	A	D	6	4	8	6	10	95	7	5	9	10	2	3	1	2	3	2	6	2	12	13	11	7	7	20.	SOLUTION	TO	PRACTICE	PROBLEM	If	A	D	U	†V	T	,	where	†	is	m		n,	then	AT	D	.V	T	/T	†T	U	T	D	V	†T	U	T	.	The	following	matrix	is	called	the	pseudoinverse	(also,	the	Moore–Penrose	inverse)	of	A:	AC	D	Vr	D	1
UrT	(10)	Supplementary	Exercises	12–14	at	the	end	of	the	chapter	explore	some	of	the	properties	of	the	reduced	singular	value	decomposition	and	the	pseudoinverse.	[M]	The	covariance	matrix	below	was	obtained	from	a	Landsat	image	of	the	Columbia	River	in	Washington,	using	data	from	three	spectral	bands.	Let	W	be	the	column	space	of	B	.	5	d.
Show	that	y	is	the	sum	of	a	vector	in	W	and	a	vector	in	W	?		Oil	exploration.	A	flat	of	dimension	1	is	called	a	line.	The	positions	(in	feet)	were:	0,	8.8,	29.9,	62.0,	104.7,	159.1,	222.0,	294.5,	380.4,	471.1,	571.7,	686.8,	and	809.2.	a.	To	analyze	the	ability	of	the	car	to	pass	another	car,	for	example,	engineers	may	want	to	separate	the	quadratic	and	cubic
components	from	the	linear	term.	3	2	3	2	2	3	2	3	4	2	2	4	617	6	07	6	37	6	27	7	6	7	6	7,	6	7	6	0	7,	6	5	7	3.	For	any	scalar	c	,	kc	vk	D	ckvk.	The	goal	is	to	show	that	such	an	expression	exists	for	p	with	k		n	C	1.	This	constrained	optimization	problem	has	an	interesting	and	elegant	solution.	must	be	r	.	3	3	2	3	8	3	2	7	15	5.	Fortunately,	the	cross-product
term	can	be	eliminated	by	making	a	suitable	change	of	variable.	PRACTICE	PROBLEM	How	can	you	tell	if	a	given	vector	x	is	a	good	approximation	to	an	eigenvector	of	a	matrix	A?	Weight	them	half	as	much	as	the	three	interior	points.	p	nonnegative,	kuk	D	apC	b	.	Part	(a)	follows	from	Exercise	24	in	Section	5.5.	Part	(b)	follows	easily	from	part	(d).
Remarkably,	this	is	equivalent	to	requiring	that	S	contain	every	affine	combination	of	an	arbitrary	number	of	points	of	S	.	Then,	dividing	by	.1	/k	,		k		k	2	1	n	k	A	x	D	c1	v1	C	c2	v2	C				C	cn	vn	.1	/k	1	1	.k	D	1;	2;	:	:	:/	(2)	From	inequality	(1),	the	fractions	2	=1	;	:	:	:	;	n	=1	are	all	less	than	1	in	magnitude	and	so	their	powers	go	to	zero.	Q	is	positive	definite
if	det	A	>	0	and	a	>	0.	Finally,	for	any	y	in	Col	A—say,	y	D	Ax—we	can	write	x	D	c1	v1	C				C	cn	vn	,	and	y	D	Ax	D	c1	Av1	C				C	cr	Avr	C	cr	C1	Avr	C1	C				C	cn	Avn	D	c1	Av1	C				C	cr	Avr	C	0	C				C	0	Thus	y	is	in	Span	fAv1	;	:	:	:	;	Avr	g,	which	shows	that	fAv1	;	:	:	:	;	Avr	g	is	an	(orthogonal)	basis	for	Col	A.	[M]	Hint:	See	Exercise	28	and	the	remarks	before
Example	4.	Page	329	North	American	Datum:	Dmitry	Kalinovsky/Shutterstock.	4	5=p30	5,	4	1=p6	5	1=	30	1=	6	11.	[Hint:	How	many	columns	does	ATA	have?	NUMERICAL	NOTE	Examples	1–4	and	the	exercises	illustrate	the	concept	of	singular	values	and	suggest	how	to	perform	calculations	by	hand.	The	range	of	T	is	R2	.	We	begin	by	considering	a
polynomial	p	and	any	integer	n	larger	than	or	equal	to	the	degree	of	p	.	Not	orthogonal	3.	Find	the	third-order	Fourier	approximation	to	cos3	t	,	without	performing	any	integration	calculations.	.Col	A/?	2	p	3	2	4=p29	1	y	D	4	3=p29	5.	31	/k	v2	for	k		0.	EXAMPLE	4	Let	P2	have	the	inner	product	(2)	of	Example	3.	However,	this	length	of	p	captures	the
behavior	at	only	those	n	C	1	points.	v	7.	Observe	that	(7)	is	equivalent	to	the	single	equation							p	v1	v	D	c1	C				C	ck	k	1	1	1	(8)	involving	the	homogeneous	forms	of	the	points.	3	13.	()	f1	p1	f0	()	1	2	g	1	2	p2	()	1	2	p0	23.	Show	that	if	x	is	in	both	W	and	W	?	Let	˛	be	a	scalar	different	from	the	eigenvalues	of	A,	and	let	B	D	.A	˛I	/	1	.	The	convex	hull	of	a
single	point	v1	is	just	the	set	fv1	g,	the	same	as	the	affine	hull.	In	addition,	the	Study	Guide	provides	introductory	material	for	first-time	users.	In	contrast,	the	quadratic	form	associated	with	the	diagonal	matrix	A	in	Example	1(a)	has	no	x1	x2	cross-product	term.	yk	D	c1	.	[Hint:	Study	the	equation	Rx	D	0	and	use	the	fact	that	A	D	QR.]	20.	In	each	case,
the	set	should	contain	either	one,	two,	or	three	nonzero	points.	Page	50	Electric	pylons	and	wires:	Haak78/Shutterstock;	Llanberis	lake	railway	in	Llanberis	station	in	Snowdonia,	Gwynedd,	North	Wales:	DWImages	Wales/Alamy;	Machine	for	grinding	steel:	Mircea	Bezergheanu/Shutterstock.	Stop	with	x0	D	EXAMPLE	2	Apply	the	power	method	to	A	D
1	1	2	when	k	D	5,	and	estimate	the	dominant	eigenvalue	and	a	corresponding	eigenvector	of	A.	Keeping	up	with	the	course	will	save	you	lots	of	time	and	distress!	Numerical	Notes	I	hope	you	read	the	Numerical	Notes	in	the	text,	even	if	you	are	not	using	a	computer	or	graphic	calculator	with	the	text.	For	j	D	1;	:	:	:	;	n;	U	ej	is	the	j	th	column	of	U	.
[Hint:	Find	xO	first.	12	The	formulas	in	Fig.	[M]	The	juvenile–adult	ratio	seems	to	stabilize	after	about	5	or	6	years.	This	equivalence	will	reduce	problems	involving	linear	combinations	of	vectors	to	questions	about	systems	of	linear	equations.	8x12	C	6x1	x2	9x42	C	4x1	x2	C	4x1	x3	C	4x1	x4	C	16.	Any	subspace	H	that	contains	u	and	v	must	also	contain



all	scalar	multiples	of	u	and	v	and	hence	must	contain	all	sums	of	scalar	multiples	of	u	and	v.	(This	definition	makes	sense	because	hv;	vi		0,	but	the	definition	does	not	say	that	hv;	vi	is	a	“sum	of	squares,”	because	v	need	not	be	an	element	of	Rn	.)	A	unit	vector	is	one	whose	length	is	1.	projW	vk2	D	r.	3	8=9	2=9	2=9	1	0	5=9	4=9	5	17.	Show	that	if	the
quadratic	form	xTAx	is	positive	definite,	then	so	is	the	quadratic	form	xTA	1	x.	What	does	this	tell	you	about	V	?	Tables	there	list	“Orthogonal	Polynomials,”	which	are	simply	the	values	of	the	polynomial	at	numbers	such	as	2,	1,	0,	1,	and	2.	Angles	in	R2	and	R3	(Optional)	If	u	and	v	are	nonzero	vectors	in	either	R2	or	R3	,	then	there	is	a	nice	connection
between	their	inner	product	and	the	angle	#	between	the	two	line	segments	from	the	origin	to	the	points	identified	with	u	and	v.	THEOREM	6	An	m		n	matrix	U	has	orthonormal	columns	if	and	only	if	U	T	U	D	I	.	Do	the	two	methods	produce	different	results?	In	some	statistical	problems,	it	is	important	to	be	able	to	separate	the	linear	trend	from	the
quadratic	trend	(and	possibly	cubic	or	higher-order	trends).	They	can	be	answered	directly	from	the	text,	and	they	prepare	students	for	the	conceptual	problems	that	follow.	4	2=3	05	2=3	2=3	1=3	0	0	"	p	p	#	3=p10	1=p10		1=	10	3=	10			3	2	2	13.	If	K	is	invariant	under	A,	then	Ax	is	in	K	and	hence	Ax	is	a	multiple	of	x.	Find	kxk,	kyk,	and	jhx;	yij2	.	If	S
is	a	finite	spanning	set	for	V	,	then	a	subset	of	S	—say	S	0	—is	a	basis	for	V	.	The	importance	of	linear	algebra	for	applications	has	risen	in	direct	proportion	to	the	increase	in	computing	power,	with	each	new	generation	of	hardware	and	software	triggering	a	demand	for	even	greater	capabilities.	Surprisingly,	such	a	matrix	must	have	orthonormal
rows,	too.	4	4	3	2	0	2	3	2	3	1	2	1	2	6	2	0	1	2	15	6	25	6.	The	proof	is	much	harder	and	is	omitted;	the	main	idea	for	a	proof	will	be	given	after	Theorem	3.	Then	xO	satisfies	(2)	above,	which	shows	that	b	AOx	is	orthogonal	to	the	362	CHAPTER	6	Orthogonality	and	Least	Squares	rows	of	AT	and	hence	is	orthogonal	to	the	columns	of	A.	Their	use	enhances
the	geometric	flavor	of	the	text.	2	3	2	3	2	3	1	1	1	3.	The	complete	proof	is	presented	in	the	Study	Guide.	EXAMPLE	1	Of	the	following	matrices,	only	the	first	three	are	symmetric:	Symmetric:		1	0	0	;	3	Nonsymmetric:		1	3		3	;	0		2	0	4	1	0	2	1	4	6	0	2	3	0	8	5;	7	3	0	4	5;	1	1	5	8	4	1	6	a	4b	c	2	5	44	3	b	d	e	4	3	2	3	c	e5	f	3	2	1	3	2	15	0	To	begin	the	study	of
symmetric	matrices,	it	is	helpful	to	review	the	diagonalization	process	of	Section	5.3.	2	6	EXAMPLE	2	If	possible,	diagonalize	the	matrix	A	D	4	2	1	2	6	1	SOLUTION	The	characteristic	equation	of	A	is	0D	3	C	172	90	C	144	D	.	8/.	Standard	calculations	produce	a	basis	for	each	eigenspace:	2	3	2	3	1	1		D	8	W	v1	D	4	1	5I		D	6	W	v	2	D	4	1	5I	0	2	6/.	3	1	1	5.
Suppose	Ax	D	x	with	x	¤	0.	If	m	and	n	are	positive	integers,	an	m		n	matrix	is	a	rectangular	array	of	numbers	with	m	rows	and	n	columns.	Eigenvector:	x4	D			4:9978	3.	SOLUTION	Row	reduce	the	augmented	matrix	of	points	in	homogeneous	form,	moving	the	last	row	of	ones	to	the	top	to	simplify	the	arithmetic:	2	3	2	3	1	3	9	5	1	1	1	1			3	35		41	3	9	55
aQ	bQ	cQ	pQ	D	4	7	0	1	1	1	1	7	0	3	3	3	2	1	1	0	0	4	7	6	1	7	6	1	0	40	3	5	5	0	0	1	12	EXAMPLE	4	Let	a	D	The	coordinates	are	14	,	31	,	and	5	,	12	so	p	D	14	a	C	13	b	C	5	c.	p2	is	on	the	face	containing	the	vertices	v2	,	v3	,	and	v4	.	If	W	is	a	subspace,	then	k	projW	vk2	C	kv	kv	k2	.	Explain	why	there	is	only	one	parabola	that	fits	the	data	best,	in	a	least-squares
sense.	352	CHAPTER	6	Orthogonality	and	Least	Squares	PRACTICE	PROBLEM	2	3	2	3	2	3	9	1	7	Let	u1	D	4	1	5,	u2	D	4	1	5,	y	D	4	1	5,	and	W	D	Span	fu1	;	u2	g.	Then	P	orthogonally	diagonalizes	A,	so	the	1=	2	1=	2	change	of	variable	x	D	P	y	produces	the	quadratic	form	yT	D	y	D	3y12	C	7y22	.	Let	y	D	4	9	5,	u1	D	4	5	5,	u2	D	4	2	5.	(The	boldface	zero
here	denotes	the	zero	polynomial,	the	zero	vector	in	Pn	.)	If	hp;	pi	D	0,	then	p	must	vanish	at	n	C	1	points:	t0	;	:	:	:	;	tn	.	Alternatively,	use	part	(a)	and	the	fact	that	row	operations	do	not	change	the	row	space.	Similarly,	kvk	D	b	C	a.					1	1	4	0	7.	Hence	QTA	D	QT	.QR/	D	IR	D	R	and	2	1=2	1=2	1=2	p	p	p	4	3=	12	1=	p12	1=p12	RD	1=	6	0	2=	6	2	3	2	3=2
1	p	p	D	4	0	3=	12	2=p12	5	0	0	2=	6	2	3	1	1=2	p	61	1=p12	56	41	1=	6	1	0	1	1	1	3	0	07	7	15	1	NUMERICAL	NOTES	1.	p					7	1=p10	,	and	W	D	Span	fu1	g.	TABLE	2	k	xk	Ax	k	k	The	Power	Method	for	Example	2	0	1			0	1			5	2	5			1	:4	2					8	1:8	8	3	1	:225					7:125	1:450	7.125	4	1	:2035					7:0175	1:4070	7.0175	5	1	:2005					7:0025	1:4010	7.0025	1	:20007	
7:00036	1:40014		7.00036	The	evidence	from	Table	2	strongly	suggests	that	fxk	g	approaches	.1;	:2/	and	fk	g	approaches	7.	Observe	that	the	j	th	term	in	(2)	can	be	written	as	wj2	.yj	yOj	/2	D	.wj	yj	wj	yOj	/2	It	follows	that	the	weighted	SS(E)	in	(2)	is	the	square	of	the	ordinary	length	in	Rn	of	W	y	W	yO	,	which	we	write	as	kW	y	W	yO	k2	.	By	re-indexing
the	vi	and	ci	,	if	necessary,	we	may	assume	that	ck	C1	¤	1.	When	the	objects	in	the	graphics	scene	are	approximated	by	wire	frames	with	triangular	patches,	the	hidden	surface	problem	can	be	solved	using	barycentric	coordinates.	Thus	9	is	the	maximum	value	of	Q.x/	for	xTx	D	1.	The	eigenspaces	are	mutually	orthogonal,	in	the	sense	that	eigenvectors
corresponding	to	different	eigenvalues	are	orthogonal.	Construct	a	spectral	decomposition	of	A	from	Example	2.	167–180.	A	least-squares	solution	of	Ax	D	b	is	a	vector	xO	that	O	where	bO	is	the	orthogonal	projection	of	satisfies	AOx	D	b,	b	onto	Col	A.	d	is	orthogonal	to	u	because	u	has	the	form	k	c	for	some	k	,	and	d		u	D	d		.k	c/	D	k.d		c/	D	k.0/	D	0	6.2
ORTHOGONAL	SETS	A	set	of	vectors	fu1	;	:	:	:	;	up	g	in	Rn	is	said	to	be	an	orthogonal	set	if	each	pair	of	distinct	vectors	from	the	set	is	orthogonal,	that	is,	if	ui		uj	D	0	whenever	i	¤	j	.	A	D	8u1	uT1	C	6u2	uT2	C	3u3	uT3	2	3	1=2	1=2	0	1=2	05	D	8	4	1=2	0	0	0	2	3	1=6	1=6	2=6	1=6	2=6	5	C	64	1=6	2=6	2=6	4=6	3	2	1=3	1=3	1=3	1=3	1=3	5	C	34	1=3
1=3	1=3	1=3	Product	of	transposes	in	reverse	order	Because	A	is	symmetric	The	result	about	B	TB	is	a	special	case	when	A	D	I	.	The	Study	Guide	describes	how	to	construct	a	matrix	program	to	generate	a	data	matrix	whose	columns	list	the	numbers	of	juveniles	and	adults	each	year.	u	D	4	3	5,	v	D	4	3	5	5	3	5	3	3	2	3	2	3	2	3	2	3	1	4	3	6	87	6	27	6	17	6
77	7	6	7	7	6	7	6	17.	Recall	from	Section	8.1	that	if	v	is	in	Rn	,	then	the	vector	vQ	in	RnC1	denotes	the	homogeneous	form	of	v.	2/k	3	yk	6	ykC1	7	7	xD6	4	ykC2	5	ykC3	2	31.	2	3	3	2	3	2	2	2	3	6	17	7	9.	Engineers	use	simulation	software	to	design	electrical	circuits	and	microchips	involving	millions	of	transistors.	Let	u1	;	:	:	:	;	up	be	an	orthogonal	basis	for
a	subspace	W	of	Rn	,	and	let	T	W	Rn	!	Rn	be	defined	by	T	.x/	D	projW	x.	[M]	For	a	matrix	program,	the	Gram–Schmidt	process	works	better	with	orthonormal	vectors.	Then	fv1	;	v3	g	is	a	basis	for	Spanfv1	;	v2	;	v3	;	v4	g.	SOLUTION	TO	PRACTICE	PROBLEM	Compute	projW	y	D	y		u2	88	2	y		u1	u1	C	u2	D	u1	C	u2	u	1		u1	u2		u2	66	6	2	3	7	44	15	D	3	4	3	2
3	2	9	1	14	15	D	4	15	D	y	3	6	2	In	this	case,	y	happens	to	be	a	linear	combination	of	u1	and	u2	,	so	y	is	in	W	.	¹	In	general,	rank	estimation	is	not	a	simple	problem.	The	best	approximation	to	the	data	by	polynomials	in	P2	is	the	orthogonal	projection	given	by	y	–2	p1	2	hg;	p1	i	hg;	p2	i	hg;	p0	i	p0	C	p1	C	p2	hp0	;	p0	i	hp1	;	p1	i	hp2	;	p2	i	20	p	5	0	1	p	10	1
7	p	14	2	and	p.t/	O	D4	:1t	:5.t	2	2/	(3)	Since	the	coefficient	of	p2	is	not	extremely	small,	it	would	be	reasonable	to	conclude	that	the	trend	is	at	least	quadratic.	Yes	9.	That	is,	LDW?	Further	Reading	Horn,	Roger	A.,	and	Charles	R.	Begin	by	using	a	matrix	program	to	produce	the	SVD	of	A,	or,	if	that	is	not	available,	begin	with	an	orthogonal
diagonalization	of	ATA.	Now,	suppose	that	(b)	is	true.	Theorem	9	shows	that	conv	S	is	in	a	natural	sense	the	“smallest”	convex	set	containing	S	.	Also,	from	(4),	AV	D	Œ	Av1				Avr	0				0		D	Œ	1	u1				r	ur	0		0	Let	D	be	the	diagonal	matrix	with	diagonal	entries	1	;	:	:	:	;	r	,	and	let	†	be	as	in	(3)	above.	Saved	for	last	are	the	three	good	friends	who	have
guided	the	development	of	the	book	nearly	from	the	beginning—giving	wise	counsel	and	encouragement—Greg	Tobin,	publisher,	Laurie	Rosatone,	former	editor,	and	William	Hoffman,	current	editor.	2	3	2	3	2	3	1	3	4	31.	But	Row	A	is	an	r	-dimensional	subspace	of	.Nul	A/?	The	new	x	-data	are	said	to	be	in	mean-deviation	form.	Hint:	Any	y	in	Col	AB
has	the	form	y	D	AB	x	for	some	x.	A	brief	description	of	the	QR	algorithm	was	given	in	the	exercises	for	Section	5.2.	Further	details	are	presented	in	most	modern	numerical	analysis	texts.	Show	that	dim	W	C	dim	W	?	2	3	2	3	2	3	1	1	1	SOLUTION	Compute	v2	v1	D	4	4	5,	v3	v1	D	4	1	5,	and	v4	v1	D	4	11	5,	:5	0	1	and	row	reduce	the	matrix:	2	3	2	3	2	3	1	1
1	1	1	1	1	1	1	4	4	1	11	5		4	0	5	15	5		4	0	5	15	5	:5	0	1	0	:5	1:5	0	0	0	Recall	from	Section	4.6	(or	Section	2.8)	that	the	columns	are	linearly	dependent	because	not	every	column	is	a	pivot	column;	so	v2	v1	;	v3	v1	,	and	v4	v1	are	linearly	Affine	Independence	8.2	447	dependent.	Then	explain	why	V	1	Cp	V	is	a	diagonal	matrix.	A34	Answers	to	Odd-
Numbered	Exercises	2	1	13.	¹	Note	for	readers	with	a	background	in	statistics:	Suppose	the	errors	in	measuring	the	yi	are	independent	random	variables	with	means	equal	to	zero	and	variances	of	12	;	:	:	:	;	n2	.							2	6	9	7.	Show	that	z	is	orthogonal	to	yO	.	T	b.	Another	unit	vector	is	.	y	D	:9	C	:4x	and	.2:5;	3/.	2	3	0	1	0			2	19.	The	equation	AB	D	0	shows
that	each	column	of	B	is	in	Nul	A.	PowerPoint®	slides	are	now	available	for	the	25	core	sections	of	the	text;	also	included	are	75	figures	from	the	text.	u2	–––––	–––––	u1	+	u	yˆ	=	u	.	396	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	PROOF	Let	v1	and	v2	be	eigenvectors	that	correspond	to	distinct	eigenvalues,	say,	1	and	2	.	[M]	If	your	matrix
program	computes	eigenvalues	and	eigenvectors	by	iterative	methods	rather	than	symbolic	calculations,	you	may	have	some	difficulties.	Find	the	barycentric	coordinates	of	p1	D	,	3									1	2	1	1	p2	D	,	p3	D	,	p4	D	,	and	p5	D	,	2	1	1	1	with	respect	to	S	.	Thus	a	positive	definite	matrix	A	is	a	symmetric	matrix	for	which	the	quadratic	form	xTAx	is	positive
definite.	A	certain	experiment	produces	the	data	.1;	7:9/,	.2;	5:4/,	and	.3;	:9/.	2	kD0	kD1	6	6	::	6	:	6	6	6	6	6	6	6	4	kD7	20.	6.3	EXERCISES	In	Exercises	1	and	2,	you	may	assume	that	fu1	;	:	:	:	;	u4	g	is	an	orthogonal	basis	for	R4	.	Œ	p	B	D	.3;	6;	2;	1/	25.	Let	T	W	Rn	!	Rn	be	a	linear	transformation	that	preserves	lengths;	that	is,	kT	.x/k	D	kxk	for	all	x	in	Rn	.
(This	calculation	will	simplify	the	arithmetic	in	the	next	step.)	2x2	C	x3	D	x2	4x3	D	3x2	C	13x3	D	x1	0	4	9	1	40	0	3	0	45	9	Use	the	x2	in	equation	2	to	eliminate	the	3x2	in	equation	3.	Perform	a	matrix	computation	with	N	and	R	that	illustrates	a	fact	from	Theorem	3.	When	color	information	is	specified	at	each	vertex	v1	,	v2	,	v3	of	a	triangle	in	R3	,	then
the	color	may	be	interpolated	at	a	point	p	in	aff	fv1	;	v2	;	v3	g	using	the	barycentric	coordinates	of	p.	p3	…	Span	S	,	so	p3	…	aff	S					3	1	9.	Because	of	the	high	demand	for	increased	computing	power,	computer	scientists	and	mathematicians	work	in	numerical	linear	algebra	to	develop	faster	and	more	reliable	algorithms	for	computations,	and
electrical	engineers	design	faster	and	smaller	computers	to	run	the	algorithms.	So	(Ax/T.Ax/	D	0	(which	means	that	kAxk2	D	0/,	and	hence	Ax	D	0.	(The	weights	in	this	combination	sum	to	1.)	The	ray	x.t/	intersects	the	plane	when	c2	,	c3	,	and	t	satisfy	.1	Rearrange	this	as	c2	.v2		c2	c3	/v1	C	c2	v2	C	c3	v3	D	a	C	t	b	v1	/	C	c3	.v3	v2	v1	v3	v1	For	the
specific	points	given	here,	v2	2	3	7	v1	D	4	0	5;	2	v1	/	C	t.	Let	"	p	p	#			3	0	2=p5	1=p5	;	DD	P	D	0	7	1=	5	2=	5	Then	A	D	PDP	of	variable	is	1	and	D	D	P	x	D	P	y;	1	AP	D	P	TAP	,	as	pointed	out	earlier.	This	will	give	you	a	framework	for	understanding	how	the	course	may	proceed.	Then	there	exist	a,	c	2	A	and	b,	d	2	B	such	that	x	D	a	C	b	and	y	D	c	C	d.	Let
A	be	the	matrix	obtained	from	P	I	by	adding	to	the	bottom	row	all	the	other	rows.	EXAMPLE	2	The	simplest	and	most	common	use	of	trend	analysis	occurs	when	the	points	t0	;	:	:	:	;	tn	can	be	adjusted	so	that	they	are	evenly	spaced	and	sum	to	zero.	4/k	C	c2	29.	SOLUTION	Step	1.	See	Supplementary	Exercise	7	at	the	end	of	Chapter	7.	You	must	avoid
the	temptation	to	look	at	such	answers	before	you	have	tried	to	write	out	the	solution	yourself.	a	1	2	b	3	4	5	6	6	units	apart	7	8	a	9	|2	–	8|	=	|–	6|	=	6	or	|8	–	2|	=	|6|	=	6	FIGURE	3	Distances	in	R.	4	1	5,	4	0	5	4	15	0	1	0	2	3	2	3	6	5	6	5=2	7	6	3=2	7	7	6	7	13.	Thus,	for	any	linear	model	where	X	TX	is	invertible,	the	least-squares	ˇO	is	given	by	.X	TX/	1	X	Ty.
Further	Reading	Ferguson,	J.,	Introduction	to	Linear	Algebra	in	Geology	(New	York:	Chapman	&	Hall,	1994).	SOLUTION	If	the	coordinates	of	x	are	x1	,	x2	,	x3	,	then	the	constraint	xTu1	D	0	means	simply	that	x1	D	0.	For	convenience,	assume	that	a,	b,	Q	and	c	are	arranged	so	that	det	Œ	aQ	bQ	cQ		is	positive,	where	aQ	,	b,	and	cQ	are	the	standard
homogeneous	forms	for	the	points.	3	EXAMPLE	2	The	set	2	S	D3fu1	;	u2	;	u3	g	in	Example	1	is	an	orthogonal	basis	for	R	.	The	Singular	Value	Decomposition	7.4	419	The	square	roots	of	the	eigenvalues	are	the	singular	values:	p	p	1	D	6	10;	2	D	3	10;	3	D	0	The	nonzero	singular	values	are	the	diagonal	entries	of	D	.	Then	let	x	D	1	˛	un	C	˛	u1	,	and	show
that	xTx	D	1	and	xTAx	D	t	.	for		D	95:2,	:32	1.	2;	0/,	.	[Hint:	Use	partitioned	matrix	multiplication	to	write	S	as	431	1=.N	1/	times	the	sum	of	N	matrices	of	size	p		p	.	If	fu;	vg	is	an	orthonormal	set	in	V	,	then	ku	17.	So	the	two	signals	are	linearly	2	4	6	1:01yk	D	25.	Let	p	be	any	point	in	the	interior	of	abc,	with	barycentric	coordinates	.r;	s;	t	/,	so	that	2	3		
r	aQ	bQ	cQ	4	s	5	D	pQ	t	Use	Exercise	19	and	a	fact	about	determinants	(Chapter	3)	to	show	that	r	D	(area	of	pbc/=(area	of	abc/	s	D	(area	of	apc/=(area	of	abc/	t	D	(area	of	abp/=(area	of	abc/	24.	Take	x	in	H	.	The	“closeness”	of	the	approximation	of	f	depends	on	the	way	kf	gk	is	defined.	²	The	Introductory	Example	for	Chapter	2	shows	a	wire-frame
model	of	a	Boeing	777	airplane,	used	to	visualize	the	flow	of	air	over	the	surface	of	the	plane.	(A	single	processor	can	calculate	600	million	ray-triangle	intersections	per	second.)	8.2	Affine	Independence	451	SOLUTION	The	plane	is	aff	fv1	;	v2	;	v3	g.	Compute	projW	y	and	.U	U	/y.	(Show	that	if	x	is	in	Row	A,	then	x	is	orthogonal	to	every	u	in	Nul	A.)	b.
By	Exercise	23	in	Section	6.3,	there	is	exactly	one	vector	p	in	Row	A	such	that	Ap	D	b.	Use	this	representation	and	the	fact	that	v1	and		v2	are	49=3	eigenvectors	of	A	to	compute	x1	D	.	If	a	different	orthogonal	basis	for	W	were	used	to	construct	an	orthogonal	projection	of	y,	then	this	projection	would	also	be	the	closest	point	in	W	to	y,	namely,	yO	.	v/
D	kuk2	C	kvk2	2u		v	The	two	squared	distances	are	equal	if	and	only	if	2u		v	D	2u		v,	which	happens	if	and	only	if	u		v	D	0.	4	2	2	5	2	2	1	3	2	2=3	2=3	1=3	p	p	1=p	5	2=p	5	5	11.	Since	projW	p2	is	the	closest	point	in	Span	S	to	p2	,	the	point	p2	is	not	in	Span	S	.	u		v	D	0,	kuk2	D	30,	kvk2	D	101,	ku	C	vk2	D	.	The	positive	y1	-axis	in	Fig.	p6	is	.	Since	R	is
clearly	upper	triangular,	its	nonnegative	diagonal	entries	must	be	positive.	Section	5.6,	page	309	1.	That	line	intersects	S	where	tsatisfies.b=a/t	D	t	2	,	that	is,	when	t	D	b=a.	Show	that	the	eigenvalues	of	A	C	B	are	all	positive.	:8	:6	1=	2	1=	2	2	3			1	2	2	5	2	1	25	9.	.)	b.	So	the	problem	now	is	to	maximize	the	quadratic	form	xT	.ATA/x	subject	to	the
constraint	kxk	D	1.	Suppose		is	an	eigenvalue	of	the	B	in	Exercise	15,	and	that	x	is	a	corresponding	eigenvector,	so	that	.A	˛I	/	1	x	D	x.	The	orthogonal	projection	does	not	seem	to	depend	on	the	u	chosen	on	the	line.	Suppose	S	D	fb1	;	:	:	:	;	bk	g	is	an	affinely	independent	set.	Orthogonal,	9.	5	3/	2	3	1		D	3	W	v3	D	4	1	5	1	These	three	vectors	form	a	basis
for	R3	.	6.4	EXERCISES	In	Exercises	1–6,	the	given	set	is	a	basis	for	a	subspace	W	.	Given	vectors	(or	“points”)	v1	;	v2	;	:	:	:	;	vp	in	Rn	and	scalars	c1	;	:	:	:	;	cp	,	an	affine	combination	of	v1	;	v2	;	:	:	:	;	vp	is	a	linear	combination	c1	v1	C				C	cp	vp	such	that	the	weights	satisfy	c1	C				C	cp	D	1.	However,	yTD	y	D	a	when	y	D	e1	D	.1;	0;	0/,	so	in	fact	M	D	a.	2
4	1			vQ	1	vQ	2	vQ	3	vQ	4	D	4	1	0	1	1	2	1	0		40	1	0	0	So,	row	reduce:	3	2	5	1	1	4	25		44	1	1	1	3	0	1	0	1:25	5	1	:75	1	1	0	1	5	4	3	1	15	2	View	this	matrix	as	the	coefficient	matrix	for	Ax	D	0	with	four	variables.	2	3	2	3	2	3	3	5	0	677	6	17	6	17	7	6	7	6	7	33.					3	1	Let	y	D	and	u	D	.	Show	that	if	an	n		n	matrix	A	is	positive	definite,	then	there	exists	a	positive
definite	matrix	B	such	that	A	D	B	TB	.	Let	A	D	[M]	Exercises	7–12	require	MATLAB	or	other	computational	aid.	The	next	theorem	shows	that	these	geometric	descriptions	of	lines	and	planes	in	R3	(as	translates	of	subspaces)	actually	coincide	with	their	earlier	algebraic	descriptions	as	sets	of	all	affine	combinations	of	two	or	three	points,	respectively.
If	the	eigenvalues	of	A	are	all	greater	than	1	in	magnitude,	and	if	x	is	not	an	eigenvector,	then	the	distance	from	Ak	x	to	the	nearest	eigenvector	will	increase	as	k	!	1.	Explain	why	Col	A	D	.Nul	AT	/?	From:	N	M		:7	:6	:3	:4	From:	H	I		:95	:45	:05	:55	To:	News	Music	To:	Healthy	Ill	b.	Let		be	any	eigenvalue	of	a	symmetric	matrix	A.	If	fv1	;	v2	g	is	affinely
dependent,	then	there	exist	c1	and	c2	,	not	both	zero,	such	that	c1	C	c2	D	0	and	c1	v1	C	c2	v2	D	0.	So	fx1	;	x2	g	is	already	v	1		v1	1	orthogonal.	What	are	the	multiplicities	of	these	eigenvalues?	Each	eigenvector	of	an	invertible	matrix	A	is	also	an	eigenvector	of	A	1	.	Let	X	be	the	associated	design	matrix.	P	D	4	2	0	0	1	3	0	1	2	3	2	3	1	2	1	5	0	0	1	0	5,	D	D
4	0	1	05	13.	This	follows	from	the	Pythagorean	Theorem	applied	to	a	triangle	such	as	the	one	in	Fig.	WHAT'S	NEW	IN	THIS	EDITION	The	main	goal	of	this	revision	was	to	update	the	exercises	and	provide	additional	content,	both	in	the	book	and	online.	In	addition,	more	than	20	Application	Projects	either	extend	topics	in	the	text	or	introduce	new
applications,	such	as	cubic	splines,	airline	flight	routes,	dominance	matrices	in	sports	competition,	and	error-correcting	codes.	5	in	Section	1.5.)	p	+	tu	p	tu	u	FIGURE	1	Figure	2	uses	the	original	points	v1	and	v2	,	and	displays	aff	fv1	;	v2	g	as	the	line	through	v1	and	v2	.	PROOF	Suppose	that	S	is	affine.	2x12	C	10x1	x2	C	2x22	13.	But	1	D	vT1	.Av2	/
Since	v1	is	an	eigenvector	Since	AT	D	A	Since	v2	is	an	eigenvector	2	v1		v2	2	¤	0,	so	v1		v2	D	0.	P	D	,C	D	0	5	4	3					2	1	:96	:28	19.	An	orthogonal	matrix	is	invertible.	Verify	the	parallelogram	law	for	vectors	u	and	v	in	Rn	:	ku	C	vk2	C	ku	vk2	D	2kuk2	C	2kvk2					a	x	25.	Index	Accelerator-multiplier	model,	251n	Adjoint,	classical,	179	Adjugate,	179	Adobe
Illustrator,	481	Affine	combinations,	436–444	definition	of,	436	of	points,	436–439,	441–442	Affine	coordinates,	447–451	Affine	dependence,	445,	451	definition	of,	444	linear	dependence	and,	445–446,	452	Affine	hull	(affine	span),	437,	454	geometric	view	of,	441	of	two	points,	446	Affine	independence,	444–454	barycentric	coordinates,	447–453
definition	of,	444	Affine	set,	439–441,	455	dimension	of,	440	intersection	of,	456	Affine	transformation,	69	Aircraft	design,	91,	117	Algebraic	multiplicity	of	an	eigenvalue,	276	Algebraic	properties	of	Rn	,	27,	34	Algorithms	bases	for	Col	A,	Row	A,	Nul	A,	230–233	compute	a	B-matrix,	293	decouple	a	system,	306,	315	diagonalization,	283–285	finding
A−1,	107–108	finding	change-of-coordinates	matrix,	241	Gram-Schmidt	process,	354–360	inverse	power	method,	322–324	Jacobi’s	method,	279	LU	factorization,	124–127	QR	algorithm,	279,	280,	324	reduction	to	first-order	system,	250	row–column	rule	for	computing	AB	,	96	row	reduction,	15–17	row–vector	rule	for	computing	Ax,	38	singular	value
decomposition,	418–419	solving	a	linear	system,	21	steady-state	vector,	257–258	writing	solution	set	in	parametric	vector	form,	46	Amps,	82	Analysis	of	data,	123	See	also	Matrix	factorization	(decomposition)	Analysis	of	variance,	362–363	Angles	in	R2	and	R3	,	335	Anticommutativity,	160	Approximation,	269	Area	approximating,	183	determinants	as,
180–182	ellipse,	184	parallelogram,	180–181	triangle,	185	Argument	of	complex	number,	A6	Associative	law	(multiplication),	97,	98	Associative	property	(addition),	94	Astronomy,	barycentric	coordinates	in,	448n	Attractor,	304,	313	(fig.),	314	Augmented	matrix,	4	Auxiliary	equation,	248	Average	value,	381	Axioms	inner	product	space,	376	vector
space,	190	B-coordinate	vector,	154,	216–217	B-coordinates,	216	B-matrix,	290	Back-substitution,	19–20	Backward	phase,	17,	20,	125	Balancing	chemical	equations,	51,	54	Band	matrix,	131	Barycentric	coordinates,	447–451	in	computer	graphics,	449–451	definition	of,	447	physical	and	geometric	interpretations	of,	448–449	Basic	variable,	18	Basis,
148–150,	209,	225	change	of,	239–244	change	of,	in	Rn	,	241–242	column	space,	149–150,	211–212,	231–232	coordinate	systems,	216–222	eigenspace,	268	eigenvectors,	282,	285	fundamental	set	of	solutions,	312	fundamental	subspaces,	420–421	null	space,	211–212,	231–232	orthogonal,	338–339,	354–356,	377–378	orthonormal,	342,	356–358,	397,
416	row	space,	231–233	solution	space,	249	spanning	set,	210	standard,	148,	209,	217,	342	subspace,	148–150	two	views,	212–213	Basis	matrix,	485n	Basis	Theorem,	156,	227	Beam	model,	104	Bessel’s	inequality,	390	Best	approximation	C	Œa;	b,	386	Fourier,	387	P	4	,	378–379	to	y	by	elements	of	W	,	350	Best	Approximation	Theorem,	350	Bézier
basis	matrix,	485	Bézier	curves,	460,	481–492	approximations	to,	487–488	in	CAD	programs,	487	in	computer	graphics,	481,	482	connecting	two,	483–485	control	points	in,	481,	482,	488–489	cubic,	460,	481–482,	484,	485,	492	geometry	matrix,	485	matrix	equations	for,	485–486	quadratic,	460,	481–482,	492	recursive	subdivision	of,	488–490	tangent
vectors	and	continuity,	483,	491	variation-diminishing	property	of,	488	Bézier,	Pierre,	481	Bézier	surfaces,	486–489	approximations	to,	487–488	bicubic,	487,	489	recursive	subdivision	of,	488–489	variation-diminishing	property	of,	489	Bidiagonal	matrix,	131	Bill	of	final	demands,	132	Blending	polynomials,	485n	I1	I2	Index	Block	matrix,	117	diagonal,
120	multiplication,	118	upper	triangular,	119	Boundary	condition,	252	Boundary	point,	465	Bounded	set,	465	Branch	current,	83	Branches	in	network,	52,	82	B-splines,	484,	485,	490	uniform,	491	Budget	constraint,	412–413	C	(language),	39,	100	C	Œa;	b,	196,	380–382,	386	C	n	,	295	CAD	programs,	487	Cambridge	Diet,	80–81,	86	Caratheodory,
Constantin,	457	Caratheodory	Theorem,	457–458	Casorati	matrix,	245–246	Cauchy–Schwarz	inequality,	379–380	Cayley–Hamilton	Theorem,	326	Center	of	gravity	(mass),	33	Center	of	projection,	142	CFD.	4,	which	shows	the	plane	that	contains	v1	,	v2	,	v3	,	and	p	(together	with	points	on	the	coordinate	axes).	Figure	2	shows	S	and	the	translated	set	S
0	.	x	D	8	u	9	1	2	u	9	2	3	1	5.	Hint:	Use	the	fact	that	q0	D	p0	.	EXAMPLE	2	Suppose	data	points	.x1	;	y1	/;	:	:	:	;	.xn	;	yn	/	appear	to	lie	along	some	sort	of	parabola	instead	of	a	straight	line.	For	each	point	x	D	.x1	;	x2	/	in	the	domain	of	a	quadratic	form	Q,	the	graph	displays	the	point	.x1	;	x2	;	´/	where	´	D	Q.x/.	0	2	1=	5	2=	5	2=	5	1=	5	p	32	p	2	p	3	3	10
1=	2	1=	2	0	p0	54	0	9.	EXAMPLE	6	During	the	next	year,	a	county	government	is	planning	to	repair	x	hundred	miles	of	public	roads	and	bridges	and	to	improve	y	hundred	acres	of	parks	and	recreation	areas.	In	addition	Span	fv1	;	:	:	:	;	vk	g	D	Span	fx1	;	:	:	:	;	xk	g	1	for	1		k		p	(1)	356	CHAPTER	6	Orthogonality	and	Least	Squares	PROOF	For	1		k		p	,	let
Wk	D	Span	fx1	;	:	:	:	;	xk	g.	contains	Row	A.	The	Study	Guide	has	hints.	What	happens	when	one	of	the	vectors	is	an	affine	combination	of	the	others?	Mark	each	statement	True	or	False.	W	D	Col	A	for	A	D	4	0	1	Theorem	3.	The	lines	seem	to	be	approaching	the	line	representing	the	eigenspace	spanned	by	v1	.	Then	find	the	affine	combination	for	p.
How	is	this	connected	with	the	rank	of	ATA?]	23.	Suppose	radioactive	substances	A	and	B	have	decay	constants	of	.02	and	.07,	respectively.	However,	line	segments	are	drawn	showing	the	directions	of	those	vectors.	One	solution	is	x1	D	x4	D	4,	x2	D	5,	and	x3	D	3.	Hint:	Find	TD.y0	;	y1	;	y2	;	:	:	:	/	and	DT	.y0	;	y1	;	y2	;	:	:	:	/.	2/kC2	C	4.k	C	1/.	2	3	2	3	2	3
1	5	1	7.	Since	the	curve	is	C	1	continuous	at	p3	,	Exercise	5(a)	says	that	the	point	p3	is	the	midpoint	of	the	segment	from	p2	to	p4	.	Hint:	Find	an	invertible	matrix	P	such	that	RQ	D	P	1	AP	.	PROOF	A	point	y	is	in	aff	fv1	;	:	:	:	;	vp	g	if	and	only	if	there	exist	weights	c1	;	:	:	:	;	cp	such	that									y	v1	v2	v	D	c1	C	c2	C				C	cp	p	1	1	1	1	This	happens	if	and	only
if	yQ	is	in	Span	fQv1	;	vQ	2	;	:	:	:	;	vQ	p	g.	3	2	5	1	6	27	7,	D	D	6	0	40	05	1	0	0	3	0	0	2	2	61	6	35.	yOn	/2	(1)	384	CHAPTER	6	Orthogonality	and	Least	Squares	Now	suppose	the	measurements	that	produced	the	entries	in	y	are	not	equally	reliable.	Show	that	B	works.]	27.	The	seven	Landsat	images	of	one	fixed	region	typically	contain	much	redundant
information,	since	some	features	will	appear	in	several	images.	Q	D	6	6	1=p5	4	1=	5	p	1=	5	p	2p	5	5	RD4	0	6	0	0	2	A45	6	11	11	22		A46	Answers	to	Odd-Numbered	Exercises	19.	How	do	they	differ?	Explain	why	H	is	invariant	under	A	in	the	sense	that	Ax	is	in	H	whenever	x	is	in	H	.	no	solution,	or	2.	The	control	points	for	x.t/	C	b	should	be	p0	C	b,	p1	C
b,	and	p3	C	b.	Use	only	the	definition	of	affine	dependence	to	show	that	an	indexed	set	fv1	;	v2	g	in	Rn	is	affinely	dependent	if	and	only	if	v1	D	v2	.	(1)	8.2	Affine	Independence	445	An	affine	combination	is	a	special	type	of	linear	combination,	and	affine	dependence	is	a	restricted	type	of	linear	dependence.	EXAMPLE	3	Let	V	be	P2	,	with	the	inner
product	from	Example	2,	where	t0	D	0,	t1	D	12	,	and	t2	D	1.	Use	this	decomposition	of	A,	with	no	calculations,	to	write	a	basis	for	Col	A	and	a	basis	for	Nul	A.	1/2	C	22	D	5	A	Geometric	Interpretation	of	Theorem	5	The	formula	for	the	orthogonal	projection	yO	in	(2)	has	the	same	appearance	as	each	of	the	terms	in	Theorem	5.	No,	A	must	be
diagonalizable.	The	uniqueness	of	the	decomposition	(1)	shows	that	the	orthogonal	projection	yO	depends	only	on	W	and	not	on	the	particular	basis	used	in	(2).	From	this,	deduce	that	the	characteristic	polynomial	of	G	is	the	product	of	the	characteristic	polynomials	of	A	and	B	.	Page	393	Landsat	satellite:	NASA.	Yk	D	c1	.:8/k	C	c2	.:5/k	C	10	!	10	as	k	!
1	p	k	p	3/	19.	A	has	n	nonzero	singular	values.	If	A	is	an	orthogonal	matrix,	then	kAxk	D	kxk	for	all	x	in	Rn	.	EXAMPLE	5	Find	the	least-squares	solution	of	Ax	D	b	for	2	1	61	AD6	41	1	3	1	1	3	3	5	07	7;	25	3	2	3	3	6	57	7	bD6	4	75	3	SOLUTION	The	QR	factorization	of	A	can	be	obtained	as	in	Section	6.4.	2	3	3	1=2	1=2	1=2	2	2	4	5	6	1=2	7	1=2	1=2	74	0	2
35	A	D	QR	D	6	4	1=2	1=2	1=2	5	0	0	2	1=2	1=2	1=2	Then	2	1=2	QT	b	D	4	1=2	1=2	1=2	1=2	1=2	1=2	1=2	1=2	2	3	3	2	3	3	1=2	6	6	7	5	7	4	65	1=2	56	4	75	D	1=2	4	3	The	least-squares	solution	xO	satisfies	Rx	D	QT	b;	that	is,	2	32	3	2	3	2	4	5	x1	6	40	2	3	54	x2	5	D	4	6	5	0	0	2	x3	4	2	3	10	This	equation	is	solved	easily	and	yields	xO	D	4	6	5.	By	the	Rank
Theorem,	dim	Col	A		20	2	D	18,	which	means	that	Col	A	D	R18	,	because	A	has	18	rows,	and	every	equation	Ax	D	b	is	consistent.	A52	Answers	to	Odd-Numbered	Exercises	19.	When	a	car	driver	(or	a	mountain	climber)	turns	on	a	GPS	receiver,	the	receiver	measures	the	relative	arrival	times	of	signals	from	at	least	three	satellites.	Hint:	Write	A	D	PBP
property.	[Hint:	An	arbitrary	w	in	Span	fu;	vg	has	the	form	w	D	c1	u	C	c2	v.	A	second	method	is	to	weight	the	20	points	by	a	factor	of	2	and	the	other	5	by	a	factor	of	1.	5	c.	negative	definite	if	and	only	if	the	eigenvalues	of	A	are	all	negative,	or	c.	r=	1	a	r=	c	p	b	s=	0	s=	0	1	FIGURE	5	Barycentric	coordinates	for	points	in	aff	fa;	b;	cg.	Matrix	Notation
The	essential	information	of	a	linear	system	can	be	recorded	compactly	in	a	rectangular	array	called	a	matrix.	Let	c1	;	:	:	:	;	cp	be	the	entries	in	u1	.	Computing	the	least-squares	solution	of	X	ˇ	D	y	is	equivalent	to	finding	the	ˇ	that	determines	the	least-squares	line	in	Fig.	Theorem	7	can	be	proved	by	an	argument	similar	to	the	one	above	in	which	the
theorem	is	reduced	to	the	case	where	the	matrix	of	the	quadratic	form	is	diagonal.	Since	u1	is	orthogonal	to	u2	;	:	:	:	;	up	,	it	follows	from	(2)	that	z		u	1	D	.y	yO	/	u1	D	y		u1	D	y		u1		y		u1	u1		u	1	u1		u1	y		u1	D	0		0		0	Thus	z	is	orthogonal	to	u1	.	If	fv1	;	:	:	:	vp	g	is	an	affinely	dependent	set	in	Rn	,	then	the	set	fQv1	;	:	:	:	;	vQ	p	g	in	RnC1	of	homogeneous
forms	may	be	linearly	independent.	Compute	hf;	gi,	where	f	.t/	D	5t	Use	the	inner	product	axioms	and	other	results	of	this	section	to	verify	the	statements	in	Exercises	15–18.	Then	express	x	as	a	linear	combination	of	the	u’s.	F	m.	A	D	6	5	4	4	3	5	3=6	1=6	5	1	5	1=6	3=6	3	2	2	3	2=7	5=7	2	3	7	6	6	5	5=7	2=7	7	77	7	,QD6	14.	,	and	W	?	If	a	point	s	is	not
on	the	line	through	p	and	q,	then	these	three	points	are	not	collinear	and	fp;	q;	sg	is	an	affinely	independent	set.	p	40		2	2	3	2	3	0	0	19.	See	Exercises	27	and	28.	Write	the	new	quadratic	form.	If	.707	were	used	instead,	the	resulting	filter	coefficients	would	agree	to	at	least	p	p	seven	decimal	places	with	2=4;	1=2,	and	2=4,	the	values	produced	by
exact	arithmetic	calculations.)	WEB	368	CHAPTER	6	Orthogonality	and	Least	Squares	SOLUTIONS	TO	PRACTICE	PROBLEMS	1.	The	total	variance	of	the	data	is	the	sum	of	the	variances	on	the	diagonal	of	S	.	Here	yO	1	and	yO	2	denote	the	projections	of	y	onto	the	lines	spanned	by	u1	and	u2	,	respectively.	Note	that	projWk	xk	C1	is	in	Wk	and	hence
also	in	Wk	C1	.	Justify	the	equation	SS(T)	D	SS(R)	C	SS(E).	SOLUTION	Write	y	D	c1	u1	C	c2	u2	C	c3	u3	C	c4	u4	C	c5	u5	„	ƒ‚	…	„	ƒ‚	…	z1	z2	where	z1	D	c1	u1	C	c2	u2	is	in	Span	fu1	;	u2	g	and	z2	D	c3	u3	C	c4	u4	C	c5	u5	is	in	Span	fu3	;	u4	;	u5	g:	To	show	that	z2	is	in	W	?	u1	D	6	4	1	5,	u2	D	4	1	5,	u3	D	4	2	5,	u4	D	4	1	5,	1	1	1	2	2	3	4	6	57	7	vD6	4	3	5.	v3
x3	v'2	0	v1	W2	=	Span{v1,	v'2}	projW	x	3	2	FIGURE	2	The	construction	of	v3	from	x3	and	W2	.	Let	A	be	an	m		n	matrix	such	that	ATA	is	invertible.	.1;	0/,	.2;	1/,	.4;	2/,	.5;	3/	3.	The	singular	value	decomposition	of	A	is	3	#	2	1=3	"	p	p	#	"	p	2=3	2=3	6	10	3=p10	1=p10	4	2=3	p	0	0	1=3	2=3	5	A	D	1=	10	3=	10	0	3	10	0	2=3	2=3	1=3	"	U	"	†	"	VT	2	3	1	1
EXAMPLE	4	Find	a	singular	value	decomposition	of	A	D	4	2	2	5.	Let	W	be	a	subspace	of	Rn	,	and	let	W	?	[Hint:	Study	the	exercises	for	Section	6.3.]	c.	18.	When	these	statements	are	true,	the	least-squares	solution	xO	is	given	by	xO	D	.ATA/	1	AT	b	(4)	The	main	elements	of	a	proof	of	Theorem	14	are	outlined	in	Exercises	19–21,	which	also	review
concepts	from	Chapter	4.	Principal	component	analysis	is	completed	in	seconds	on	specialized	workstations.	SOLUTION			hp;	qi	D	p.0/q.0/	C	p	12	q	21	C	p.1/q.1/	D	.0/.	By	the	Orthogonal	Decomposition	Theorem,	y	yO	is	orthogonal	to	W	.	The	parallel	line	through	a	identifies	points	with	r	D	1.	Exercise	13	asks	you	to	show	that	an	indexed	set	fv1	;	v2	g
is	affinely	dependent	if	and	only	if	v1	D	v2	.	Describe	all	least-squares	solutions	of	the	system	xCy	D2	xCy	D4	26.	2,	3	9.	If	A	D	PDP	1	,	then	p.A/	D	Pp.D/P	1	,	as	shown	in	Exercise	6.	Let	U	D	Œ	u1	u2	u3		and	compute	3	2	T	2	T3	u1	u1	uT1	u2	uT1	u3	u1		6	7	7	6	(4)	U	TU	D	4	uT2	5	u1	u2	u3	D	4	uT2	u1	uT2	u2	uT2	u3	5	uT3	u1	uT3	u2	uT3	u3	uT3	The
entries	in	the	matrix	at	the	right	are	inner	products,	using	transpose	notation.	The	set	of	all	multiples	of	(when	v	¤	0/	a	27.	Hint:	Since	U	and	V	are	orthogonal,	ATA	D	.U	†V	T	/T	U	†V	T	D	V	†T	U	T	U	†V	T	D	V	.†T	†/V	1	Thus	V	diagonalizes	ATA.	Explain	why.	MATLAB	Projects	These	exploratory	projects	invite	students	to	discover	basic	mathematical	and
numerical	issues	in	linear	algebra.	A	New	Chapter:	Chapter	8,	The	Geometry	of	Vector	Spaces,	provides	a	fresh	topic	that	my	students	have	really	enjoyed	studying.	The	RGB	values	for	p	are	2	3	2	3	2	3	2	3	1	1	:6	:9	red	:254	0	5	C	:504	:4	5	C	:254	0	5	D	4	:2	5	green	1	1	1	1	blue	One	of	the	last	steps	in	preparing	a	graphics	scene	for	display	on	a
computer	screen	is	to	remove	“hidden	surfaces”	that	should	not	be	visible	on	the	screen.	PROOF	Suppose	statement	(a)	is	true,	and	let	c1	;	:	:	:	;	cp	satisfy	(1).	By	renumbering,	if	necessary,	we	may	assume	that	the	eigenvalues	are	arranged	so	that	1		2						n		0	T	The	singular	values	of	A	are	the	square	roots	of	the	eigenvalues	of	p	A	A,	denoted	by	1	;	:	:
:	;	n	,	and	they	are	arranged	in	decreasing	order.	If	A	contains	a	row	or	column	of	zeros,	then	0	is	an	eigenvalue	of	A.	F.	Compute	the	distance	from	y	9	2	to	the	line	through	u	and	the	origin.	The	vector	Av1	is	a	point	on	the	ellipse	in	Fig.	Compute	xTAx	for	the	following	matrices:	x2			3	2	b.	WEB	7.2	EXERCISES	1.	If	a	set	S	is	affinely	independent	and	if
p	2	aff	S	,	then	p	2	conv	S	if	and	only	if	the	barycentric	coordinates	of	p	are	nonnegative.	Since	positive	scalar	multiples	do	not	change	the	direction	of	a	vector,	Ak	x	itself	points	almost	in	the	same	direction	as	v1	or	v1	,	provided	c1	¤	0.	Find	the	distance	between	x	D	8=3	2		10	3			2	3	3	4	0	14.	The	other	formulas	are	proved	using	Cramer’s	rule	for	s
and	t	.	Chapter	7	Supplementary	Exercises	Exercises	12–14	concern	an	m		n	matrix	A	with	a	reduced	singular	value	decomposition,	A	D	Ur	DVrT	,	and	the	pseudoinverse	AC	D	Vr	D	1	UrT	.	That	is,	multiply	x	by	3	to	get			2	yD	3	p	Now	compute	kyk2	D	22	C	32	D	13,	kyk	D	13,	and	normalize	y	to	get				p		1	2=p13	2	zD	p	D	3	3=	13	13	p	p	See	Fig.	Verify
that	the	rows	are	orthonormal,	too!	PRACTICE	PROBLEMS	p			p			2=p5	1=p5	and	u2	D	.	Let	A	D	4	4	0	2	2	2	1	Verify	that	v1	and	v2	are	eigenvectors	of	A.	4	shows	that	the	distance	from	u	to	v	is	the	same	as	the	distance	from	u	v	to	0.	b	a	Use	the	Cauchy–Schwarz	inequality	to	compare	the	geometp	ric	mean	ab	with	the	arithmetic	mean	.a	C	b/=2.	The
projection	does	not	depend	on	the	choice	of	orthogonal	basis,	and	it	has	the	properties	described	in	the	Orthogonal	Decomposition	Theorem	and	the	Best	Approximation	Theorem.	Given	multivariate	data	X1	;	:	:	:	;	XN	(in	Rp	/	in	meandeviation	form,	let	P	be	a	p		p	matrix,	and	define	Yk	D	P	T	Xk	for	k	D	1;	:	:	:	;	N	.	By	the	uniqueness	of	the	orthogonal
decomposition,	AOx	must	be	the	orthogonal	O	and	xO	is	a	least-squares	solution.	Derive	the	normal	equations	(7)	from	the	matrix	form	given	in	this	section.	3/2	Q.2;	2/	D	.2/2	Q.1;	3/	D	.1/2	8.	D	n.	The	two	“mental”	calculations	are	4		Œeq.	Use	the	pseudoinverse	to	solve	Ax	D	b,	for	b	D	.6;	1;	4;	6/,	and	let	xO	be	the	solution.					3	1	1	5	13.	See	the
Practice	Problems	for	Section	7.5.	370	CHAPTER	6	Orthogonality	and	Least	Squares	EXAMPLE	1	Find	the	equation	y	D	ˇ0	C	ˇ1	x	of	the	least-squares	line	that	best	fits	the	data	points	.2;	1/,	.5;	2/,	.7;	3/,	and	.8;	3/.	For	more	information,	visit	www.pearsonhighered.com/irc	or	contact	your	Pearson	representative.	It	turns	out	that	if	the	data	have	certain
properties,	these	coefficients	are	statistically	independent.	Then	the	coordinates	of	the	first	data	point	.x1	;	y1	/	satisfy	an	equation	of	the	form	Net	primary	production	y	y1	D	ˇ0	C	ˇ1	x1	C	ˇ2	x12	C	1	where	1	is	the	residual	error	between	the	observed	value	y1	and	the	predicted	y	-value	ˇ0	C	ˇ1	x1	C	ˇ2	x12	.	4	4=p18	5,	4	2=3	1=	2	1=	18	In	Exercises
23	and	24,	all	vectors	are	in	Rn	.	The	cards	contained	economic	information	about	the	U.S.	economy	and	represented	a	summary	of	more	than	250,000	pieces	of	information	produced	by	the	U.S.	Bureau	of	Labor	Statistics	after	two	years	of	intensive	work.	Then	obtain	x	D	25	u1			2	11.	The	kernel	of	T	is	W	b	real	.	2	5	3	2	1	If	possible,	write	y	as	an
affine	combination	of	v1	;	v2	;	v3	,	and	v4	.	This	cannot	happen	if	all	the	eigenvalues	are	less	than	1	in	magnitude.	Not	diagonalizable	2	2	3	3	5	0	0	1	1	1	1	05	1	0	5,	D	D	4	0	11.	EXAMPLE	4	Make	a	change	of	variable	that	transforms	the	quadratic	form	in	Example	3	into	a	quadratic	form	with	no	cross-product	term.	The	orthogonal	projection	yO	of	y
onto	W	is	the	sum	of	the	projections	of	y	onto	one-dimensional	subspaces	that	are	orthogonal	to	each	other.	Describe	how	one	might	obtain	a	sequence	that	estimates	the	eigenvalue	close	to	4.	The	matrix	A	is	called	the	matrix	of	the	quadratic	form.	2	3	2	3					12	2	8	2	15.	By	a	property	of	matrix	multiplication,	Ax	C	Aw	D	A.x	C	w/,	which	shows	that	Ax
C	Aw	is	a	linear	combination	of	the	columns	of	A	and	hence	is	in	Col	A.	kb	Alternative	Calculations	of	Least-Squares	Solutions	The	next	example	shows	how	to	find	a	least-squares	solution	of	Ax	D	b	when	the	columns	of	A	are	orthogonal.	Suppose	21,	3.3,	and	1.9	are	estimates	for	the	eigenvalues	of	the	matrix	A	below.	4	0	5,	4	5	5	1	3	2	3	5	17	7	45	1	2
3	2	1	6	37	7,	6	5	3	4	1	3	2	1	6	47	6	7	6	5.	Hint:	Take	functions	f	and	g	in	C	Œ0;	2,	and	fix	an	integer	m		0.	2	3	2	3	3	5	1	1	6	6	6	1	6	3	1	17	8	37	7	7	9.	(To	five	decimal	places,	the	eigenvalue	is	3.02409.)	326	CHAPTER	5	Eigenvalues	and	Eigenvectors	CHAPTER	5	SUPPLEMENTARY	EXERCISES	Throughout	these	supplementary	exercises,	A	and	B
represent	square	matrices	of	appropriate	sizes.	When	attention	is	restricted	to	convex	combinations,	the	appropriate	condition	involves	line	segments	rather	than	lines.	What	can	you	conclude	about	z1	C	z2	?	The	difference	between	an	observed	y	value	and	a	predicted	y	-value	is	called	a	residual.	Let	U	and	V	be	n		n	orthogonal	matrices.	y	ˆ	||y	–	y||	yˆ
0	W	||yˆ	–	v||	||y	–	v||	v	FIGURE	4	The	orthogonal	projection	of	y	onto	W	is	the	closest	point	in	W	to	y.	Prove	that	every	vector	x	in	Rn	can	be	written	in	the	form	x	D	p	C	u,	where	p	is	in	Row	A	and	u	is	in	Nul	A.	What	is	the	largest	possible	value	of	the	quadratic	form	5x12	C	8x22	if	x	D	.x1	;	x2	/	and	xTx	D	1,	that	is,	if	x12	C	x22	D	1?	Let	S	be	an	affine
subset	of	Rn	,	suppose	f	W	Rn	!	Rm	is	a	linear	transformation,	and	let	f	.S/	denote	the	set	of	images	ff	.x/	W	x	2	Sg.	Prove	that	f	.S/	is	an	affine	subset	of	Rm	.	6	4	2	5,	4	0	5,	4	6	5,	p	=	4	4	5	2	1	5	0	In	Exercises	9	and	10,	mark	each	statement	True	or	False.	Without	calculating	the	actual	values,	determine	the	signs	of	the	barycentric	coordinates	of	points
p4	,	p5	,	p6	,	and	p7	.	Hint:	If	you	have	a	candidate	for	an	inverse,	you	can	check	to	see	whether	the	candidate	works.	Then	Av	D	s	v.	Indeed,	inscribed	over	the	doors	of	his	academy	were	these	words:	“Let	no	one	destitute	of	geometry	enter	my	doors.”	The	Greeks	were	greatly	impressed	by	geometric	patterns	such	as	the	regular	solids.	Since	S	D	W	C
p,	where	p	satisfies	Ap	D	b,	by	Theorem	6	in	Section	1.5,	S	is	a	translate	of	W	,	and	hence	S	is	a	flat.	Examples	1	and	2	show	the	connection	between	any	symmetric	matrix	A	and	the	quadratic	form	xTAx.	EXAMPLE	1	Let	x	D	a.	Show	that	this	implies	v1	D	v2	.	x3	v2	W	x2	x2	0	p	x1	v1	=	x1	FIGURE	1	Construction	of	an	orthogonal	basis	fv1	;	v2	g.	Since
p	is	in	S	,	the	zero	vector	is	in	W	.	Use	the	fact	that	the	columns	of	Q	can	be	extended	to	an	orthonormal	basis	for	Rm	,	say,	fq1	;	:	:	:	;	qm	g.	For	information	on	obtaining	permission	for	use	of	material	in	this	work,	please	submit	a	written	request	to	Pearson	Education,	Inc.,	Rights	and	Contracts	Department,	501	Boylston	Street,	Suite	900,	Boston,	MA
02116,	fax	your	request	to	617-671-3447,	or	e-mail	at	.	Rewrite	the	data	in	Example	1	with	new	x	-coordinates	in	mean	deviation	form.			1	0	c.	Find	the	least-squares	line	y	D	ˇ0	C	ˇ1	x	that	best	fits	the	data	.	[M]	(.130,	.874,	.468),	75.9%	of	the	variance	7.	A	linear	dependence	among	the	homogeneous	forms	is	4Qv1	5Qv2	3Qv3	C	4Qv4	D	0.	Then,	for
each	b	in	Rm	,	the	equation	Ax	D	b	has	a	unique	least-squares	solution,	given	by	xO	D	R	1	QT	b	(6)	PROOF	Let	xO	D	R	1	QT	b.	Notice	that	Yk	is	the	coordinate	vector	of	Xk	with	respect	to	the	columns	of	P	,	and	Yk	D	P	1	Xk	D	P	T	Xk	for	k	D	1;	:	:	:	;	N	.	The	text	does	provide	simple	T/F	answers	to	most	of	these	questions,	but	it	omits	the	justifications	for
the	answers	(which	usually	require	some	thought).	The	basic	strategy	is	to	replace	one	system	with	an	equivalent	system	(i.e.,	one	with	the	same	solution	set)	that	is	easier	to	solve.	If	appropriate,	scale	v2	to	simplify	later	computations.	To	measure	the	value,	or	utility,	that	the	residents	would	assign	to	the	various	work	schedules	.x;	y/,	economists
sometimes	use	a	function	such	as	q.x;	y/	D	xy	The	set	of	points	.x;	y/	at	which	q.x;	y/	is	a	constant	is	called	an	indifference	curve.	It	can	0	be	shown	that	u4	is	not	in	the	subspace	W	spanned	by	u1	and	u2	.	2;	1/.	If	ATAx	D	0,	then	xTATAx	D	xT0	D	0.	kc	vk	D	jcjkvk	(To	see	this,	compute	kc	vk2	D	.c	v/	.c	v/	D	c	2	v		v	D	c	2	kvk2	and	take	square	roots.)	332
CHAPTER	6	Orthogonality	and	Least	Squares	A	vector	whose	length	is	1	is	called	a	unit	vector.	Use	the	identity	sin	mt	sin	nt	D	12	Œcos.mt	nt	/	cos.mt	C	nt	/	1	C	cos	2kt	.	4	0	5,	4	1	5,	4	5	5,	4	5	5	2	1	1	3	2	3	2	3	2	3	2	3	1	0	2	3	6.	Thus	(3)	expresses	y	as	the	sum	of	its	projections	onto	the	(orthogonal)	axes	determined	by	u1	and	u2	.	[M]	Orthogonally
diagonalize	the	matrices	in	Exercises	37–40.	An	icon	SG	in	the	text	directs	students	to	special	subsections	of	the	Guide	that	suggest	how	to	master	key	concepts	of	the	course.	390–398,	409–421.	Several	examples	that	follow	use	the	space-saving	notation	for	(column)	vectors.	3;	1;	1;	3/	is	.1;	1;	1;	1/.	y	D	X	ˇ	C	,	where	y	D	4	5:4	5,	X	D	4	cos	2	:9	cos	3	2
3			1	A	ˇD	,		D	4	2	5	B	3	3	sin	1	sin	2	5,	sin	3	11.	Show	that	fu1	;	u2	g	is	an	orthonormal	1.	1/	C	1.2/	C	1.1/	D	0			u1		u3	D	3	21	C	1.	The	length	of	each	side	is	labeled.)	Now	kOy	vk2	>	0	because	yO	v	¤	0,	and	so	inequality	(3)	follows	immediately.	Krumbein,	W.	Describe	W	in	geometric	language.	On	the	other	hand,	let	C	be	any	convex	set	containing	S	.
Other	useful	facts	are	displayed	in	tinted	boxes,	for	easy	reference.	Justification:	If	a	typical	element	.s	2t;	3	C	3s;	3s	C	t;	2s/	were	zero,	then	3	C	3s	D	0	and	2s	D	0,	which	is	impossible.	Consider	first	a	set	of	three	vectors	in	R3	,	say	S	D	fv1	;	v2	;	v3	g.	For	fv1	g,	the	first	equation	in	(1)	is	just	c1	D	0,	and	yet	at	least	one	(the	only	one)	coefficient	must	be
nonzero.	They	apply	a	sequence	of	similarity	transformations	to	A	involving	orthogonal	matrices.	What	happens	as	k	increases?	That	is,	take	v1	D	p	and	v2	D	u	C	p,	so	that	2	3	2	3	2	3	2	4	6	v2	D	u	C	p	D	4	3	5	C	4	0	5	D	4	3	5:	1	3	2	In	this	case,	the	solution	set	is	described	as	the	set	of	all	affine	combinations	of	the	form	2	3	2	3	4	6	x	D	.1	x3	/4	0	5	C	x3	4
3	5:	3	2	Earlier,	Theorem	1	displayed	an	important	connection	between	affine	combinations	and	linear	combinations.	The	difference	between	the	observed	value	and	the	predicted	value	is	the	residual.	Try	to	write	an	explanation	before	you	consult	the	Study	Guide.	Suppose	A	is	square	and	invertible.	By	Theorem	14,	bO	D	AOx	D	A.ATA/	1	AT	b.	If	fv1	;
v2	;	v3	g	is	an	orthogonal	basis	for	W	,	then	multiplying	v3	by	a	scalar	c	gives	a	new	orthogonal	basis	fv	1	;	v	2	;	c	v	3	g.	By	Exercise	19,	the	diagonal	entries	in	†	are	the	singular	values	of	PA.	To	show	that	S	is	a	flat,	it	suffices	to	show	that	W	is	a	subspace	of	Rn	.	Show	that	if	A	admits	a	(real)	Schur	factorization,	A	D	URU	T	,	then	A	has	n	real
eigenvalues,	counting	multiplicities.	The	eigenvalues	of	ATA	are	18	and	0,	9	9	with	corresponding	unit	eigenvectors	"	"	p	#	p	#	1=p2	1=p2	v1	D	;	v2	D	1=	2	1=	2	These	unit	vectors	form	the	columns	of	V	:	"	V	D	Œ	v1	v2		D	p	1=p2	1=	2	p	#	1=p2	1=	2	p	p	The	singular	values	are	1	D	18	D	3	2	and	2	D	0.	See	Exercise	34	in	Section	4.5.	Section	4.2,	page
205	2	32	3	2	3	3	5	3	1	0	2	0	54	3	5	D	4	0	5,	1.	The	number	uT	v	is	called	the	inner	product	of	u	and	v,	and	often	it	is	written	as	u		v.	For	O	k	.]	1		k		N	,	write	Xk	M	in	place	of	X	SOLUTIONS	TO	PRACTICE	PROBLEMS	1.	For	odd-numbered	exercises,	you	will	find	either	the	desired	explanation	or	at	least	a	good	hint.	If	B	is	m		n	and	x	is	a	unit	vector	in
Rn	,	then	kB	xk		1	,	where	1	is	the	first	singular	value	of	B	.	Suppose	x	also	has	the	representation	x	D	d1	b1	C				C	dk	bk	and	d1	C				C	dk	D	1	(7a)	for	scalars	d1	;	:	:	:	;	dk	.	0	23.	Write	x	as	the	sum	of	two	vectors,	one	in	0	Span	fu1	;	u2	;	u3	g	and	the	other	in	Span	fu4	g.	So	Ax	D	A.c	u/	D	c.Au/	D	c.u/	D	.c/u,	which	shows	that	Ax	is	in	H	.	4	7	5,	4	3	5,	4	1	5
1	1	9	2	3	3	2	3	2	4	0	2	4.	3	32	3	2	5	3	2	1	54	1	5	D	4	3	5	5	2	0	It	turns	out	that	bO	D	b,	so	kb	bO	k	D	0.	A	similar	calculation	works	for	yk	D	.	Since	A	has	fewer	columns	than	rows,	there	cannot	be	a	pivot	position	in	each	row	of	A.	p1	D	4	19	5	b.	Hence	this	projection	is	determined	by	the	subspace	L	spanned	by	u	(the	line	through	u	and	0).	A	Modern
View	of	Matrix	Multiplication	Good	notation	is	crucial,	and	the	text	reflects	the	way	scientists	and	engineers	actually	use	linear	algebra	in	practice.	A	slightly	different	proof	is	given	in	the	Study	Guide.	1/n	p./	n	1	1	C	n	/	[Hint:	Expanding	by	cofactors	down	the	first	column,	show	that	det	.Cp	I	/	has	the	form	.	3,	2	The	answers	in	Exercises	5–13	are	not
the	only	possibilities.	[Hint:	Let	w	be	the	vector	in	RN	with	a	1	in	each	entry.	Let	p	be	a	point	on	the	line	through	a	and	b.	This	exercise	shows	that	even	when	a	condition	number	is	large,	the	relative	error	in	a	solution	need	not	be	as	large	as	you	might	expect.	For	each	j	,	I.bj	/	D	bj	.	xkC1	D	c1	kC1	u	C	c2	kC1	v	35.	So	Q	is	an	indefinite	quadratic	The
classification	of	a	quadratic	form	is	often	carried	over	to	the	matrix	of	the	form.	Yes,		D	2	5.	Suppose	A	D	PDP	1	,	where	P	is	2		2	and	D	D	.	Compute	and	compare	the	lengths	of	u,	Au,	v,	and	Av.	c.	Otherwise,	you	are	likely	to	think	you	understand	something	when	in	fact	you	do	not.	The	norm	of	the	difference	between	f	and	a	Fourier	approximation	is
called	the	mean	square	error	in	the	approximation.	359	19.	By	taking	W	to	be	the	column	space	of	a	matrix,	Section	6.5	develops	a	method	for	producing	approximate	(“least-squares”)	solutions	for	inconsistent	linear	systems,	such	as	the	system	solved	for	the	NAD	report.	Suppose	y	is	orthogonal	to	u	and	v.	They	were	originally	defined	by	A.	[Hint:
What	can	you	say	about	u	and	v	when	Span	fu;	vg	is	a	plane?]	14.	The	polynomials	in	this	basis	are	called	Legendre	polynomials.	[Hint:	In	2	3	1=3	2=3	2=3	1=3	2=3	5.	A	D	4	1	0	0	1	9	Another	estimate	can	be	made	for	an	eigenvalue	when	an	approximate	eigenvector	is	available.	b1	D	,	b2	D	0	1	1	3					2	1	b1	D	,	b2	D	1	3	Section	5.6	17.	Exercise	27	in
Section	7.1	showed	that	B	TB	is	symmetric.	But	computer	rounding	errors	during	the	calculations	of	the	xk	are	likely	to	create	a	vector	with	at	least	a	small	component	in	the	direction	of	v1	.	1,	3,	7	15.	If	ck	C1	<	1,	let	t	D	c1	C				C	ck	.	Or,	you	could	use	values	of	t	such	as	t	D	0;	:1;	:2;	:	:	:	to	create	a	system	of	equations	that	you	can	solve	with	a	matrix
program.	Their	creative	ideas	about	teaching	linear	algebra	have	influenced	this	text	in	significant	ways.	Use	the	Gram–Schmidt	process	to	find	an	orthogonal	basis	for	W	.	b/	D	a	2	3	c2	b	4	c3	5	D	a	t		2	3	4	v1	D	4	10	5;	4	v3	a	Row	reduction	of	the	augmented	matrix	above	produces	2	7	40	2	4	10	4	3	2	1	1	15		40	0	16	:7	:4	3	v1	.	Find	a	unit	vector	u	in
the	same	direction	as	v.	Also,	given	y	in	Col	Q,	show	that	y	D	Ax	for	some	x.]	21.	Since	kAvi	k	D	i	for	1		i		n,	and	i	is	0	if	and	only	if	i	>	r	,	the	vectors	vr	C1	;	:	:	:	;	vn	span	a	subspace	of	Nul	A	of	dimension	n	r	.	[M]	Use	the	inverse	power	method	to	estimate	the	middle	eigenvalue	of	the	A	in	Example	3,	with	accuracy	to	four	decimal	places.	Suppose	that
the	solutions	of	an	equation	2	3	Ax	D	b	are	all	of	2	3	5	1	the	form	x	D	x3	u	C	p,	where	u	D	4	1	5	and	p	D	4	3	5.	(The	other	fractions	j	=1	are	likely	to	be	smaller.)	If	j2	=1	j	is	close	to	1,	then	fk	g	and	fxk	g	can	converge	very	slowly,	and	other	approximation	methods	may	be	preferred.	Figure	2	shows	the	scaled	sequence	5.8	Iterative	Estimates	for
Eigenvalues	321	for	Example	1.	7.5	b.	Explain	why	A	must	have	at	least	as	many	rows	as	columns.		C	2	sin	t	C	sin	2t	C	23	sin	3t	[Hint:	Save	time	by	using	the	results	from	Example	4.]	7.	Hint:	By	hypothesis,	the	zero	vector	has	a	unique	representation	as	a	linear	combination	of	elements	of	S	.	1;	2;	0;	2;	1/.	Denote	the	first	column	of	X	by	1.	Figure	4
displays	the	graphs	of	four	quadratic	forms	with	domain	R2	.	Make	a	change	of	variable,	x	D	P	y,	that	transforms	the	quadratic	form	x12	C	10x1	x2	C	x22	into	a	quadratic	form	with	no	cross-product	term.	Some	possible	answers:	y	D	2v1	1:5v2	C	:5v3	,	y	D	2v1	2v3	C	v4	,	y	D	2v1	C	3v2	7v3	C	3v4	3.	By	Axiom	1,	hv;	0i	D	h0;	vi.	The	projects	are
referenced	by	an	icon	WEB	at	appropriate	points	in	the	text.	The	columns	of	U	are	orthogonal	if	and	only	if	uT1	u2	D	uT2	u1	D	0;	uT1	u3	D	uT3	u1	D	0;	uT2	u3	D	uT3	u2	D	0	(5)	The	columns	of	U	all	have	unit	length	if	and	only	if	uT1	u1	D	1;	uT2	u2	D	1;	uT3	u3	D	1	(6)	The	theorem	follows	immediately	from	(4)–(6).	The	points	on	the	constraint	curve,	4x
2	C	9y	2	D	36,	use	the	maximum	amounts	of	resources	available.	15	1	SOLUTION	The	columns	of	A	are	the	vectors	x1	,	x2	,	and	x3	in	Example	2.	So	3	is	the	minimum	value	of	Q.x/	when	xTx	D	1.	SOLUTION	Equation	(3)	describes	the	ideal	relationship.	Then,	expanding	det.Cp	I	/	by	cofactors	down	the	first	column,	the	determinant	of	Cp	I	equals	2	3		1
	0	::	7	6	::	6	:	7	.	SOLUTION	Find	the	B	-coordinates	of	p1	and	p2	.	The	new	Q	for	the	next	step	is	Œ	Q	ukC1	.	p/,	so	that	S	D	W	C	p.	Compute	xk	C1	D	.1=k	/Axk	.	If	fp1	;	p2	;	p3	g	is	an	affinely	dependent	set,	then	there	exist	scalars	c1	,	c2	,	and	c3	,	not	all	zero,	such	that	c1	p1	C	c2	p2	C	c3	p3	D	0	and	c1	C	c2	C	c3	D	0.	To	practice	the	methods	of	this
section,	do	not	use	an	eigenvector	routine	from	your	matrix	program.	A	D	,bD	,	b	D	1:6	1:1	1:407	:003	If	complex	numbers	are	allowed,	every	n		n	matrix	A	admits	a	(complex)	Schur	factorization,	A	D	URU	1	,	where	R	is	upper	triangular	and	U	1	is	the	conjugate	transpose	of	U	.	Since	the	rows	of	A	span	the	row	space,	x	is	orthogonal	to	Row	A.	f	.x1	;
x2	;	x3	/	D	x1	19.	A	D	6	61	0	6	41	0	1	0	describe	all	least-squares	solutions	of	the	2	3	3	0	1	637	07	7,	b	D	6	7	485	15	2	1	3	2	3	0	7	627	07	7	6	7	6	7	07	7,	b	D	6	3	7	7	667	17	6	7	455	15	1	4	7.	The	vectors	x;	:	:	:	;	A5	x	are	1	20	21											24991	991	4991	31	191	;	:	;	;	;	6241	31241	241	1241	41	Find	a	vector	with	a	1	in	the	second	entry	that	is	close	to	an
eigenvector	of	A.	Leftmultiplication	by	W	scales	the	rows	of	X	and	y:	2	3	2	3	2	4	6	62	7	6	10	7	2	6	7	6	7	6	7	07	WX	D	6	62	7;	W	y	D	6	10	7	41	4	45	15	1	2	3	For	the	normal	equation,	compute		14	T	.WX/	WX	D	9	y	y	=	4.3	+	.2x	2	and	solve	y	=	4	–	.1x	x	–2	2		14	9	9	25			and	ˇ0	ˇ1		D	.WX/	W	y	D	T		59	34		59	34			The	solution	of	the	normal	equation	is	(to	two
significant	digits)	ˇ0	D	4:3	and	ˇ1	D	:20.	It	is	enough	to	have	an	orthogonal	basis	only	for	W	.	(When	x	D	1,	p	D	a.)	When	this	fact	is	applied	to	Example	5,	it	shows	that	the	colors	at	vertex	a	and	the	point	q	are	smoothly	interpolated	as	p	moves	along	the	line	between	a	and	q.	a.	Thus	no	additional	vectors	are	needed	for	U	,	and	U	D	Œ	u1	u2	.	These
introductory	vignettes	provide	applications	of	linear	algebra	and	the	motivation	for	developing	the	mathematics	that	follows.	T	.e1	/	D	b3	,	T	.e2	/	D	b1	2b2	,	T	.e3	/	D	2b1	C	3b3	2	3	2	3	0	1	b.	Compute	hp;	qi	and	hq;	qi.	SOLUTION	The	orthogonal	projection	of	y	onto	W	is	y		u1	y		u2	yO	D	u1	C	u2	u	1		u1	u2		u2	3	2	3	2	3	2	3	2	3	2	2=5	2	2	2	2	3	94	15	94
55C	4	15	D	55C	4	15	D	4	2	5	D	30	6	30	30	1=5	1	1	1	1	Also	y	2	3	1	yO	D	4	2	5	3	2	3	2	3	2=5	7=5	4	2	5D4	0	5	1=5	14=5	Theorem	8	ensures	that	y	yO	is	in	W	?	Hint:	Use	Theorem	2.	350	CHAPTER	6	Orthogonality	and	Least	Squares	Properties	of	Orthogonal	Projections	If	fu1	;	:	:	:	;	up	g	is	an	orthogonal	basis	for	W	and	if	y	happens	to	be	in	W	,	then	the
formula	for	projW	y	is	exactly	the	same	as	the	representation	of	y	given	in	Theorem	5	in	Section	6.2.	In	this	case,	projW	y	D	y.	Replace	u	by	c	u	with	c	¤	0;	then	31.	8x12	C	7x22	3x32	6x1	x2	C	4x1	x3	2x2	x3	b.	fu1	;	:	:	:	;	ur	g	(5)	7.4	The	Singular	Value	Decomposition	421	A	Recall	from	Theorem	3	in	Section	6.1	that	.Col	A/?	Statisticians	say	that	x1	and
x3	are	uncorrelated.	4	6	5	1	2	1		3v2	C	v3	D	v2	A35	v3	19.	Not	symmetric	5.	This	is	an	SVD	of	AT	because	V	and	U	are	orthogonal	matrices	and	†T	is	an	n		m	“diagonal”	matrix.	Show	that	y	is	orthogonal	to	the	vector	u	C	v.	(complex):	c1	e	.1C3i/t	C	c2	e	.1	3i/t	2	2					cos	3t	sin	3t	sin	3t	C	cos	3t	(real):	c1	e	t	C	c2	et	2	cos	3t	2	sin	3t	The	trajectories	spiral
out,	away	from	the	origin.	Lay	is	also	a	co-author	of	several	mathematics	texts,	including	Introduction	to	Functional	Analysis	with	Angus	E.		6.1	EXERCISES	Compute	the	quantities	in	Exercises	1–8	using	the	vectors	2	3	2	3					3	6	1	4	uD	,	vD	,	w	D	4	1	5,	x	D	4	2	5	2	6	5	3	vu	1.	3,	3.	For	example,	let	B	D	fb1	;	:	:	:	;	bn	g	be	such	a	basis.	After	that,
nonorthogonal	techniques	are	needed	to	calculate	eigenvectors.	(Only	a	portion	of	each	plane	is	shown	here,	of	course.)	x3	v3	v1	v2	aff{v1	,	v2	,	v3}	v3	–	v1	v2	–	v1	x1	x2	Span{v2	–	v1	,	v3	–	v1}	FIGURE	2	An	affinely	independent	set	fv1	;	v2	;	v3	g.	All	multiples	of	v1	are	repelled.	In	1994,	he	was	given	one	of	the	Mathematical	Association	of	America’s
Awards	for	Distinguished	College	or	University	Teaching	of	Mathematics.	Any	solution	of	ATAx	D	AT	b	is	a	least-squares	solution	of	Ax	D	b.					1	3	15.	2	3	2	3	1	2	4	3	5,	b	D	4	1	5	1.	If	A	is	not	a	diagonal	matrix,	the	graph	of	equation	(3)	is	x2	x2	b	b	a	x1	x1	a	x	21	x	22	—	+	—	=	1,	a	>	b	>	0	a2	b2	x	21	x	22	—	–	—	=	1,	a	>	b	>	0	a2	b2	ellipse	hyperbola
FIGURE	2	An	ellipse	and	a	hyperbola	in	standard	position.	In	particular,	this	shows	that	the	norm	of	the	projection	of	v	onto	W	does	not	exceed	the	norm	of	v	itself.	If	w	D	.w1	;	w2	/,	then	hu	C	v;	wi	D	4.u1	C	v1	/w1	C	5.u2	C	v2	/w2	D	4u1	w1	C	5u2	w2	C	4v1	w1	C	5v2	w2	D	hu	;	w	i	C	hv	;	w	i	This	verifies	Axiom	2.	Then	C	contains	every	convex
combination	of	points	of	C	(Theorem	7),	and	hence	also	contains	every	convex	combination	of	points	of	the	subset	S	.	Page	412	Bridge:	Maslov	Dmitry/Shutterstock;	Construction:	Dmitry	Kalinovsky/	Shutterstock;	Family:	Dean	Mitchell/Shutterstock.	In	the	system	above,	the	solution	is	the	single	point	.3;	2/,	as	you	can	easily	verify.	7.3	Constrained
Optimization	413	y	Parks	and	recreation	1.4	4x	2	+	9y	2	=	36	(indifference	curves)	q	(x,	y)	=	4	q	(x,	y)	=	3	x	q	(x,	y)	=	2	2.1	Road	and	bridge	repair	FIGURE	4	The	optimum	public	works	schedule	is	.2:1;	1:4/.	No,	u	could	not	6	2	possibly	be	a	least-squares	solution	of	Ax	D	b.	When	the	sides	of	T	are	extended,	the	lines	divide	R2	into	seven	regions.	(Note
that	z2	is	a	linear	combination	of	the	eigenvectors	v1	and	v2	,	so	z2	is	in	the	eigenspace.	Compute	aa	aa	2.	10x12	6x1	x2	3x22	b.	Then	obtain									2	6	2	1	6	39	C	26	D	3	C	x	D	13	52	4	2	4	3	3	9.	Show	that	for	u,	v	in	V	,	the	formula	hu;	vi	D	T	.u/T	.v/	defines	an	inner	product	on	V	.	Let	A	be	an	m		n	matrix	whose	columns	are	linearly	independent.	The	set
of	all	multiples	of	u	is	Span	fug,	the	line	through	u	and	the	origin.	Each	exercise	set	is	carefully	arranged	in	the	same	general	order	as	the	text;	homework	assignments	are	readily	available	when	only	part	of	a	section	is	discussed.	Produce	separate	graphs	of	f4	and	f5	on	the	interval	Œ0;	2,	and	produce	a	graph	of	f5	on	Œ	2;	2.	Later	sections	in	the	text
will	examine	problems	where	a	given	y	must	be	replaced,	or	approximated,	by	a	vector	v	in	some	fixed	subspace	W	.	Write	the	Fourier	coefficient	of	f	C	g	that	involves	cos	mt	,	and	write	the	Fourier	coefficient	that	involves	sin	mt	.m	>	0/.	If	b	is	orthogonal	to	the	columns	of	A,	then	the	projection	of	b	onto	the	column	space	of	A	is	0.	We	know	that	xTAx
D	yTD	y	Also,	when	x	D	P	y	kxk	D	kP	yk	D	kyk	(3)	for	all	y	because	P	TP	D	I	and	kP	yk2	D	.P	y/T	.P	y/	D	yTP	TP	y	D	yTy	D	kyk2	.	[M]	The	diagonal	entries	of	R	are	20,	6,	10.3923,	and	7.0711,	to	four	decimal	places.	Make	a	calculation	to	verify	that	xO	is	in	Row	A.	For	Rn	,	these	concepts	were	based	on	the	properties	of	the	inner	product	listed	in
Theorem	1	of	Section	6.1.	For	other	spaces,	we	need	analogues	of	the	inner	product	with	the	same	properties.	Show	that	the	new	formula	gives	the	same	yO	.	Here	x0	was	chosen	arbitrarily,	yk	D	.A	1:9I	/	1	xk	,	k	is	the	largest	entry	in	yk	,	k	D	1:9	C	1=k	,	and	xk	C1	D	.1=k	/yk	.	Thus	H	must	contain	Span	fu;	vg.	Not	every	orthogonal	set	in	Rn	is	linearly
independent.	412	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	THEOREM	8	Let	A	be	a	symmetric	n		n	matrix	with	an	orthogonal	diagonalization	A	D	PDP	1	,	where	the	entries	on	the	diagonal	of	D	are	arranged	so	that	1		2						n	and	where	the	columns	of	P	are	corresponding	unit	eigenvectors	u1	;	:	:	:	;	un	.	By	hypothesis,	AT	D	A.	If	A	is
diagonalizable,	then	the	columns	of	A	are	linearly	independent.	...	To	begin,	compute	Ax0	and	identify	the	largest	entry	0	in	Ax0	:						5	6	5	0	;	0	D	5	D	Ax0	D	2	1	2	1	Scale	Ax0	by	1=0	to	get	x1	,	compute	Ax1	,	and	identify	the	largest	entry	in	Ax1	:					1	1	5	1	x1	D	D	Ax0	D	:4	0	5	2						6	5	1	8	Ax1	D	D	;	1	D	8	1	2	:4	1:8	Scale	Ax1	by	1=1	to	get	x2	,	compute
Ax2	,	and	identify	the	largest	entry	in	Ax2	:					1	1	8	1	Ax1	D	D	x2	D	:225	1	8	1:8						7:125	1	6	5	;	2	D	7:125	D	Ax2	D	1:450	:225	1	2	322	CHAPTER	5	Eigenvalues	and	Eigenvectors	Scale	Ax2	by	1=2	to	get	x3	,	and	so	on.	(The	.7	in	the	data	above	was	used	as	an	approxp	imation	for	2=2,	to	illustrate	how	a	typical	computation	in	an	applied	problem	might
proceed.	The	color	and	other	information	displayed	in	the	pixel	on	the	screen	should	come	from	the	object	that	the	ray	first	intersects.	p	35	p	13.	The	first	component	(d)	displays	(or	“explains”)	93.5%	of	the	scene	variance	present	in	the	initial	data.	Show	that	the	rows	of	U	form	an	orthonormal	basis	of	Rn	.	2	p	3	2	p	3	p	3	2	1=	3	1=p6	1=p2	6	p	7	7	6
u1	D	4	1=	2	5	;	u2	D	4	1=	6	5;	u3	D	4	1=	3	5	p	p	0	2=	6	1=	3	Let	p	1=p2	6	P	D	4	1=	2	0	2	p	1=p6	1=p6	2=	6	p	3	1=p3	7	1=p3	5	;	1=	3	2	8	D	D	40	0	0	6	0	3	0	05	3	Then	A	D	PDP	1	,	as	usual.	2	3	2	3	2	3	2	3	0	3	1	5	6	17	657	6	07	6	37	7	6	7	6	7	6	7	1.	The	set	is	affinely	independent.	12	Barycentric	coordinates	have	both	physical	and	geometric
interpretations.	Thus	equation	(1)	displays	y	as	a	convex	combination	of	two	points	in	S	.	;	;	C/,	p7	is	.0;	C;	/,	and	p8	is	.C;	C;	/.	Least-Squares	Problems	6.5	THEOREM	15	365	Given	an	m		n	matrix	A	with	linearly	independent	columns,	let	A	D	QR	be	a	QR	factorization	of	A	as	in	Theorem	12.	FIGURE	7	A	ray	from	the	eye	through	the	screen	to	the
nearest	object.	Section	6.8,	page	389	1.	List	fxk	g	and	fk	g	for	k	D	1;	:	:	:	;	5.	xkC1	D	Axk	,	where	2	0	1	0	60	0	1	6	AD4	0	0	0	2	6	8	8	10	12	14	450,	y0	D	10;000	27.	The	connection	between	trigonometric	polynomials	and	other	functions	in	C	Œ0;	2	depends	on	the	fact	that	for	any	n		1,	the	set	f1;	cos	t;	cos	2t;	:	:	:	;	cos	nt;	sin	t;	sin	2t;	:	:	:	;	sin	nt	g	is
orthogonal	with	respect	to	the	inner	product	Z	2	f	.t/g.t/	dt	hf;	gi	D	(5)	(6)	0	This	orthogonality	is	verified	as	in	the	following	example	and	in	Exercises	5	and	6.	Use	a	theorem	in	Section	6.5	to	show	that	the	normal	equations	have	a	unique	solution	if	and	only	if	the	data	include	at	least	two	data	points	with	different	x	-coordinates.	Finally,	p5	D	p1	C	p4	,
so	discard	p5	.	Barycentric	Coordinates	in	Computer	Graphics	When	working	with	geometric	objects	in	a	computer	graphics	program,	a	designer	may	use	a	“wire-frame”	approximation	to	an	object	at	certain	key	points	in	the	process	of	creating	a	realistic	final	image.²	For	instance,	if	the	surface	of	part	of	an	object	consists	of	small	flat	triangular
surfaces,	then	a	graphics	program	can	easily	add	color,	lighting,	and	shading	to	each	small	surface	when	that	information	is	known	only	at	the	vertices.	By	part	(a),	the	bottom	row	of	P	I	is	the	negative	of	the	sum	of	the	other	rows.	The	least-squares	error	is	zero	because	b	happens	to	be	in	Col	A.	Note	that	2	2	1	u1	and	u2	are	orthogonal	but	that	u3	is
not	orthogonal	to	u1	or	u2	.	30.	In	ecology,	a	parabolic	curve	that	opens	downward	is	used	to	model	the	net	primary	production	of	nutrients	in	a	plant,	as	a	function	of	the	surface	area	of	the	foliage	(Fig.	p4	is	inside	conv	S	.	1;	1/	and	the	origin.	34.	There	are	several	ways	to	measure	how	“close”	the	line	is	to	the	data.	That	would	lead	naturally	into	the
online	chapters	9	and	10,	which	have	been	used	with	Chapter	8	at	a	number	of	schools	for	the	past	five	years.	SOLUTION	The	t	-coordinates	are	suitably	scaled	to	use	the	orthogonal	polynomials	found	in	Example	5	of	Section	6.7:	Polynomial:	p0	2	3	1	617	6	7	7	Vector	of	values:	6	6	1	7;	415	1	y	=	p(t)	pO	D	2	D	x	2	FIGURE	2	Approximation	by	a
quadratic	trend	function.	Given	the	system	2x2	C	x3	D	0	8x3	D	8	4x1	C	5x2	C	9x3	D	9	x1	2x2	(3)	with	the	coefficients	of	each	variable	aligned	in	columns,	the	matrix	2	3	1	2	1	4	0	2	85	4	5	9	is	called	the	coefficient	matrix	(or	matrix	of	coefficients)	of	the	system	(3),	and	3	2	1	2	1	0	4	0	2	8	85	4	5	9	9	(4)	is	called	the	augmented	matrix	of	the	system.
Suppose	the	possible	measurement	errors	become	greater	as	the	speed	of	the	airplane	increases,	and	let	W	be	the	diagonal	weighting	matrix	whose	diagonal	entries	are	1,	1,	1,	.9,	.9,	.8,	.7,	.6,	.5,	.4,	.3,	.2,	and	.1.	The	normal	equations	for	a	least-squares	solution	of	Ax	D	b	are	given	by	xO	D	.ATA/	1	AT	b.	p	4=p45	2=p45	5=	45	3	0	05	2	3	2=3	1=3	5,
2=3	p	3	1=	2	0p	0p	1=	2	7	7,	1=	2	0p	5	0	1=	2	3	0	0	0	07	7	1	05	0	1	p	1=p2	1=	2	0	3	0	05	2	p	3	1=p6	7	1=p6	5,	2=	6	25.	Graphing	the	data	is	also	discussed.	In	Exercises	17–22,	determine	which	sets	of	vectors	are	orthonormal.	u2	P	1	6	6	6	16	6	D	32	6	6	6	4	32	0	32	16	0	16	0	24	0	8	12	0	16	0	4	0	20	0	10	0	2	3	10	07	7	15	7	7	07	7	67	7	05	1	A37
Section	4.9	b.	So	take	p0	.t/	D	1	and	p1	.t/	D	t	.	Find	a	QR	factorization	of	the	matrix	in	Exercise	12.	4	0	5	2	3	11.	The	Global	Positioning	System	is	used	both	for	determining	the	locations	of	new	reference	points	on	the	ground	and	for	finding	a	user’s	position	on	the	ground	relative	to	established	maps.	Page	54	Goods:	Yuri	Arcurs/Shutterstock;
Services:	Michael	Jung/Shutterstock.	A	D	b.	PROOF	Because	vi	and	j	vj	are	orthogonal	for	i	¤	j	,	.Avi	/T	.Avj	/	D	vTi	ATAvj	D	vTi	.j	vj	/	D	0	Thus	fAv1	;	:	:	:	;	Avn	g	is	an	orthogonal	set.	Hint:	.uuT	/x	D	u.uTx/	D	.uTx/u,	because	uTx	is	a	scalar.	So	let	p0	,	p1	,	p2	,	p3	denote	an	orthogonal	basis	of	the	subspace	P3	of	Pn	,	obtained	by	applying	the	Gram–
Schmidt	process	to	the	polynomials	1,	t	,	t	2	,	and	t	3	.	.BB	T	/T	D	B	T	TB	T	D	BB	T	,	so	BB	T	is	symmetric.	Since	the	kernel	of	T	is	Nul	A,	the	dimension	of	the	kernel	of	T	is	n	m.	6.5	LEAST-SQUARES	PROBLEMS	The	chapter’s	introductory	example	described	a	massive	problem	Ax	D	b	that	had	no	solution.	Let	2	3	2	p	3	1=	3	1	1	4	5	4	p	5	1	1	D	1=p3	v1
D	p	u1	D	kv1	k	3	1	1=	3	Instead	of	normalizing	v2	directly,	normalize	v02	D	3v2	instead:	p	3	2	3	2	1=p6	1	1	1	4	1	5	D	4	1=	6	5	u2	D	0	v02	D	p	p	2	kv2	k	1	C	12	C	.	True	31.	have	no	vectors	in	common.	That	is,	the	orthogonal	complement	of	the	row	space	of	AT	is	the	null	space	of	AT	.	The	dimension	of	a	flat	is	the	dimension	of	the	corresponding
parallel	subspace.	If	A	is	row	equivalent	to	the	identity	matrix	I	,	then	A	is	diagonalizable.	2	3	1=2	0	7	7	1=2	7	7,	1=2	5	1=2	p	3	4	5	2	5	4	1=2	0	1=2	1=2	1=2	17.	4	5	5,	4	3	5,	4	2	5,	4	7	5	3	6	7	3	2	3	2	3	2	3	2	3	1	0	1	0	5.	432	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	in	the	sense	that	the	sum	of	the	squares	of	the	orthogonal	distances	to
the	line	is	minimized.	A	proof	for	an	exercise	may	use	results	from	earlier	exercises	(as	well	as	theorems	already	available	in	the	text).	Figure	1	illustrates	this	idea.	Let	fv1	;	:	:	:	;	vp	g	be	an	orthonormal	set.	Let	W	D	Span	fv1	;	:	:	:	;	vp	g.	The	Mark	II	hummed	and	blinked	for	56	hours	before	finally	producing	a	solution.	x1	D	v1	xk	D	v1	xk	!	v1	.	Section
8.6,	page	490	1.	x	2	xTAx	Multiplication	by	P	0	16		yTDy	2	y	FIGURE	1	Change	of	variable	in	xTAx.	Example	4	illustrates	the	following	theorem.	2,	in	which	the	data	resemble	a	popsicle	stick.	Show	that	T	also	preserves	orthogonality;	that	is,	T	.x/T	.y/	D	0	whenever	x		y	D	0.	Hence	fu1	;	u2	;	u3	g	is	an	orthonormal	set.	Then,	since	P	1	D	P	T	,		A	D	PDPT
D	u1		D	1	u1			2	1	6	un	4	2	uT1	3	uT1	7	6	::	7	54	:	5	n	uTn	0	::	:	0	3	32	6	:	7	n	un	4	::	5	uTn	Using	the	column–row	expansion	of	a	product	(Theorem	10	in	Section	2.4),	we	can	write	A	D	1	u1	uT1	C	2	u2	uT2	C				C	n	un	uTn	(2)	This	representation	of	A	is	called	a	spectral	decomposition	of	A	because	it	breaks	up	A	into	pieces	determined	by	the	spectrum
(eigenvalues)	of	A.	4	3	5,	4	1	5,	4	5	5,	4	5	5	1	2	2	0	In	Exercises	7	and	8,	find	the	barycentric	coordinates	of	p	with	respect	to	the	affinely	independent	set	of	points	that	precedes	it.	Denote	the	columns	of	A	by	a1	;	:	:	:	;	a4	.	If	m	<	M	and	if	t	is	a	number	between	m	and	M	,	then	0		t	m		M	m	and	0		.t	m/=.M	m/		1.	In	textbook	examples	and	exercises,	n	is
normally	between	2	and	5.	Hint:	To	show	that	B	TB	is	positive	definite	when	B	is	square	and	invertible,	suppose	that	xTB	TB	x	D	0	and	deduce	that	x	D	0.	2x1	C	7x2	/	2x1	x2		x2		3x1	2x2	2x1	C	7x2		2x2	x1	C	7x22	4x1	x2	C	7x22	The	presence	of	4x1	x2	in	the	quadratic	form	in	Example	1(b)	is	due	to	the	2	entries	off	the	diagonal	in	the	matrix	A.	For	fyk	g
and	f´k	g	in	S,	study	T	.fyk	g	C	f´k	g/.	Later,	the	text	returns	to	that	application	in	a	section	near	the	end	of	the	chapter.	,	it	suffices	to	show	that	z2	is	orthogonal	to	the	vectors	in	the	basis	fu1	;	u2	g	for	W	.	No.	Explain	why.	Second,	show	that	if	Œu1	B	;	:	:	:	;	Œup	B	are	linearly	dependent,	then	u1	;	:	:	:	;	up	are	linearly	dependent.	Also,	show	that	if	the
equation	Ax	D	b	is	consistent,	then	there	is	a	unique	p	in	Row	A	such	that	Ap	D	b.		D	3	˙	i	,	'	D	=6	radian,	r	D	2	1.	In	particular,	p2	cannot	be	in	aff	S	or	conv	S	.	Inner	Product,	Length,	and	Orthogonality	337	30.	Inner	Product	Spaces	6.7	379	SOLUTION	The	values	of	p0	;	p1	,	and	p2	at	the	numbers	2,	1,	0,	1,	and	2	are	listed	in	R5	vectors	in	(3)	above.
Environmental	agencies	can	identify	pollution	from	smokestacks	and	measure	water	temperatures	in	lakes	and	rivers	near	power	plants.	The	following	steps	prove	that	xC	D	p	and	xC	is	the	minimum	length	solution	of	Ax	D	b.	2	3	2	3	2	3	2	3	3	8	0	5	1.	Show	that	y	is	orthogonal	to	such	a	vector	w.]	w	u	0	v	}	v	u,	n{	y	a	Sp	29.	A	has	n	real	eigenvalues,
counting	multiplicities.	.Nul	A/?	(To	simplify	notation,	we	consider	Um	r	or	Vn	r	even	though	one	of	them	may	have	no	columns.)	Then	partitioned	matrix	multiplication	shows	that	"	#"	#	D	0	VrT	A	D	Œ	Ur	Um	r		D	Ur	DVrT	(9)	0	0	VnT	r	This	factorization	of	A	is	called	a	reduced	singular	value	decomposition	of	A.	The	population	is	growing	because	the
largest	eigenvalue	of	A	is	1.2,	which	is	larger	than	1	in	magnitude.	B.,	and	D.	Use	the	quadratic	formula	to	solve	the	characteristic	equation:	p	tr	A	˙	.tr	A/2	4	det	A	D	2	The	eigenvalues	are	both	real	if	and	only	if	the	discriminant	is	nonnegative,	that	is,	.tr	A/2	4	det	A		0.	When	working	problems	by	hand,	this	is	easier	than	normalizing	each	vk	as	soon	as
it	is	found	(because	it	avoids	unnecessary	writing	of	square	roots).	Defend	your	answer.	To	each	pixel	there	corresponds	an	observation	vector	in	R3	that	lists	the	signal	intensities	for	that	pixel	in	the	three	spectral	bands.	Suppose	A	is	a	symmetric	n		n	matrix	and	B	is	any	n		m	matrix.	If	p	is	a	polynomial	of	order	2,	then	a	calculation	such	as	in
Exercise	19	shows	that	the	characteristic	polynomial	of	Cp	is	p./	D	.	DISTINCTIVE	FEATURES	Early	Introduction	of	Key	Concepts	Many	fundamental	ideas	of	linear	algebra	are	introduced	within	the	first	seven	lectures,	in	the	concrete	setting	of	Rn	,	and	then	gradually	examined	from	different	points	of	view.	4/k	are	linearly	independent	because
neither	is	a	multiple	of	the	other.	y	D		2	1	C	2i		D	1	C	2i	5		2	4i	5	A41		23.	negative	definite	if	Q.x/	<	0	for	all	x	¤	0,	c.	Verify	that	z	is	orthogonal	to	each	column	of	U	.	(because	z1	and	z	are	both	in	W	?	Find	dim	Nul	A	and	dim	.Nul	A/?	q.	We	want	to	determine	the	parameters	ˇ0	and	ˇ1	that	make	the	line	as	“close”	to	the	points	as	possible.	p2	D	31	v1	C
31	v2	C	16	v3	C	61	v4	,	so	p2	2	conv	S	.	2/k	,	then	ykC2	C	4ykC1	C	4yk	D	.k	C	2/.	Thus	xTAx	and	yTD	y	assume	the	same	set	of	values	as	x	and	y	range	over	the	set	of	all	unit	vectors.	2	1	6	::	X	D4:	1	x1	::	:	xn	3	sin.2x1	=12/	7	::	5;	:	sin.2xn	=12/	2	3	ˇ0	ˇ	D	4	ˇ1	5	ˇ2	376	CHAPTER	6	Orthogonality	and	Least	Squares	6.7	INNER	PRODUCT	SPACES	Notions
of	length,	distance,	and	orthogonality	are	often	important	in	applications	involving	a	vector	space.	k	2	C	c1		.	Let	2	3	1	607	6	v1	D	4	7	;	35	0	2	3	5	6	37	7	p1	D	6	4	5	5;	3	2	3	2	2	6	17	6	7;	v2	D	4	05	4	2	3	9	6	10	7	7	p2	D	6	4	9	5;	13	3	1	6	27	6	7;	v3	D	4	15	1	2	3	4	627	7	p3	D	6	4	8	5;	5	and	S	D	fv1	;	v2	;	v3	g.	That	is,	z	is	in	W	?	1;	0/.	A	least-squares	solution
of	Ax	D	b	is	a	list	of	weights	that,	when	applied	to	the	columns	of	A,	produces	the	orthogonal	projection	of	b	onto	Col	A.	1;	5/,	.0;	5/,	.1;	4/,	and	.2;	3/.	6.2							3	2	6	,	u2	D	,	and	x	D	1	6	3	3	2	3	2	3	2	3	2	1	1	2	8	u1	D	4	0	5,	u2	D	4	4	5,	u3	D	4	1	5,	and	x	D	4	4	5	1	1	2	3	2	2	3	2	3	3	2	3	1	2	3	5	u1	D	4	3	5,	u2	D	4	2	5,	u3	D	4	1	5,	and	x	D	4	3	5	1	0	1	4			1
Compute	the	orthogonal	projection	of	onto	the	line	7			4	and	the	origin.	Exercise	2(a)	in	Section	8.3	gives	one	possibility.	If	P	is	an	n		n	matrix	with	orthogonal	columns,	then	P	T	D	P	1.	Explain	why	a	Fourier	coefficient	of	the	sum	of	two	functions	is	the	sum	of	the	corresponding	Fourier	coefficients	of	the	two	functions.	Compute	hq1	;	q2	i	D	hq1	;	q3	i	D
hq2	;	q3	i	D	Z	Z	Z	ˇ2	1	2	ˇˇ	1t	dt	D	t	ˇ	D	0	2	2	2	2	2	1	.3t	2	2	4/	dt	D	.t	3	2	t		.3t	2	2	4/	dt	D		3	4	t	4	ˇ2	ˇ	4t/ˇˇ	D	0	2	ˇ2	ˇ	2t	2	ˇˇ	D	0	2	390	CHAPTER	6	Orthogonality	and	Least	Squares	2.	0	0	4	6	9.	No,	two	signals	cannot	span	the	three-dimensional	solution	space.	In	real	life,	most	applications	of	linear	algebra	involve	numerical	computations	that	are
subject	to	some	numerical	error,	even	though	that	error	may	be	extremely	small.	Is	p2	in	aff	S	?	Thus	hv;	ui	jhv;	uij	jhv;	uij	jhu;	vij	u	D	kuk	D	kuk	D	k	projW	vk	D	hu;	ui	jhu;	uij	kuk2	kuk	Since	k	projW	vk		kvk,	we	have	jhu;	vij		kvk,	which	gives	(4).	For	example,	what	properties	do	lines	have	in	2space	and	planes	have	in	3-space	that	would	be	useful	in
higher	dimensions?	EXAMPLE	8	Let	V	be	the	space	C	Œ0;	1	with	the	inner	product	of	Example	7,	and	let	W	be	the	subspace	spanned	by	the	polynomials	p1	.t/	D	1,	p2	.t/	D	2t	1,	and	p3	.t/	D	12t	2	.	If	5	is	their	third	entry,	they	lie	in	the	plane	´	D	5.	Verify	the	following	inequality,	called	Bessel’s	inequality,	which	is	true	for	each	x	in	Rn	:	kxk2		jx		v1	j2	C
jx		v2	j2	C				C	jx		vp	j2	4.	If	A		B	and	B	is	affine,	then	aff	A		B	.	Recall	that	dim	Col	A	D	m	precisely	when	Col	A	D	Rm	,	or	equivalently,	when	the	equation	Ax	D	b	is	consistent	for	all	b.	EXAMPLE	3	Example	1	constructed	the	orthogonal	basis	An	orthonormal	basis	is	2	3	3	v	1	D	4	6	5;	0	2	3	0	v2	D	4	0	5	2	2	3	2	p	3	3	1=	5	1	1	4	5	4	p	5	6	D	2=	5	u1	D	v1	D
p	kv1	k	45	0	0	2	3	0	1	v2	D	4	0	5	u2	D	kv2	k	1	QR	Factorization	of	Matrices	WEB	If	an	m		n	matrix	A	has	linearly	independent	columns	x1	;	:	:	:	;	xn	,	then	applying	the	Gram–Schmidt	process	(with	normalizations)	to	x1	;	:	:	:	;	xn	amounts	to	factoring	A,	as	described	in	the	next	theorem.	This	will	show	that	y	is	in	f	.S/	and	that	f	.S/	is	convex.	x1	x2
FIGURE	2	The	intersection	of	´	D	3x12	C	7x22	and	the	cylinder	x12	C	x22	D	1.	SOLUTION	The	eigenvalues	of	S	and	the	associated	principal	components	(the	unit	eigenvectors)	are	1	D	7614:23	2	3	:5417	u1	D	4	:6295	5	:5570	2	D	427:63	2	3	:4894	u2	D	4	:3026	5	:8179	3	D	98:10	2	3	:6834	u3	D	4	:7157	5	:1441	Using	two	decimal	places	for	simplicity,
the	variable	for	the	first	principal	component	is	y1	D	:54x1	C	:63x2	C	:56x3	This	equation	was	used	to	create	photograph	(d)	in	the	chapter	introduction.	Then	the	sum	of	the	squares	for	error,	or	SS(E),	in	approximating	y	by	yO	is	SS(E)	D	.y1	This	is	simply	ky	yO1	/2	C				C	.yn	yO	k2	,	using	the	standard	length	in	Rn	.	Page	117	Computer	circuit	board:
Intel	Corporation.	They	correspond	to	the	eigenvalue	3	and	the	eigenvectors	.1;	0/	and	.	For	the	projection	of	p3	onto	W2	D	Span	fq1	;	q2	g,	compute	ˇ1	Z	1	ˇ	2	3ˇ	hp3	;	q1	i	D	12t		1	dt	D	4t	ˇ	D	4	0	hq1	;	q1	i	D	hp3	;	q2	i	D	hq2	;	q2	i	D	Then	projW2	p3	D	and	Z	Z	0	1	0	1	ˇ1	ˇ	1		1	dt	D	t	ˇˇ	D	1	0	12t	2	.2t	1/	dt	D	0	Z	1	Z	1	.24t	3	0	1	1/	dt	D	.2t	6	2	.2t	0	12t	2
/	dt	D	2	ˇ1	ˇ	1	1/	ˇ	D	3	0	3ˇ	hp3	;	q2	i	4	2	hp3	;	q1	i	q1	C	q2	D	q1	C	q2	D	4q1	C	6q2	hq1	;	q1	i	hq2	;	q2	i	1	1=3	projW2	p3	D	p3	q3	D	p3	As	a	function,	q3	.t/	D	12t	4	6.2t	for	the	subspace	W	is	fq1	;	q2	;	q3	g.	2	3	2	3	32	10	6	14	7	6	77	7	6	7	13.	It	can	be	shown	that	an	orthogonal	change	of	variables,	X	D	P	Y,	does	not	change	the	total	variance	of	the	data.
Since	each	aTj	is	a	row	of	AT	,	AT	.b	AOx/	D	0	(2)	(This	equation	also	follows	from	Theorem	3	in	Section	6.1.)	Thus	AT	b	ATAOx	D	0	ATAOx	D	AT	b	These	calculations	show	that	each	least-squares	solution	of	Ax	D	b	satisfies	the	equation	ATAx	D	AT	b	(3)	The	matrix	equation	(3)	represents	a	system	of	equations	called	the	normal	equations	for	Ax	D	b.
424	CHAPTER	7	Symmetric	Matrices	and	Quadratic	Forms	21.	t/.u1	C	p/	C	t.u2	C	p/	t/u1	C	t	u2	C	p	t/u1	C	t	u2	2	W	and	so	.1	t/s1	C	t	s2	2	W	C	p	D	S	.	Suppose	x	satisfies	Rx	D	0;	then	QRx	D	Q0	D	0,	and	Ax	D	0.	xO	D	4	0	5	4	45	1=3	1	2	2	3	3	11	7	Au	D	4	11	5;	Av	D	4	12	5,	7	11	2	3	2	3	0	4	b	Au	D	4	2	5;	b	Av	D	4	3	5.	x	D	4	x2	5	x3	2	2	3	2	b.	Figures	1	and
2	illustrate	the	following	general	fact	about	linear	systems,	to	be	verified	in	Section	1.2.	4	CHAPTER	1	Linear	Equations	in	Linear	Algebra	A	system	of	linear	equations	has	1.	Prove	Theorem	7.	3/.	By	the	Rank	Theorem	and	part	(c),	the	dimension	of	the	column	space	of	P	I	is	less	than	n,	and	hence	the	null	space	is	nontrivial.	WEB	-	Symmetric	matrices
arise	more	often	in	applications,	in	one	way	or	another,	than	any	other	major	class	of	matrices.	A	set	is	affine	if	and	only	if	it	contains	its	affine	hull.	Each	review	sheet	identifies	key	definitions,	theorems,	and	skills	from	a	specified	portion	of	the	text.	PROOF	As	shown	above,	the	set	of	least-squares	solutions	is	nonempty	and	each	least-squares	solution
xO	satisfies	the	normal	equations.	[M]	The	new	orthogonal	polynomials	are	multiples	of	17t	C	5t	3	and	72	155t	2	C	35t	4	.	[M]	The	reduced	echelon	form	of	A	is	2	3	1	0	1=3	0	10=3	60	1	1=3	0	26=3	7	6	7	40	0	0	1	4	5	0	0	0	0	0	Section	4.3,	page	213	2	3	1	1	1	1	1	5	has	three	pivot	1.	t.	Suppose	that	the	solutions	of	an	equation			Ax	D	b	are	all	of		4	3	and
p	D	.	If	x	is	not	in	a	subspace	W	,	then	x	projW	x	is	not	zero.	THEOREM	2	An	n		n	matrix	A	is	orthogonally	diagonalizable	if	and	only	if	A	is	a	symmetric	matrix.	Let	T	be	a	one-to-one	linear	transformation	from	a	vector	space	V	into	Rn	.	Given	any	y	in	Rn	,	let	yO	D	B	y	and	z	D	y	yO	.	For	Axiom	3,	compute	hc	u;	vi	D	4.cu1	/v1	C	5.cu2	/v2	D	c.4u1	v1	C	5u2
v2	/	D	chu;	vi	For	Axiom	4,	note	that	hu;	ui	D	4u21	C	5u22		0,	and	4u21	C	5u22	D	0	only	if	u1	D	u2	D	0,	that	is,	if	u	D	0.	Thus	x	is	an	eigenvector	of	A.	1/	C	.3/.0/	C	.12/.1/	D	12		hq;	qi	D	Œq.0/2	C	Œq	12	2	C	Œq.1/2	D	.	Suppose	A	and	B	are	both	orthogonally	diagonalizable	and	AB	D	BA.	It	introduces	new	commands	when	they	are	needed.	Find	the
barycentric	coordinates	of	p1	,	p2	,	and	p3	with	respect	to	S	.	Compute	kpk	and	kqk,	for	p	and	q	in	Exercise	4.	367	24.	When	y	D	1	6							20	2	yu	2	8	uD	D4	yO	D	D	1	1	4	uu	5	SG	Mastering:	Orthogonal	Basis	6–4	This	is	the	same	yO	found	in	Example	3.	6	7	6	4	6	6	6	26	95	9	9	9	9	19	SOLUTIONS	TO	PRACTICE	PROBLEMS	1.	SOLUTION	Since	x22	and
x32	are	nonnegative,	note	that	and	hence	4x22		9x22	and	3x32		9x32	Q.x/	D	9x12	C	4x22	C	3x32		9x12	C	9x22	C	9x32	D	9.x12	C	x22	C	x32	/	D9	whenever	x12	C	x22	C	x32	D	1.	4	of	Section	6.2,	because	now	it	is	yO	that	is	in	W	.	Find	an	orthogonal	basis	for	the	subspace	spanned	by	the	polynomials	1,	t	,	and	t	2	.	For	a	discussion	of	the	subtle	issues
involved,	see	Philip	E.	As	˛	goes	from	0	to	1,	t	goes	from	m	to	M	.	If	˛	is	really	close	to	2	,	then	1=.2	˛/	is	much	larger	than	the	other	eigenvalues	of	B	,	and	the	inverse	power	method	produces	a	very	rapid	approximation	to	2	for	almost	all	choices	of	x0	.	Let	v1	D	x1	and	W1	D	Span	fx1	g	D	Span	fv1	g.	If	there	is	a	“quadratic	trend”	to	the	data,	then	we



would	try	a	function	of	the	form	ˇ0	C	ˇ1	t	C	ˇ2	t	2	.	This	fact,	in	turn,	shows	that	the	columns	of	R	are	linearly	independent.	DEFINITION	A	set	S	is	convex	if	for	each	p;	q	2	S	,	the	line	segment	pq	is	contained	in	S	.	Let	y,	v1	,	and	v2	be	as	in	Exercise	12.	5,	then	an	y	appropriate	model	might	be	an	equation	of	the	form	y	D	ˇ0	C	ˇ1	x	C	ˇ2	x	2	C	ˇ3	x	3
Such	data,	for	instance,	could	come	from	a	company’s	total	costs,	as	a	function	of	the	level	of	production.	And,	it	has	been	a	privilege	to	be	a	member	of	the	Linear	Algebra	Curriculum	Study	Group	along	with	David	Carlson,	Charles	Johnson,	and	Duane	Porter.	Con0	2	struct	an	orthogonal	basis	fv1	;	v2	g	for	W	.	Hint:	If	m	D	M	,	take	˛	D	0	in	the
formula	for	x.	By	Theorem	5,	the	original	set	of	five	points	is	affinely	dependent.	These	k	columns	form	a	basis	for	the	eigenspace.	˙4	2=3	5	2=3	"	p	#	1=p2	a.	There	are	more	examples	than	an	instructor	would	ordinarily	present	in	class.	To	find	the	actual	weights	used	to	express	p	as	an	affine	combination	of	v1	,	v2	,	and	v3	,	first	compute							2	2	3	v2
v1	D	;	v3	v1	D	;	and	p	v1	D	2	1	3	To	write	p	v1	as	a	linear	combination	of	v2	v1	and	v3	v1	,	row	reduce	the	matrix	having	these	points	as	columns:	#			"	1	1	0	2	2	3	2		2	1	3	0	1	2	Thus	p	v1	D	12	.v2	v1	/	C	2.v3	v1	/,	which	shows	that		p	D	1	21	2	v1	C	12	v2	C	2v3	D	23	v1	C	12	v2	C	2v3	This	expresses	p	as	an	affine	combination	of	v1	,	v2	,	and	v3	,	because
the	coefficients	sum	to	1.	O	2	—the	sum	of	the	squares	for	error	term.	It	turns	out	that	the	resulting	sequence	fxk	g	will	converge	to	a	multiple	of	v1	whose	largest	entry	is	1.	THE	POWER	METHOD	FOR	ESTIMATING	A	STRICTLY	DOMINANT	EIGENVALUE	1.	2	21.	After	some	practice,	this	type	of	calculation	is	usually	performed	mentally:	4	
Œequation	1W	C	Œequation	3W	4x1	8x2	C	4x3	D	4x1	C	5x2	C	9x3	D	Œnew	equation	3W	3x2	C	13x3	D	0	9	9	The	result	of	this	calculation	is	written	in	place	of	the	original	third	equation:	2x2	C	x3	D	2x2	8x3	D	3x2	C	13x3	D	x1	0	8	9	2	1	40	0	2	1	2	8	3	13	2	2	1	1	4	3	13	3	0	85	9	Now,	multiply	equation	2	by	1=2	in	order	to	obtain	1	as	the	coefficient	for
x2	.	458	CHAPTER	8	The	Geometry	of	Vector	Spaces	Since	not	all	of	the	di	coefficients	are	zero,	we	may	assume	(by	reordering	subscripts	if	necessary)	that	dk	>	0	and	that	ck	=dk		ci	=di	for	all	those	i	for	which	di	>	0.	T	F	T	T	b.	Let	p.t/	D	12t	2	and	q.t/	D	2t	1.	3	from	y	to	L.	3	C	6t	3t2	/p0	C	.3	12t	C	9t	2	/p1	C	.6t	9t	2	/p2	C	3t	2	p3	,	so	x0	.0/	D	3p0	C
3p1	D	3.p1	p0	/,	and	x0	.1/	D	3p2	C	3p3	D	3.p3	p2	/.	kU	xk	D	kxk	b.	Then	orthogonally	diagonalize	A.	The	proof	of	the	next	theorem	shows	that	this	strategy	really	works.	In	fact,	complete	row	reduction	of	the	matrix	in	Example	3	would	show	that	v4	See	Fig.	y	D	4	5,	u1	D	4	,u	D	,u	D	5	05	2	415	3	4	15	6	1	1	1	In	Exercises	11	and	12,	find	the	closest
point	to	y	in	the	subspace	W	spanned	by	v1	and	v2	.	Hint:	Use	Theorem	1.	Its	first	coordinate	is	negative	because	p1	is	opposite	the	v1	side	of	the	line	through	v2	and	v3	.	Include	the	approximate	eigenvector.	(iii)	kyk2	—the	“total”	sum	of	the	squares	of	the	y	-values.	4(d).	See	Mathematical	model	Modulus,	A4	Moebius,	A.F.,	448	Molecular	modeling,
140–141	Moore-Penrose	inverse,	422	Moving	average,	252	Muir,	Thomas,	163	Multichannel	image.	Show	u1		u2	D	0,	u1		u3	D	0,	and	u2		u3	D	0.	Throughout	the	chapter,	all	vectors	and	matrices	have	real	entries.	Then	bk	D	0	and	k	X	i	D1	bi	D	k	X	k	ck	X	di	D	1	dk	i	D1	ci	i	D1	0D1	Furthermore,	each	bi		0.	For	example,	consider	a	set	S	that	lies	inside
some	large	rectangle	in	R2	,	and	imagine	stretching	a	rubber	band	around	the	outside	of	S	.	Thus,	the	“line	segment”	from	p2	to	p4	is	just	the	point	p3	.	T	F	T	d.	Hence,	from	(7),	x3	fv1	;	:	:	:	;	v	r	g	u1	u3	x1		)	lA	(Co	x2	u2	Co	lA	is	an	orthonormal	basis	for	Row	A.	Use	mathematical	induction	to	show	that	if		is	an	eigenvalue	of	an	n		n	matrix	A,	with	x	a
corresponding	eigenvector,	then,	for	each	positive	integer	m,	m	is	an	eigenvalue	of	Am	,	with	x	a	corresponding	eigenvector.	,	then	x	D	0.	Mention	the	appropriate	facts	from	Chapter	2.	What	is	the	largest	value	of	the	quadratic	form	5x12	xTx	D	1?	2	3	3	2	8	5	25	13.	Is	5	it	possible	that	at	least	one	of	u	or	v	could	be	a	least-squares	solution	of	Ax	D	b?	In
general,	xk	D	5.3/k	v1	4.	In	the	Orthogonal	Decomposition	Theorem,	each	term	in	formula	(2)	for	yO	is	itself	an	orthogonal	projection	of	y	onto	a	subspace	of	W	.	[M]	2	17.	Since	the	columns	of	A	are	linearly	independent,	x	must	be	zero.	The	normal	equations	always	provide	a	reliable	method	for	computing	least-squares	solutions.	398	CHAPTER	7
Symmetric	Matrices	and	Quadratic	Forms	Spectral	Decomposition	Suppose	A	D	PDP	1	,	where	the	columns	of	P	are	orthonormal	eigenvectors	u1	;	:	:	:	;	un	of	A	and	the	corresponding	eigenvalues	1	;	:	:	:	;	n	are	in	the	diagonal	matrix	D	.	Scale	the	polynomial	p3	so	that	its	vector	of	values	is	.	The	quadratic	forms	in	parts	(a)	and	(b)	of	Fig.	Hint:	Suppose
S	does	span	V	,	and	use	the	Spanning	Set	Theorem.	Also,	the	maximum	value	is	attained	at	a	unit	eigenvector	of	ATA	corresponding	to	1	.	This	shows	that	W	is	a	subspace	of	Rn	.	1/2	C	.0/2	C	.1/2	D	2	Lengths,	Distances,	and	Orthogonality	Let	V	be	an	inner	product	space,	with	the	inner	product	denoted	by	hu;	vi.	4).	Describe	the	linear	model	that	gives
a	least-squares	fit	of	this	type	to	data	.x1	;	y1	/;	:	:	:	;	.xn	;	yn	/.	342	CHAPTER	6	Orthogonality	and	Least	Squares	Decomposing	a	Force	into	Component	Forces	The	decomposition	in	Fig.	If	the	eigenvalues	of	a	symmetric	matrix	A	are	all	positive,	then	the	quadratic	form	xTAx	is	positive	definite.	Similarly,	for	z.t/	and	its	control	points,	z0	.0/	D	3.r1	r0	/.
Since	uT1	is	the	first	row	of	P	T	,	the	equation	Y	D	P	T	X	shows	that	y1	D	uT1	X	D	c1	x1	C	c2	x2	C				C	cp	xp	Thus	y1	is	a	linear	combination	of	the	original	variables	x1	;	:	:	:	;	xp	,	using	the	entries	in	the	eigenvector	u1	as	weights.	If	A	had	only	two	columns,	the	calculations	could	be	done	by	hand.	2	3			6	30	9.	A	plane	in	R3	is	a	hyperplane.	v1	v3	v2
FIGURE	6	Interpolated	colors.	In	this	sense,	photograph	(d)	“displays”	the	first	principal	component	of	the	data.	To	show	that	the	decomposition	in	(1)	is	unique,	suppose	y	can	also	be	written	as	y	D	yO	1	C	z1	,	with	yO	1	in	W	and	z1	in	W	?	5;	1/;	.	x	Ax	D	Œ	x1	x2		D	Œ	x1	x2		D	4x12	C	3x22	.	Then	x	D	c	u	for	some	scalar	c	.	Step	20	(optional).
SOLUTION	Use	the	x	-coordinates	of	the	data	to	build	the	design	matrix	X	in	(1)	and	the	y	-coordinates	to	build	the	observation	vector	y:	2	3	2	3	1	2	1	61	7	627	5	7;	y	D	6	7	X	D6	41	435	75	1	8	3	For	the	least-squares	solution	of	Xˇ	D	y,	obtain	the	normal	equations	(with	the	new	notation):	X	TXˇ	D	X	Ty	That	is,	compute	X	TX	D		1	2	1	5	1	7	X	Ty	D		1	2	1	5
1	7	2	3	2		1		1	6	57	4	61	7D	8	41	75	22	1	8	2	3		1			7	1	6	9	627	D	8	435	57	3	The	normal	equations	are	Hence				4	ˇ0	D	22	ˇ1		22	142		1	4	22	22	142		1	D	84	9	57			ˇ0	ˇ1		142	22	D	22	4	Thus	the	least-squares	line	has	the	equation	yD		9	57	22	142				9	57	8	9						1	24	2=7	D	D	5=14	84	30	2	5	C	x	7	14	See	Fig.	1	u	uu	xw	xx	x	8.	If	both	coordinates	are	subject
to	possible	error,	then	you	might	choose	the	line	that	minimizes	the	sum	of	the	squares	of	the	orthogonal	(perpendicular)	distances	from	the	points	to	the	line.	(See	the	Numerical	Notes	in	Section	5.2.)	Using	orthogonal	matrices	generally	prevents	numerical	errors	from	accumulating	during	the	process.	y	D	ˇ1	x	C	ˇ2	x	2	Such	a	function	might	arise,
for	example,	as	the	revenue	from	the	sale	of	x	units	of	a	product,	when	the	amount	offered	for	sale	affects	the	price	to	be	set	for	the	product.	5t	C	t	2	,	and	20.			9	2	21.	THEOREM	17	u+v	v	||u	+	v||	||v||	0	The	Triangle	Inequality	For	all	u;	v	in	V	,	||u||	ku	C	vk2	D	hu	C	v;	u	C	vi	D	hu;	ui	C	2hu;	vi	C	hv;	vi		kuk2	C	2jhu;	vij	C	kvk2	Cauchy–Schwarz		kuk2	C
2kuk	kvk	C	kvk2	2	D	.kuk	C	kvk/	PROOF	u	FIGURE	3	The	lengths	of	the	sides	of	a	triangle.	Use	the	two	equations	displayed	in	the	exercise.	2	3	7	2	6	4	65	31.	Many	important	management	decisions	today	are	made	on	the	basis	of	linear	programming	models	that	utilize	hundreds	of	variables.	y	EXAMPLE	3	Let	S	D	e2	SOLUTION	Every	point	in	conv	S
must	lie	on	a	line	segment	that	connects	two	points	of	S	.	Since	the	columns	of	A	span	Col	A,	the	vector	b	AOx	is	orthogonal	to	all	of	Col	A.	Find	a	unit	vector	x	at	which	the	length	kAxk	is	maximized,	and	compute	this	maximum	length.	See	Back-substitution	Matrix	of	coefficients,	4,	37	Matrix	of	observations,	424	Matrix	program,	23	Matrix
transformation,	63–65,	71	See	also	Linear	transformation	Matrix–vector	product,	34–35	properties,	39	rule	for	computing,	38	Maximum	of	quadratic	form,	408–413	Mean,	sample,	425	Mean	square	error,	388	Mean-deviation	form,	370,	425	Microchip,	117	Migration	matrix,	85,	254,	279	Minimal	realization,	129	Minimal	representation	of	polytope,
471–472,	474–475	Minimum	length	solution,	433	Minimum	of	quadratic	form,	408–413	Model,	mathematical.	5.8					2	1	,	x0	D	2	0					3	2	1	12.	Let	A	D	4	1	5	5	1	7	2	and	compute	the	associated	least-squares	error.	If	B	is	any	element	in	M22	with	the	property	that	B	T	D	B	,	and	if	A	D	12	B	,	then	T	T	.A/	D	21	B	C	12	B	D	21	B	C	12	B	D	B	35.	k.	The
maximum	value	of	a	positive	definite	quadratic	form	xTAx	is	the	greatest	eigenvalue	of	A.	¹	The	use	of	minimum	and	maximum	in	(2),	and	least	and	greatest	in	the	theorem,	refers	to	the	natural	ordering	of	the	real	numbers,	not	to	magnitudes.	By	the	principle	of	induction,	every	affine	combination	of	such	points	lies	in	S	.	The	coefficient	of	x1	x3	is	0.
In	addition,	each	chapter	opens	with	an	introductory	vignette	that	sets	the	stage	for	some	application	of	linear	algebra	and	provides	a	motivation	for	developing	the	mathematics	that	follows.			O1		X	O	N	,	then	13.	Arrange	the	(eigenvector)	columns	of	P	so	that	P	D	Œ	u1	u2	u3		and	2	3	a	0	0	05	D	D40	b	0	0	c	Given	any	unit	vector	y	in	R3	with
coordinates	y1	,	y2	,	y3	,	observe	that	ay12	D	ay12	by22		ay22	cy32		ay32	and	obtain	these	inequalities:	yTD	y	D	ay12	C	by22	C	cy32		ay12	C	ay22	C	ay32	D	a.y12	C	y22	C	y32	/	D	akyk2	D	a	Thus	M		a,	by	definition	of	M	.	Find	a0	,	a1	,	and	a2	given	by	the	least-squares	solution	of	Ax	D	b.	If	x	D	c1	v1	C				C	cp	vp	,	then	kxk2	D	jc1	j2	C				C	jcp	j2	3.		Linear
programming.	k	W	5:8000;	5:9655;	5:9942;	5:9990	.k	D	1;	2;	3;	4/I	R.xk	/W	5:9655;	5:9990;	5:99997;	5:9999993	13.	The	eigenvalues	of	an	upper	triangular	matrix	A	are	exactly	the	nonzero	entries	on	the	diagonal	of	A.	[That	is,	explain	why	UV	is	invertible	and	its	inverse	is	.UV	/T	.]	30.	y	D	1:1	C	1:3x	5.	Instead	of	computing	.A	˛I	/	1	xk	to	get	the	next
vector	in	the	sequence,	it	is	better	to	solve	the	equation	.A	˛I	/yk	D	xk	for	yk	(and	then	scale	yk	to	produce	xk	C1	/.	3,	1	23.	Legendre),	whose	initial	rise	to	fame	occurred	in	1801	when	he	used	the	method	to	determine	the	path	of	the	asteroid	Ceres.	2	3	0	2	1	61	1	27	7	15.	x3	e3	x2				x	W	x		0	and	y	D	x	2	.	Verify	that	z	is	orthogonal	to	p.	If	ku	C	vk2	D
kuk2	C	kvk2	,	then	u	and	v	are	orthogonal.	Hint:	Since	H	is	a	nonzero	subspace	of	a	finite-dimensional	space,	H	is	finite-dimensional	and	has	a	basis,	say,	v1	;	:	:	:	;	vp	.	5	7	5	3	2	3			0	8	3	2	2	0	25	4.	The	term	ˇ0	C	ˇ1	x	gives	the	basic	sales	trend,	and	the	sine	term	reflects	the	seasonal	changes	in	sales.	,	,	2.	Sections	1,	2,	and	3	provide	the	basic
geometric	tools.	The	orthogonal	projection	of	a	vector	onto	a	subspace	W	with	an	orthogonal	basis	can	be	constructed	as	usual.	3	6.6	w	44	61	81	113	131	ln	w	3.78	4.11	4.39	4.73	4.88	p	91	98	103	110	112	Applications	to	Linear	Models	375	17.	Then	1=.2	˛/	will	be	a	strictly	dominant	eigenvalue	of	B	.	So,	for	each	real	t	,	u1	C	t	u2	D	.s1	p/	C	t.s2	p/	D	.1
t/s1	C	t.s1	C	s2	p/	p	Let	y	D	s1	C	s2	p.	6	Express	the	vector	y	D	4	1	5	as	a	linear	combination	of	the	vectors	in	S	.	The	least-squares	line	is	the	line	y	D	ˇ0	C	ˇ1	x	that	minimizes	the	sum	of	the	squares	of	the	residuals.	2/	and	k.	The	3		3	matrix	A	D	4	0	0	0	1	positions.	2	2			9	9	SOLUTION	First,	compute	ATA	D	.	Hint:	For	any	,	.A	I	/T	D	AT	I	.	Page	221
Laptop	computer:	Tatniz/Shutterstock;	Smartphone:	Kraska/Shutterstock.	Not	orthogonal	:8	:6	3	2	p	2=3	0p	5=3	p	7	6	11.	Also,	(4)	shows	that	projW	y	is	a	linear	combination	of	the	columns	of	U	using	the	weights	y		u1	,	y		u2	;	:	:	:	;	y		up	.	Then	y	is	an	affine	combination	of	points	in	S	.	One	possibility	is	to	let	S	be	a	square	that	includes	part	of	the
boundary	but	not	all	of	it.	Because	the	total	variance	is	tr.S/	D	100	C	25	D	125,	the	size	index	accounts	for	practically	all	(98.4%)	of	the	variance	of	the	data.	To	do	so,	add	4	times	equation	1	to	equation	3.	24.	Let	R2	have	the	inner	product	of	Example	1,	and	let	x	D	.1;	1/	and	y	D	.5;	1/.	"	Classifying	Quadratic	Forms	When	A	is	an	n		n	matrix,	the
quadratic	form	Q.x/	D	xTAx	is	a	real-valued	function	with	domain	Rn	.					8	3	.	That	material	also	discusses	coordinate-free	“affine	spaces.”	8.1	DEFINITION	Affine	Combinations	437	The	set	of	all	affine	combinations	of	points	in	a	set	S	is	called	the	affine	hull	(or	affine	span)	of	S	,	denoted	by	aff	S	.	h.	This	Fourth	Edition	provides	substantial	support
both	for	teaching	and	for	using	technology	in	the	course.	Hint:	For	part	(a),	use	an	important	theorem	from	Chapter	2.	Suppose	y	D	c1	v1	C	c2	v2	with	c1	C	c2	D	1.	The	same	condition	applies	to	proper	subspaces	and	proper	flats	in	Rn	:	they	are	not	equal	to	Rn	.	Any	such	matrix	is	called	a	projection	matrix	(or	an	orthogonal	projection	matrix).	See
Exercise	32.	Similarly,	aff	B		aff	.A	[	B/,	so	Œaff	A	[	aff	B		aff	.A	[	B/.	It	can	be	shown	that	for	any	symmetric	matrix	A,	the	set	of	all	possible	values	of	xTAx,	for	kxk	D	1,	is	a	closed	interval	on	the	real	axis.	5	2	[M]	In	Exercises	19	and	20,	find	(a)	the	largest	eigenvalue	and	(b)	the	eigenvalue	closest	to	zero.	Then			Y1				YN	w		T		D	P	X1				P	T	XN	w	By
definition			T	T	D	P	X1				X	N	w	D	P	0	D	0	That	is,	Y1	C				C	YN	D	0,	so	the	Yk	are	in	mean-deviation	form.	The	variance	of	this	index	over	the	data	set	is	123.02.	In	fact,	y2	also	has	relatively	small	variance,	which	means	that	the	points	lie	approximately	along	a	line,	and	the	data	are	essentially	one-dimensional.	Often	the	problem	involves	some
particular	direction	of	interest,	which	is	represented	by	another	vector	u.	Graybill,	An	Introduction	to	Statistical	Models	in	Geology	(New	York:	McGraw-Hill,	1965).	380	CHAPTER	6	Orthogonality	and	Least	Squares	PROOF	If	u	D	0,	then	both	sides	of	(4)	are	zero,	and	hence	the	inequality	is	true	in	this	case.	In	fact,	p1	is	in	conv	S	,	because	the
coefficients	are	also	nonnegative.	Let	x	D	.x1	C				C	xn	/	and	y	D	.y1	C				C	yn	/.	Suppose	we	wish	to	approximate	the	data	by	an	equation	of	the	form	y	D	ˇ0	C	ˇ1	x	C	ˇ2	x	2	(3)	Describe	the	linear	model	that	produces	a	“least-squares	fit”	of	the	data	by	equation	(3).			3	1	b.	Construct	an	orthonor1	2=3	mal	basis	for	W	.	The	product	S	x	equals	the	sum	of
the	entries	in	x.	fv1	;	v2	;	v4	;	v5	g	27.	450	CHAPTER	8	The	Geometry	of	Vector	Spaces	SOLUTION	First,	find	the	barycentric	coordinates	of	p.	Important	facts	are	stated	as	theorems	or	are	enclosed	in	tinted	boxes,	for	easy	reference.	Chapter	5	Supplementary	Exercises	b.	About	the	Author	David	C.	Geometrically,	a	set	is	affine	if	whenever	two	points
are	in	the	set,	the	entire	line	through	these	points	is	in	the	set.	Explain	why	u		u		0.	2	11.	Recall	that	if	a	and	b	are	real	numbers,	the	distance	on	the	number	line	between	a	and	b	is	the	number	ja	bj.	Developers	and	urban	planners	use	them	to	study	the	rate	and	direction	of	urban	growth,	industrial	development,	and	other	changes	in	land	usage.	t	2.
Compute	hp;	qi,	where	p.t/	D	4	C	t	,	q.t/	D	5	4.	Since	this	is	true	for	every	convex	set	C	containing	S	,	it	is	also	true	for	the	intersection	of	them	all.		employs	linear	programs	that	schedule	flight	crews,	monitor	the	locations	of	aircraft,	or	plan	the	varied	schedules	of	support	services	such	as	maintenance	and	terminal	operations.	Find	a	new	variable	of
the	form	y1	D	c1	x1	C	c2	x2	C	c3	x3	that	has	maximum	possible	variance,	subject	to	the	constraint	that	c12	C	c22	C	c32	D	1.	2	Could	u	possibly	be	a	least-squares	solution	of	Ax	D	b?	y	u2	yˆ	2	y	.	Let	y	D	,	u1	D	9	3=	10	a.	ykC1	k	ykC2	C	2ykC1	independent.	In	a	similar	fashion,	u2	determines	the	variable	y2	,	and	so	on.	[M]	Compute	an	SVD	of	each
matrix	in	Exercises	26	and	27.	7	6:5	7	Determine	whether	S	is	affinely	independent.	See	Supplementary	Exercise	14.	For	any	p,	q	in	P2	and	any	scalar	c	,	0	0	2	0	T	Œp.t/	C	q.t/	D	.t	C	3/Œp.t/	C	q.t/	D	.t	C	3/p.t/	C	.t	C	3/q.t/	D	T	Œp.t/	C	T	Œq.t/	T	Œc		p.t/	D	.t	C	3/Œc		p.t/	D	c		.t	C	3/p.t/	D	c		T	Œp.t/	3	0	07	7	05	2	2	23.	[M]	cond.A/		kbk	D	23;683		.2:832		10
kbk	4	/	D	6:707	the	theoretical	bound	on	the	relative	change	in	x	is	6.707	(to	four	significant	figures).	Geometrically,	the	constrained	optimization	problem	is	to	locate	the	highest	and	lowest	points	on	the	intersection	curve.	The	convex	hulls	of	sets	S	and	T	in	R2	are	shown	below.	Since	the	set	is	linearly	independent,	its	three	vectors	form	a	basis	for
R3	.	Let	X	be	the	design	matrix	in	Example	2	corresponding	to	a	least-squares	fit	of	a	parabola	to	data	.x1	;	y1	/;	:	:	:	;	.xn	;	yn	/.											1	2	1	2	4	,	v2	D	,	v3	D	,	v4	D	,	and	y	D	EXAMPLE	1	Let	v1	D	.	2	3	2	2	3	3	2	3	1	2	1	1	627	6	17	6	17	6	17	7	6	7	6	7	6	7	2.	1/u	D	u.	So	P	has	exactly	k	columns	of	eigenvectors	corresponding	to	.	Show	that	the	first	three
orthogonal	polynomials	are	p0	.t/	D	1;	p1	.t/	D	t;	and	p2	.t/	D	83	t	2	35	8	(The	polynomial	p2	has	been	scaled	so	that	its	values	at	the	evaluation	points	are	small	integers.)	b.	So	the	1=	2	1=	2	"	p	p	#	1=p2	1=p2	.	R.	In	particular,	kyk	D	1	if	and	only	if	kxk	D	1.	[M]	25.9343,	16.7554,	11.2917,	1.0785,	.00037793;	1	=5	D	68;622	5.	In	practice,	the	most
reliable	way	to	estimate	the	rank	of	a	large	matrix	A	is	to	count	the	number	of	nonzero	singular	values.	Since	A	is	invertible,	0	is	not	an	eigenvalue	of	A,	so	D	has	nonzero	entries	on	its	diagonal.	1=	5/2	C	.2=	5/2	D	1=5	C	4=5	D	1	p	p	ku2	k2	D	.2=	5/2	C	.1=	5/2	D	4=5	C	1=5	D	1	In	particular,	the	set	fu1	;	u2	g	is	linearly	independent,	and	hence	is	a
basis	for	R2	since	there	are	two	vectors	in	the	set.	p6	D	,	p7	D	4	2	a.	Write	the	companion	matrix	for	p	.	I.	That	is,	p.A/	D	c0	I	C	c1	A	C	c2	A2	C				C	cn	An	Show	that	if		is	an	eigenvalue	of	A,	then	one	eigenvalue	of	p.A/	is	p./.	Since	1:05	>	1,	both	populations	will	grow	at	5%	per	year.	Compute	hf;	gi,	where	f	.t/	D	1	3t	2	and	g.t/	D	t	23.	The
Diagonalization	Theorem	in	Section	5.3	says	that	the	columns	of	P	are	(linearly	independent)	eigenvectors	corresponding	to	the	eigenvalues	of	A	listed	on	the	diagonal	of	D	.	The	“mental”	computation	is	3		Œequation	2W	3x2	12x3	D	12	C	Œequation	3W	3x2	C	13x3	D	9	[new	equation	3W	x3	D	The	new	system	has	a	triangular	form:¹	x1	2x2	C	x3	D	0	x2
4x3	D	4	x3	D	3	2	1	40	0	2	1	0	1	4	1	3	3	0	45	3	Eventually,	you	want	to	eliminate	the	2x2	term	from	equation	1,	but	it	is	more	efficient	to	use	the	x3	in	equation	3	first,	to	eliminate	the	4x3	and	Cx3	terms	in	equations	2	and	1.	20x12	C	15x1	x2	10x22	b.	The	dimension	of	the	eigenspace	for	each	eigenvalue		equals	the	multiplicity	of		as	a	root	of	the
characteristic	equation.	6	12.	Then	yO	C	z	D	yO	1	C	z1	(since	both	sides	equal	y/,	and	so	yO	yO	1	D	z1	z	This	equality	shows	that	the	vector	v	D	yO	yO	1	is	in	W	and	in	W	?	A	few	simple	applications	are	presented	in	the	exercises.	Assume	x	is	in	R3	.	A	least-squares	solution	of	Ax	D	b	is	the	vector	AOx	in	Col	A	closest	to	b,	so	that	kb	AOx	k		kb	Axk	for	all
x.	In	Example	4,	the	covariance	matrix	for	the	transformed	data,	using	variables	y1	,	y2	,	y3	,	is	2	3	7614:23	0	0	0	427:63	0	5	DD4	0	0	98:10	Although	D	is	obviously	simpler	than	the	original	covariance	matrix	S	,	the	merit	of	constructing	the	new	variables	is	not	yet	apparent.	kbk	Observe	that	kxk=kxk	almost	equals	cond.A/	times	kbk=kbk.								x1	4	3
D	b.	Since	v	is	not	exactly	correct,	the	equation	Av	D	v	.1/	will	probably	not	have	a	solution.	Show	that	kX	ˇk	and	use	the	fact	that	ˇO	satisfies	the	normal	equations.]	This	formula	for	SS(R)	is	used	in	statistics.	kxk	D	:4618,	kxk	kbk	cond.A/		D	3363		.1:548		10	4	/	D	:5206.	So	(b)	implies	(c).	4	p	0	5=3	4=	45	2=	45	2	3	:5	:5	:5	:5	6	:5	:5	:5	:5	7	7	12.
Explain	why	AB	is	also	orthogonally	diagonalizable.	5,	and	plot	the	points	p4	,	p5	,	p6	,	and	p7	.	(Read	this	carefully.)	b.	If	every	coefficient	in	a	quadratic	form	is	positive,	then	the	quadratic	form	is	positive	definite.	Vectors	u	and	v	are	orthogonal	if	hu;	vi	D	0.	This	matrix	is	precisely	the	change-of-coordinates	matrix	PB	defined	in	Section	4.4.	29.
Likewise,	there	is	no	scalar	c	such	that	.	Another	“coordinate	system”	can	be	based	on	(6),	in	which	the	coefficients	4,	2,	and	3	are	called	affine	or	barycentric	coordinates	of	v4	.	In	1989,	Aurora	University	conferred	on	him	the	Outstanding	Alumnus	award.	Explain	why	z	is	in	.Col	A/?	3x12	10.	Explain	why	UV	is	an	orthogonal	matrix.	g.	Once	X	is
defined	properly,	the	normal	equations	for	ˇ	have	the	same	matrix	form,	no	matter	how	many	variables	are	involved.	A	nonzero	vector	cannot	correspond	to	two	different	eigenvalues	of	A.	Let	x,	y	2	B.p;	ı/	and	suppose	z	D	.1	0		t		1.	Let	k	be	an	entry	in	yk	whose	absolute	value	is	as	large	as	possible.	6	(Example	5)	are	simply	the	unit	vectors	in	the
directions	of	the	vectors	in	Fig.	1	Linear	Equations	in	Linear	Algebra	INTRODUCTORY	EXAMPLE	Linear	Models	in	Economics	and	Engineering	It	was	late	summer	in	1949.	Chapter	4	Supplementary	Exercises,	page	262	1.	Write	t	in	place	of	c2	,	so	that	c1	D	1	c2	D	1	t	.	.10,	no	:1	15.	2	3	3	3	6	6	1	6	1	1	1	1	27	7	15.	This	is	particularly	true,	for	instance,
in	the	hyperspectral	image	processing	(with	p	D	224)	mentioned	in	the	chapter	introduction.	1/	C	0	C	1	C	8	D	0	The	orthogonal	projection	of	t	2	onto	Span	f1;	t	g	is	p2	.t/	D	t	2	10	p	5	0	2p0	.t/	D	t	2	C	0p1	.	If	A	is	an	orthogonal	matrix,	then	A	is	symmetric.	Nul	A	vn	–	1	vn	um	Nul	AT	FIGURE	4	The	four	fundamental	subspaces	and	the	action	of	A.	σ1u1
σ2u2	Col	A	=	Row	AT	...					7	1	6t	1	1	4t	e	C	e	.	The	principal	axes	of	a	quadratic	form	xTAx	are	eigenvectors	of	A.	Of	course,	Av2	D	0	because	kAv2	k	D	2	D	0.	Thus	ATA	is	positive	semidefinite.	[M]	Use	a	matrix	program	to	diagonalize	2	3	3	2	0	7	15	A	D	4	14	6	3	1	if	possible.	A	D	4	3	3	2	4	2	3	2	3	2	3	4	5,	b	D	4	1	5	2	5	3	2	3	0	1	9	607	5	17	7,	b	D	6	7	405
1	05	0	1	5	3	2	3	1	0	2	6	7	0	17	7,	b	D	6	5	7	465	1	15	6	1	1	2	3	3			11	3	4	5	1	5,	b	D	4	9	5,	u	D	,	and	v	D	13.	1W	x1	x1	x3	D	3	2x2	C	x3	D	0	2x2	¹	The	intuitive	term	triangular	will	be	replaced	by	a	precise	term	in	the	next	section.	As	it	turns	out,	the	initial	eigenvalue	estimate	was	fairly	good,	and	the	inverse	power	sequence	converged	quickly.	²	If	p	D	0,
then	the	translate	is	just	S	itself.	Since	this	equation	for	yk	must	be	solved	for	each	k	,	an	LU	factorization	of	A	˛I	will	speed	up	the	process.	6	4	0	5,	4	3	3	2	4	6	17	7,	6	35	4	8	3	3	37	7	55	1	In	Exercises	7–10,	show	that	fu1	;	u2	g	or	fu1	;	u2	;	u3	g	is	an	orthogonal	basis	for	R2	or	R3	,	respectively.	Take	q	on	the	line	segment	from	b	to	c	and	consider	the
line	through	q	and	a,	which	may	be	written	as	p	D	.1	x/q	C	x	a	for	all	real	x	.	Compute	the	value	of	Q.x/	for	x	D	8x1	x2						3	2	1	,	,	and	.	Saddle	point;	eigenvalues:	2,	.5;	direction	of	greatest	repulsion:	the	line	through	.0;	0/	and	.	x3	Multiplication	by	A	x2	(18,	6)	x1	x2	x1	(3,	–	9)	FIGURE	1	A	transformation	from	R3	to	R2	.	If	a	third	point	r	is	on	the	line,
then	fp;	q;	rg	is	an	affinely	dependent	set.	As	with	past	editions,	the	Study	Guide	incorporates	ix	x	Preface	detailed	solutions	to	every	third	odd-numbered	exercise	as	well	as	solutions	to	every	odd-numbered	writing	exercise	for	which	the	text	only	provides	a	hint.	[M]	P	D	6	47	0	2	05	0	1	0	3	2	3	12	0	0	0	6	0	12	0	07	7	DD6	4	0	0	13	05	0	0	0	13	7.
Imagine	the	viewing	screen	as	consisting	of,	say,	a	million	pixels,	and	consider	a	ray	or	“line	of	sight”	from	the	viewer’s	eye	through	a	pixel	and	into	the	collection	of	objects	that	make	up	the	3D	display.	To	see	this,	rewrite	(1)	in	the	form	y	D	v1	C	t.v2	v1	/	D	p	C	t	u;	with	t	in	R	where	p	is	v1	and	u	is	v2	v1	.	D	Rn	.	The	next	example	involves	a	matrix	of
the	sort	that	appears	in	what	are	called	analysis	of	variance	problems	in	statistics.	Section	4.6,	page	236	1.	6	D	30:2887	D	7	to	four	decimal	places.	A	suitable	set	consists	of	any	three	vectors	that	are	not	collinear	and	have	5	as	their	third	entry.	The	standard	formula	for	an	orthogonal	projection	shows	that	ak	D	hf;	cos	kt	i	;	hcos	kt;	cos	kt	i	bk	D	hf;	sin
kt	i	;	hsin	kt;	sin	kti	k1	Exercise	7	asks	you	to	show	that	hcos	kt;	cos	kt	i	D		and	hsin	kt;	sin	kt	i	D		.	If	x	is	orthogonal	to	both	u	and	v,	then	x	must	be	orthogonal	to	u	v.	That	is,	conv	S		C	.	In	this	case,	we	let	B	D	.A	˛I	/	1	and	apply	the	power	method	to	B	.	Points	.x;	y/	with	a	higher	utility	lie	on	indifference	curves	that	do	not	touch	the	constraint	curve.
[M]	State	your	conjecture	and	verify	it	algebraically.	If	x	is	close	to	an	eigenvector	for	,	then	this	quotient	is	close	to	.	Let	L	D	Span	fug,	where	u	is	nonzero,	and	let	T	.x/	D	projL	x.	ku	k	The	Cauchy–Schwarz	inequality	is	useful	in	many	branches	of	mathematics.	[Hint:	Consider	v	D	0	and	v	¤	0.]	2	3	5	26.	A	flat	of	dimension	2	is	called	a	hyperplane.	p	3	2
p	3	2=p6	2=p30	7.	By	Theorem	8	in	Section	7.3,	the	maximum	value	of	uT	S	u,	over	all	unit	vectors	u,	is	the	largest	eigenvalue	1	of	S	,	and	this	variance	is	attained	when	u	is	the	corresponding	eigenvector	u1	.	1	392	CHAPTER	6	2	7	6	5	6	19.	Let	gO	be	the	orthogonal	projection	(with	respect	to	the	given	inner	product)	of	g	onto	P3	,	say,	gO	D	c0	p0	C
c1	p1	C	c2	p2	C	c3	p3	Then	gO	is	called	a	cubic	trend	function,	and	c0	;	:	:	:	;	c3	are	the	trend	coefficients	of	the	data.	If	each	vector	ej	in	the	standard	basis	for	Rn	is	an	eigenvector	of	A,	then	A	is	a	diagonal	matrix.	x1	x2	C	3x1	x3	C	30x1	x4	C	30x2	x3	C	3x2	x4	C	x3	x4	15.	Optimization	Chapter	10.	y	p8	Affine	Independence	p2	p5	x	v3	p4	p6	In
Exercises	21–24,	a,	b,	and	c	are	noncollinear	points	in	R2	and	p	is	any	other	point	in	R2	.	Since	kU	ej	k2	D	.U	ej	/	.U	ej	/	D	ej		ej	D	1,	the	columns	of	U	are	unit	vectors;	since	.U	ej	/	.U	ek	/	D	ej		ek	D	0	for	j	¤	k	,	the	columns	are	pairwise	orthogonal.	M	D	10	4		6	1	:32	:95		9	5	10	3		8	;	5	9.	Let	u1	D	4	1	5,	u2	D	4	1	5,	and	u3	D	4	0	5.	Page	136	Agriculture:
PhotoDisc/Getty	images;	Manufacturing:	CoverSpot/Alamy;	Services:	Dusan	Bartolovic/Shutterstock;	Open	sector:	Juice	Images/Alamy.	Thus	S	0	D	S	,	which	proves	that	S	is	a	basis	for	V	.	These	problems	either	focus	on	potential	trouble	spots	in	the	exercise	set	or	provide	a	“warm-up”	for	the	exercises,	and	the	solutions	often	contain	helpful	hints	or
warnings	about	the	homework.	Fit	a	quadratic	trend	function	to	the	data	.	Use	equation	(8)	to	substitute	for	8q3	and	then	apply	part	(a).	:5;	2/,	.1:5;	3/,	hu;	vi	D	.Au/.Av/	D	.Av/.Au/	D	hv	;	u	i	Definition	Property	of	the	dot	product	Definition	15.	EXAMPLE	8	(Least-Squares	Solution)	Given	the	equation	Ax	D	b,	use	the	pseudoinverse	of	A	in	(10)	to	define
Then,	from	the	SVD	in	(9),	xO	D	AC	b	D	Vr	D	AOx	D	.Ur	DVrT	/.Vr	D	D	Ur	DD	1	UrT	b	D	Ur	UrT	b	1	1	UrT	b	UrT	b/	Because	VrT	Vr	D	Ir	It	follows	from	(5)	that	Ur	UrT	b	is	the	orthogonal	projection	bO	of	b	onto	Col	A.	Show	that	A	is	symmetric.	Compute	q3	D	.q2	C	r1	/=2	and	set	r0	D	q3	.	Show	that	Span	fv2	v1	;	v3	v1	g	is	a	plane	in	R3	.	The	entries	in
a	column	of	P	sum	to	1.	Watch	how	they	enter	the	calculations.		D	2	C	i	,	9.	Let	fv1	;	:	:	:	;	vn	g	be	an	orthonormal	basis	for	Rn	consisting	of	eigenvectors	of	ATA,	and	let	1	;	:	:	:	;	n	be	the	associated	eigenvalues	of	ATA.	2.	4	1=35	5	1=7	9.	(Belmont,	CA:	Brooks/	Cole,	2005).	32	3	1	1	6	t	7	47	76	2	7	6	7	67	76t	7;	5	4	4	t3	5	1	t4	3	1	47	7	67	7	45	1	13.	P	D	,C
D	0	2	3	1					1	2	3	4	17.	For	such	a	unit	vector,	x22	C	x32	D	1,	and	9x12	C	4x22	C	3x32	D	4x22	C	3x32		4x22	C	4x32	D	4.x22	C	x32	/	D4	Thus	the	constrained	maximum	of	the	quadratic	form	does	not	exceed	4.	Page	122	Galileo	space	probe:	NASA.	If	A	is	n		n,	then	A	and	ATA	have	the	same	singular	values.	v.	5x12	C	6x22	C	7x32	C	4x1	x2	4x2	x3	D	9y12
C	6y22	C	3y32	2.	If	a	vector	y	coincides	with	its	orthogonal	projection	onto	a	subspace	W	,	then	y	is	in	W	.	[M]	Generate	random	vectors	x,	y,	and	v	in	R4	with	integer	entries	(and	v	¤	0),	and	compute	the	quantities		xv		vv	v;		yv		vv	v;	.x	C	y/	v	.10x/	v	v;	v	vv	vv	Repeat	the	computations	with	new	random	vectors	x	and	y.	–	4th	ed.	Repeat	Exercise	7	for	the
data	in	Exercise	2.	But	the	matrix	of	the	form	is	2	3	3	2	0	A	D	42	2	25	0	2	1	Negative	definite	z	x1	x2	and	the	eigenvalues	of	A	turn	out	to	be	5,	2,	and	form,	not	positive	definite.	If	p;	q	2	f	.S/,	then	there	exist	r;	s	2	S	such	that	f	.r/	D	p	and	f	.s/	D	q.	22.	A	D	6	4	14	11	12	85	2	21	4	8	2	3	6	8	4	5	4	6	2	7	5	6	47	7	27.	For	instance,	consider	a	chemical	process
that	produces	a	plastic	material.	Use	the	fact	6	2	4	that	u1	and	u2	are	orthogonal	to	compute	projW	y.	In	Exercises	3–6,	verify	that	fu1	;	u2	g	is	an	orthogonal	set,	and	then	find	the	orthogonal	projection	of	y	onto	Span	fu1	;	u2	g.	4	2	5,	4	1	5,	4	2	5	1.	A	D	4	1	0	1	1	In	Exercises	5	and	6,	equation	Ax	D	b.	4/k	form	a	basis	for	H	.	[M]	(complex):	2	2	3	3	23
34i	3	t	c1	4	1	5e	C	c2	4	9	C	14i	5	e	.5C2i	/t	C	3	1	2	3	23	C	34i	c3	4	9	14i	5	e	.5	2i	/t	3	2	3	3	2	23	cos	2t	C	34	sin	2t	3	(real):	c1	4	1	5e	t	C	c2	4	9	cos	2t	14	sin	2t	5	e	5t	C	3	cos	2t	1	2	3	23	sin	2t	34	cos	2t	c3	4	9	sin	2t	C	14	cos	2t	5	e	5t	3	sin	2t	The	origin	is	a	repeller.	6	11.	Also,	v3	x1	FIGURE	6	p	3	1=p66	6	7	v3	D	4	4=	66	5	p	7=	66	2	v1		v2	D	x3	v1	p	3
1=p6	6	7	v2	D	4	2=	6	5;	p	1=	6	2	v2	x2	v1		v1	D	9=11	C	1=11	C	1=11	D	1	v2		v2	D	1=6	C	4=6	C	1=6	D	1	v3		v3	D	1=66	C	16=66	C	49=66	D	1	which	shows	that	v1	,	v2	,	and	v3	are	unit	vectors.	The	orthogonal	complement	of	the	row	space	of	A	is	the	null	space	of	A,	and	the	orthogonal	complement	of	the	column	space	of	A	is	the	null	space	of	AT	:
.Row	A/?	So	Av1	;	:	:	:	;	Avr	are	linearly	independent	7.4	The	Singular	Value	Decomposition	417	vectors,	and	they	are	in	Col	A.	If	vectors	v1	;	:	:	:	;	vp	span	a	subspace	W	and	if	x	is	orthogonal	to	each	vj	for	j	D	1;	:	:	:	;	p	,	then	x	is	in	W	?	[M]	Use	the	method	in	this	section	to	produce	a	QR	factorization	of	the	matrix	in	Exercise	24.	In	this	way,	the
threechannel	initial	data	have	been	reduced	to	one-channel	data,	with	a	loss	in	some	sense	of	only	6.5%	of	the	scene	variance.	The	matrix	of	the	quadratic	form	is	A	D	1		1	.	Then	compute	AP	PD	and	PDP	1	.	bO	D	4	1	5	b.	The	eigenvector	.4;	3/	for	1	D	1:2	shows	that	there	will	be	4	juveniles	for	every	3	adults.	When	is	this	possible?	The	first	two
examples	of	the	process	are	aimed	at	hand	calculation.	The	fact	that	32	is	more	than	10	indicates	that	the	set	of	third	entries	in	the	response	vectors	contains	a	wider	spread	of	values	than	the	set	of	first	entries.	Thus	(a)	implies	(b).	If	a	matrix	U	has	orthonormal	columns,	then	U	U	T	D	I	.	For	p2	,	a	similar	calculation	shows	that	projW	p2	¤	p2	.	vk	D	p
2.	The	visualizations	are	in	R2	or	R3	,	of	course,	but	the	concepts	also	apply	to	Rn	and	other	vector	spaces.	The	Study	Guide,	which	has	always	been	an	integral	part	of	the	book,	has	been	updated	to	cover	the	new	Chapter	8.	Any	nonempty	subset	of	fe1	;	:	:	:	;	en	g	is	orthonormal,	too.	Then	x	Ax	D	0	and	Ax	D	1		x,	which	shows	that	A	would	have	1	as	an
eigenvalue.	These	points	correspond	to	the	eigenvalue	7	of	A	and	the	eigenvectors	x	D	.0;	1/	and	x	D	.0;	1/.	Wright,	Numerical	Linear	Algebra	and	Optimization,	vol.	The	origin	is	a	saddle	point.	¹	See	Foley,	van	Dam,	Feiner,	and	Hughes,	Computer	Graphics—Principles	and	Practice,	2nd	edition	(Boston:	Addison-Wesley,	1996),	pp.	406	CHAPTER	7
Symmetric	Matrices	and	Quadratic	Forms	PROOF	By	the	Principal	Axes	Theorem,	there	exists	an	orthogonal	change	of	variable	x	D	P	y	such	that	z	Q.x/	D	xTAx	D	yT	D	y	D	1	y12	C	2	y22	C				C	n	yn2	x1	where	1	;	:	:	:	;	n	are	the	eigenvalues	of	A.	Observe	that	kAxk2	D	.Ax/T	.Ax/	D	xTATAx	D	xT.ATA/x	Also,	ATA	is	a	symmetric	matrix,	since	.ATA/T	D	ATAT
T	D	ATA.	Hint:	Partition	R	as	a	2		2	block	matrix.				12	7	;B	D	10	2			86	27	SD	27	16			:95	3.	The	total	information	in	the	three	bands	is	rearranged	in	the	three	principal	component	images	in	(d)–(f).	[Hint:	The	eigenvalues	of	the	sample	covariance	matrix	are		D	3;	6,	and	9.]	3	2	5	4	2	11	4	5.	2	3	10	7	8	7	6	7	5	6	57	7	19.	Hint:	You	need	two	theorems,	one
of	which	applies	only	to	square	matrices.	Hint:	Check	the	three	conditions	for	a	subspace.	det.A	I	/	D	.a11	/.a22	/	a12	a21	D	2	.a11	C	a22	/	C	.a11	a22	a12	a21	/	D	2	.tr	A/	C	det	A.	x	D			6	1		c.	Show	that	if	the	multiplicity	of	an	eigenvalue		is	n,	then	A	D	I	.	If	ck	C1	D	1,	then	y	D	vk	C1	,	which	belongs	to	S	,	and	there	is	nothing	further	to	prove.	The
columns	are	all	31.	2	3	164:12	32:73	81:04	539:44	249:13	5	S	D	4	32:73	81:04	249:13	189:11	6.	This	description	of	v1	and	j1	j	has	an	analogue	for	rectangular	matrices	that	will	lead	to	the	singular	value	decomposition.	Section	6.4,	page	358	3	2	3	3	1	1.	Section	4.4,	page	222	1.		:6	:8		5.	[M]	Indefinite;	eigenvalues	are	8.5	and	6:5	Change	of	variable:	x
D	P	y;	2	3	3	4	3	4	1	65	0	5	07	7	P	D	p	6	3	4	35	50	4	4	0	5	0	5	Section	7.4	New	quadratic	form:	8:5y12	C	8:5y22	19.	This	follows	from	equation	(9),	with	y.t/	and	its	control	points	in	place	of	x.t/	and	its	control	points.	If	z	and	w	are	nonzero,	z	is	on	L,	and	w	is	in	W	,	then	the	line	segment	from	0	to	z	is	perpendicular	to	the	line	segment	from	0	to	w;	that	is,
z		w	D	0.	[Hint:	Given	y	in	Col	A,	show	that	y	D	Qx	for	some	x.	[Hint:	First	write	the	columns	of	V	.]	16.	(The	second	row	here	contains	a	zero	because	the	second	equation	could	be	written	as	0		x1	C	2x2	8x3	D	8.)	An	augmented	matrix	of	a	system	consists	of	the	coefficient	matrix	with	an	added	column	containing	the	constants	from	the	right	sides	of
the	equations.	In	the	same	way,	Theorem	8	shows	that	y2	has	maximum	possible	variance	among	all	variables	y	D	uT	X	that	are	uncorrelated	with	y1	.	–3	–	2	–1	b	0	1	2	7	units	apart	3	4	5	|(–	3)	–	4|	=	|–	7|	=	7	or	|4	–	(–3)|	=	|7|	=	7	6.1	DEFINITION	Inner	Product,	Length,	and	Orthogonality	333	For	u	and	v	in	Rn	,	the	distance	between	u	and	v,	written
as	dist	.u;	v/,	is	the	length	of	the	vector	u	v.	In	both	cases,	the	number	of	pivots	cannot	exceed	the	number	of	columns	or	the	number	of	rows.	B	is	a	basis	for	V	.	If	u	¤	0,	then	u	is	a	basis	for	35.		7.	The	vectors	.1	/	k	Ak	x	in	(3)	are	scaled	to	make	them	converge	to	c1	v1	,	provided	c1	¤	0.	P	D	4	2=	5	0	2	7	0	7	D	D	40	0	0	2	2	:5	6	:5	21.	It	can	be	shown
that	if	the	eigenvalues	of	A	are	1	;	:	:	:	;	n	,	then	the	eigenvalues	of	B	are	1	1	˛	;	1	2	˛	;	:::;	1	n	˛	and	the	corresponding	eigenvectors	are	the	same	as	those	for	A.	If	Av	D	v	for	some	nonzero	,	then	v	D		1	Av	D	A.	1	v/,	which	shows	that	v	is	a	linear	combination	of	the	columns	of	A.	This	proves	the	second	statement,	because	Row	AT	D	Col	A.	That	is,	let	v2	D
x2	projW1	x2	x2		v1	D	x2	v1	Since	v1	D	x1	v	v	2	3	1	12	3	2	3	0	1	3=4	6	1	7	3	6	1	7	6	1=4	7	6	7	6	7	7	D6	4	1	5	4	4	1	5	D	4	1=4	5	1	1	1=4	As	in	Example	1,	v2	is	the	component	of	x2	orthogonal	to	x1	,	and	fv1	;	v2	g	is	an	orthogonal	basis	for	the	subspace	W2	spanned	by	x1	and	x2	.	rotated	out	of	standard	position,	as	in	Fig.	But	more	is	true—the	weights
in	the	dependence	relation	sum	to	0:	.1	t/	C	t	C	.	Find	a	unit	(a)	1	2	(b)	FIGURE	2	Normalizing	a	vector	to	produce	a	unit	vector.	2	1	1	61	1	5.	The	“heights”	of	these	points	are	the	constrained	values	of	Q.x/.	Chapter	6	8	5	31.	[M]	The	MATLAB	command	roots(p)	computes	the	roots	of	the	polynomial	equation	p.t/	D	0.	Eigenvalues	are	motivated	by	and
applied	to	discrete	and	continuous	dynamical	systems,	which	appear	in	Sections	1.10,	4.8,	and	4.9,	and	in	five	sections	of	Chapter	5.	Meade,	University	of	South	Carolina	Tim	Olson,	University	of	Florida	Albert	L.	440	CHAPTER	8	The	Geometry	of	Vector	Spaces	The	next	definition	provides	terminology	for	affine	sets	that	emphasizes	their	close
connection	with	subspaces	of	Rn	.	Unwin,	David	J.,	An	Introduction	to	Trend	Surface	Analysis,	Concepts	and	Techniques	in	Modern	Geography,	No.	5	(Norwich,	England:	Geo	Books,	1975).	Is	p2	in	Span	S	?	[M]	Negative	semidefinite;	eigenvalues	are	0,	6,	8,	12	Change	of	variable:	x	D	P	y;	3	2	p	3=p12	0p	1=2	0	7	6	2=p6	1=2	0p	7	6	1=	12	P	D6	p	7	4
1=	12	1=p6	1=2	1=p2	5	p	1=	12	1=	6	1=2	1=	2	New	quadratic	form:	6y22	8y32	12y42	17.			2	b.	Linear	algebra	and	its	applications	/	David	C.	4	4	5	3	5.	Not	only	will	it	help	you	learn	linear	algebra,	it	also	will	show	you	how	to	study	mathematics.	Since	conv	S	is	a	convex	set	containing	S	,	it	follows	that	T		conv	S	.	Determine	whether	p1	and	p2	are	in
conv	S	.	z	D	6	4	0	5,	v	1	D	4	1	5,	v	2	D	4	4	5	2	1	3	2	2	3	2	3	3	3	3	5	15.	Then	U	T	U	x	D	Ip	x	D	x	U	U	y	D	projW	y	T	for	all	x	in	Rp	Theorem	6	for	all	y	in	R	Theorem	10	n	If	U	is	an	n		n	(square)	matrix	with	orthonormal	columns,	then	U	is	an	orthogonal	matrix,	the	column	space	W	is	all	of	Rn	,	and	U	U	Ty	D	I	y	D	y	for	all	y	in	Rn	.	Section	6.7,	page	382	1.
[M]	4	0	5	8=3	0:8	Section	4.5,	page	229	2	3	2	3	1	2	1.	Then	c2	D	6	and	c3	D	y	and	v1	D	6.v2	v1	/	19.v3	y	D	13v1	C	6v2	v1	/	19,	so	v1	/	C	1.v4	v1	/	19v3	C	v4	While	the	procedure	in	Example	1	works	for	arbitrary	points	v1	;	v2	;	:	:	:	;	vp	in	Rn	,	the	question	can	be	answered	more	directly	if	the	chosen	points	vi	are	a	basis	for	Rn	.	3	40;	5,	8	3	C	82	15.
Suppose	yO	D	uu	y	.c	u/	c.y		u/	.c	u/	D	2	.c/u	D	yO	.c	u/	.c	u/	c	uu	33.	WEB	Systems	of	linear	equations	lie	at	the	heart	of	linear	algebra,	and	this	chapter	uses	them	to	introduce	some	of	the	central	concepts	of	linear	algebra	in	a	simple	and	concrete	setting.	f	.x1	;	x2	;	x3	/	D	x1	17.	4	1	5,	4	1	5	17.	2W	x2	x2	4x3	D	12	4x3	D	4	D	16	1		Œeq.		2	9.		2	0	2	0	3	2
2	1	12.	6.7	EXERCISES	1.	3	is	correct.	Show	that	if	A	is	orthogonally	diagonalizable,	then	so	is	A2	.	Hint:	Find	c1	,	c2	such	that	x0	D	c1	v1	C	c2	v2	.	Then	.5I	A/x	D	5x	Ax	D	5	x	x	D	.5	f.	D	f0g.	W	is	not	a	subspace	because	0	is	not	in	W	.	The	dimension	of	an	eigenspace	of	a	symmetric	matrix	equals	the	multiplicity	of	the	corresponding	eigenvalue.	x	x	x
15.	Hint:	Use	the	Invertible	Matrix	Theorem.	SOLUTION	The	set	S	is	affinely	dependent.	442	CHAPTER	8	The	Geometry	of	Vector	Spaces	SOLUTION	Row	reduce	the	augmented	matrix	for	the	equation	x1	vQ	1	C	x2	vQ	2	C	x3	vQ	3	D	pQ	To	simplify	the	arithmetic,	move	the	fourth	row	of	1’s	to	the	top	(equivalent	to	three	row	interchanges).	364
CHAPTER	6	Orthogonality	and	Least	Squares	SOLUTION	From	Example	1,	2	3	2	b	D	4	0	5	and	11	x3	(2,	0,	11)	b	Hence	兹84	b	Ax^	(0,	2,	1)	and	0	Col	A	(4,	0,	1)	x1	FIGURE	3	2	4	AOx	D	4	0	1	2	3	2	AOx	D	4	0	5	11	3	2	3	0			4	1	25	D	445	2	1	3	3	2	3	2	2	4	445	D	4	45	8	3	p	p	AOxk	D	.	a		b	D	7,	a		a	D	5.	PROOF	If	0	D	c1	u1	C				C	cp	up	for	some	scalars	c1	;	:
:	:	;	cp	,	then	0	D	0		u1	D	.c1	u1	C	c2	u2	C				C	cp	up	/	u1	D	.c1	u1	/	u1	C	.c2	u2	/	u1	C				C	.cp	up	/	u1	D	c1	.u1		u1	/	C	c2	.u2		u1	/	C				C	cp	.up		u1	/	D	c1	.u1		u1	/	because	u1	is	orthogonal	to	u2	;	:	:	:	;	up	.	(This	was	true	just	a	few	years	ago,	but	the	situation	could	change	as	matrix	programs	continue	to	improve.)	If	you	constructed	P	from	the	program’s
eigenvectors,	check	the	condition	number	of	P	.		D	1:	;		D	3:	1	1					3	1	11.	A	D	4	2	2	1	3	2	2	3	3	5	2	1	0	5,	b	D	4	8	5	2.	For	the	v2	in	Example	1,	2	3					2=3	4	11	14	4	3	1=3	5	D	Av2	D	8	7	2	9	2=3	This	point	is	on	the	minor	axis	of	the	ellipse	in	Fig.	In	R3	,	the	proper	subspaces³	consist	of	the	origin	0,	the	set	of	all	lines	through	0,	and	the	set	of	all	planes
through	0.	Then	W	is	a	subspace	of	Rn	,	by	Theorem	2	in	Section	4.2	(or	Theorem	12	in	Section	2.8).	The	eigenvalue	1	can	be	estimated	from	the	sequence	fxk	g,	too.	6	4	1	5	4	5	2	1	2	65	3	7	8	1	4	3	2	2	3	3	1	2	5	1	3	5	6	1	6	1	1	47	3	17	6	6	7	7	6	0	7	7	1	4	3	2	3	11.	3	45;	9,	5	3.	If	an	and	bn	are	not	both	zero,	the	polynomial	is	said	to	be	of	order	n.	Use
four	decimal	places.	The	three	simplest	answers	are	fv1	;	v2	g,	fv1	;	v3	g,	and	fv2	;	v3	g.	If	that	occurs,	the	xk	will	start	to	converge	to	a	multiple	of	v1	.	projW	y	D	6u1	C	3u2	D	4	4	5,	.U	U	T	/y	D	4	4	5	5	5		p	1=p5	6	1=	5	6	p	15.	Let	W	be	the	diagonal	matrix	with	(positive)	w1	;	:	:	:	;	wn	on	its	diagonal,	so	that	2	32	3	2	3	w1	0		0	y1	w1	y1	6	0	7	6	y2	7	6
w2	y2	7	w2	6	76	7	6	7	WyD6	:	6	:	7D6	:	7	:	:	::	::	7	4	::	5	4	::	5	4	::	5	0		wn	yn	wn	yn	with	a	similar	expression	for	W	yO	.	4	1	23.	The	origin	is	a	saddle	point	because	A	has	one	eigenvalue	larger	than	1	and	one	smaller	than	1	(in	absolute	value).	Average	cost	per	unit	y	x	Units	produced	FIGURE	3	Average	cost	curve.	2	b.	Write	each	of	the	given	points	as
an	affine	combination	of	the	points	in	the	set	S	,	if	possible.	EXAMPLE	5	Let	A	be	the	matrix	in	Example	3	and	let	u1	be	a	unit	eigenvector	corresponding	to	the	greatest	eigenvalue	of	A.	Show	u1		u2	D	0,	mention	Theorem	4,	and	observe	that	two	linearly	independent	vectors	in	R2	form	a	basis.	If	part	of	Chapter	8	is	in	the	first	course,	the	second
course	could	include	a	brief	review	of	sections	1	to	3	and	then	a	focus	on	the	geometry	in	sections	4	and	5.	If	a	vector	z	is	orthogonal	to	every	vector	in	a	subspace	W	of	Rn	,	then	z	is	said	to	be	orthogonal	to	W	.	2	3	2	"	p	p	#		5	0	0	1=p2	1=p2	D	0	3	0	1=	2	1=	2	p	p	3	2	1=p	2	0	1=p	2	p		4	1=	18	1=	18	4=	18	5	2=3	2=3	1=3	15.	(Explain	why.)	27.	fv1	;
v2	;	v3	g	is	linearly	independent	because	the	eigenvectors	correspond	to	distinct	eigenvalues	(Theorem	2).	Consider	R2	or	R3	and	two	lines	through	the	origin	determined	by	vectors	u	and	v.	Exercises	The	abundant	supply	of	exercises	ranges	from	routine	computations	to	conceptual	questions	that	require	more	thought.	In	each	case,	the	least-squares
solution	ˇO	is	a	solution	of	the	normal	equations	X	TXˇ	D	X	Ty	Least-Squares	Fitting	of	Other	Curves	When	data	points	.x1	;	y1	/;	:	:	:	;	.xn	;	yn	/	on	a	scatter	plot	do	not	lie	close	to	any	line,	it	may	be	appropriate	to	postulate	some	other	functional	relationship	between	x	and	y	.	CHAPTER	6	SUPPLEMENTARY	EXERCISES	1.	(See	Exercise	13.)	In
Example	3,	the	variance	of	x1	is	10	and	the	variance	of	x3	is	32.	Recall	that	the	affine	hull	of	distinct	points	v1	and	v2	is	the	line	y	D	.1	t/v1	C	t	v2	;	with	t	in	R	Because	the	weights	in	a	convex	combination	are	nonnegative,	the	points	in	conv	fv1	;	v2	g	may	be	written	as	y	D	.1	t/v1	C	t	v2	;	with	0		t		1	which	is	the	line	segment	between	v1	and	v2	,
hereafter	denoted	by	v1	v2	.	Use	the	Gram–Schmidt	process	to	create	an	orthogonal	basis	for	the	subspace	spanned	by	f1;	cos	t;	cos2	t;	cos3	t	g.	In	fact,	since	19.	T	F	F	F	b.	Denote	the	columns	of	Q	by	q1	;	:	:	:	;	qn	.	6	10.	SS(E)	D	yT	y	T	ˇO	X	T	y	SOLUTION	TO	PRACTICE	PROBLEM	Construct	X	and	ˇ	so	that	the	k	th	row	of	Xˇ	is	the	predicted	y	-value
that	corresponds	to	the	data	point	.xk	;	yk	/,	namely,	y	ˇ0	C	ˇ1	xk	C	ˇ2	sin.2xk	=12/	It	should	be	clear	that	x	Sales	trend	with	seasonal	fluctuations.	An	example	is	2x1	x1	x2	C	1:5x3	D	4x3	D	8	7	(2)	Systems	of	Linear	Equations	1.1	3	A	solution	of	the	system	is	a	list	.s1	;	s2	;	:	:	:	;	sn	/	of	numbers	that	makes	each	equation	a	true	statement	when	the
values	s1	;	:	:	:	;	sn	are	substituted	for	x1	;	:	:	:	;	xn	,	respectively.	6x12	6x1	x2	10x1	x3	10x22	6x3	x4	13x32	10x1	x4	13x42	6x2	x3	4x1	x2	6x2	x4	4x1	x3	2x3	x4	4x1	x4	C	SOLUTIONS	TO	PRACTICE	PROBLEMS		3	1.	3x22	if	In	Exercises	21	and	22,	matrices	are	n		n	and	vectors	are	in	Rn	.	Find	an	orthogonal	diagonalization	of	A	TA	.	For	p2	,	use	the
vectors	in	R5	to	compute	the	projection	of	t	2	onto	Span	fp0	;	p1	g:	ht	2	;	p0	i	D	ht	2	;	1i	D	4	C	1	C	0	C	1	C	4	D	10	hp0	;	p0	i	D	5	ht	2	;	p1	i	D	ht	2	;	ti	D	8	C	.	This	choice	of	˛	works	reasonably	well	if	the	smallest	eigenvalue	is	much	closer	to	zero	than	to	the	other	eigenvalues.	Forty	days	after	the	asteroid	was	discovered,	it	disappeared	behind	the	sun.
(The	converse	is	true,	too.)	If	A	is	m		n,	then	the	matrix	G	D	ATA	is	called	the	Gram	matrix	of	A.	3	0	07	7;	15	3	2	C	k	C	c1		2k	C	c2		.	In	other	cases,	the	convex	hull	is	properly	contained	in	the	affine	hull.	By	Theorem	14	in	Section	6.5,	the	normal	equations	have	a	unique	solution.	Hence	B	contains	all	affine	combinations	of	points	of	A.	Find	the	distance
from	y	to	W	D	Span	fu1	;	u2	g,	where	2	3	2	3	2	3	1	5	1	y	D	4	5	5;	u1	D	4	2	5;	u2	D	4	2	5	10	1	1	SOLUTION	By	the	Best	Approximation	Theorem,	the	distance	from	y	to	W	is	ky	where	yO	D	projW	y.	Let	V	be	the	space	C	Œ	2;	2	with	the	inner	product	of	Example	7.	Hint:	The	equation	has	a	nice	geometric	interpretation.	Mean	and	Covariance	hˆ	w	ˆ	To
prepare	for	principal	component	analysis,	let	Œ	X1				XN		be	a	p		N	matrix	of	observations,	such	as	described	above.	Hint:	The	equation	given	holds	for	all	.	Then	make	a	change	of	variable,	x	D	P	y,	that	transforms	the	quadratic	form	into	one	with	no	cross-product	term.	Compute	hp;	p0	i	D	8;	hp0	;	p0	i	D	5;	hp;	p1	i	D	0;	hp;	p2	i	D	31	hp2	;	p2	i	D	14
Then	the	best	approximation	in	V	to	p	by	polynomials	in	P2	is	pO	D	projP2	p	D	hp;	p0	i	hp;	p1	i	hp;	p2	i	p0	C	p1	C	p2	hp0	;	p0	i	hp1	;	p1	i	hp2	;	p2	i	D	58	p0	C	31	p	14	2	D	8	5	31	2	.t	14	2/:	This	polynomial	is	the	closest	to	p	of	all	polynomials	in	P2	,	when	the	distance	between	polynomials	is	measured	only	at	2,	1,	0,	1,	and	2.	6	4	9	6	5	25	6	9	2	5	2	3	:38
:18	:06	:04	6	:18	:59	:04	:12	7	7	38.	x0	D	v1	c.	Some	routine	verifications	are	saved	for	exercises,	when	they	will	benefit	students.	Let	S	be	the	set	consisting	of	the	standard	basis	for	R3	;	S	D	fe1	;	e2	;	e3	g.	v1	D	4	1	5,	v2	D	4	4	5,	v3	D	4	2	5,	y	D	4	1	5	5	6	2	1	2	2	3	2	3	2	3	2	3	1	2	3	4	4.	(If	r	equals	m	or	n	or	both,	some	or	all	of	the	zero	matrices	do	not
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orthogonal	matrices	U	and	V	do	not	affect	lengths	of	vectors	or	angles	between	vectors	(Theorem	7	in	Section	6.2).	Since	R	is	square,	it	is	invertible,	by	the	Invertible	Matrix	Theorem.	Find	a	polynomial	p3	such	that	fp0	;	p1	;	p2	;	p3	g	(see	Exercise	11)	is	an	orthogonal	basis	for	the	subspace	P3	of	P4	.	Exercises	3–8	refer	to	P2	with	the	inner	product
given	by	evaluation	at	1,	0,	and	1.	Show	that	the	first	column	of	U	T	AU	is	1	e1	,	where	e1	is	the	first	column	of	the	n		n	identity	matrix.	Loosely	speaking,	we	can	say	that	the	process	control	data	are	eight-dimensional.	Some	courses	reach	Chapter	5	after	about	five	weeks	by	covering	Sections	2.8	and	2.9	instead	of	Chapter	4.	For	a	probability	vector,
this	sum	must	be	1.	This	explains	why	the	constant	term	in	(4)	is	written	as	a0	=2.	It	also	describes	other	support	available	for	instructors.	Experiment	with	2	3	2	3	1:0	5	8	4	1	5	and	x	D	4	4:3	5	A	D	48	3	8:1	4	1	2	5.8	EXERCISES	In	Exercises	1–4,	the	matrix	A	is	followed	by	a	sequence	fxk	g	produced	by	the	power	method.	2	1	61	EXAMPLE	4	Find	a	QR
factorization	of	A	D	6	41	1	0	1	1	1	3	0	07	7.	7	6	7	6	4	15	4	05	405	4	15	0	1	0	0	7.	Construct	an	orthogonal	basis	for	W	.	When	the	vector	u	v	is	added	to	v,	the	result	is	u.	Justify	the	statement	in	Example	2	that	the	second	singular	value	of	a	matrix	A	is	the	maximum	of	kAxk	as	x	varies	over	all	unit	vectors	orthogonal	to	v1	,	with	v1	a	right	singular	vector
corresponding	to	the	first	singular	value	of	A.	Thus	fv1	;	v02	;	v3	g	is	an	orthogonal	set	of	nonzero	vectors	and	hence	a	linearly	independent	set	in	W	.	The	simplest	example	of	a	nonzero	quadratic	form	is	Q.x/	D	xTI	x	D	kxk2	.	P	D	4	0	0	1	0	0	0	21.	Read	a	MATLAB	manual,	and	then	describe	the	basic	idea	behind	the	algorithm	for	the	roots	command.	x3
3	v2	v1	v3	5	p	x1	15	x2	FIGURE	4	PRACTICE	PROBLEM									1	1	3	4	Plot	the	points	v1	D	,	v2	D	,	v3	D	,	and	p	D	on	graph	paper,	and	0	2	1	3	explain	why	p	must	be	an	affine	combination	of	v1	,	v2	,	and	v3	.	Use	this	fact	to	construct	a	nonzero	vector	v	in	R3	that	is	orthogonal	to	u1	and	u2	.	The	unit	eigenvectors	u1	;	:	:	:	;	up	of	the	covariance	matrix	S
are	called	the	principal	components	of	the	data	(in	the	matrix	of	observations).	The	formula	is	u		v	D	kuk	kvk	cos	#	(2)	To	verify	this	formula	for	vectors	in	R2	,	consider	the	triangle	shown	in	Fig.	Each	term	in	(2)	is	an	n		n	matrix	of	rank	1.	EXAMPLE	2	Let	v	D	.1;	2;	2;	0/.	rank	A	D	2	3	3	2	:78	:40	b.	A	D	0	8	5					1	2	1	,	x0	D	8.	4/k	for	all	k.	Use	Exercise
12	to	find	the	eigenvalues	of	the	matrices	in	Exercises	13	and	14.	uvT	D	4	3a	5a	5b	5c	multiples	of	u,	so	Col	uvT	is	one-dimensional,	unless	a	D	b	D	c	D	0:	33.	:603972;	1;	:251135;	:148953/.	Least-Squares	Lines	The	simplest	relation	between	two	variables	x	and	y	is	the	linear	equation	y	D	ˇ0	C	ˇ1	x	.¹	Experimental	data	often	produce	points	.x1	;	y1	/;	:	:
:	;	.xn	;	yn	/	that,	¹	This	notation	is	commonly	used	for	least-squares	lines	instead	of	y	D	mx	C	b	.	See	Computational	fluid	dynamics	Change	of	basis,	239–244	in	Rn	,	241–242	Change	of	variable	for	complex	eigenvalue,	299	in	differential	equation,	315	in	dynamical	system,	306–307	in	principal	component	analysis,	427	in	a	quadratic	form,	402–403
Change-of-coordinates	matrix,	219,	240–241	Characteristic	equation	of	matrix,	273–281,	295	Characteristic	polynomial,	276,	279	Characterization	of	Linearly	Dependent	Sets	Theorem,	58,	60	Chemical	equations,	51,	54	Cholesky	factorization,	406,	432	Classical	adjoint,	179	Classification	of	States	and	Periodicity,	10.4	Closed	set,	465,	466	Codomain,
63	Coefficient	correlation,	336	filter,	246	Fourier,	387	of	linear	equation,	2	matrix,	4	regression,	369	trend,	386	Cofactor	expansion,	165–166,	172	Column	space,	201–203	basis	for,	149–150,	211–212,	231–232	dimension	of,	228,	233	least-squares	problem,	360–362	and	null	space,	202–204	subspace,	147–148,	201	See	also	Fundamental	subspaces
Column-row	expansion,	119	Column(s)	augmented,	108	determinants,	172	operations,	172	orthogonal,	364	orthonormal,	343–344	pivot,	14,	212,	233,	A1	span	Rm	,	37	sum,	134	vector,	24	Comet,	orbit	of,	374	Communication	Classes,	10.3	Commutativity,	98,	160	Compact	set,	465,	467	Companion	matrix,	327	Complement,	orthogonal,	334–335
Complex	eigenvalues,	315–317	Complex	number,	A3–A7	absolute	value	of,	A4	argument	of,	A6	conjugate,	A4	geometric	interpretation	of,	A5–A6	polar	coordinates,	A6	powers	of,	A7	and	R2	,	A7	real	and	imaginary	axes,	A5	real	and	imaginary	parts,	A3	Complex	root,	248,	277,	295	See	also	Auxiliary	equation;	Eigenvalue	Complex	vector,	24n	real	and
imaginary	parts,	297–298	Complex	vector	space,	190n,	295,	308	Component	of	y	orthogonal	to	u,	340	Composition	of	linear	transformations,	95,	128	Composition	of	mappings,	94,	140	Computational	fluid	dynamics	(CFD),	91	Computer	graphics,	138	barycentric	coordinates	in,	449–451	Bézier	curves	in,	481,	482	center	of	projection,	142	composite
transformations,	140	homogeneous	coordinates,	139,	141–142	perspective	projections,	142–144	shear	transformations,	139	3D,	140–142	Condition	number,	114,	116,	176,	391	singular	value	decomposition,	420	Conformable	partition,	118	Conjugate	pair,	298,	A4	Consistent	system,	4,	7–8,	21	matrix	equation,	36	Constant	of	adjustment,	positive,	251
Constrained	optimization,	408–414	eigenvalues,	409–410,	411–412	feasible	set,	412	indifference	curve,	412–413	See	also	Quadratic	form	Consumption	matrix,	133,	134,	135	Continuity	of	quadratic/cubic	Bézier	curves	geometric	.G	0	;	G	1	/	continuity,	483	parametric	.C	0	;	C	1	;	C	2	/	continuity,	483,	484	Continuous	dynamical	systems,	266,	311–319
Continuous	functions,	196,	205,	230,	380–382,	387–388	Contraction	transformation,	66,	74	Contrast	between	Nul	A	and	Col	A,	202–203	Control	points,	in	Bézier	curves,	460,	481,	482,	488–489	Control	system,	122,	189–190,	264,	301	control	sequence,	264	controllable	pair,	264	Schur	complement,	122	space	shuttle,	189–190	state	vector,	122,	254,
264	state-space	model,	264	steady-state	response,	301	system	matrix,	122	transfer	function,	122	Controllability	matrix,	264	Convergence,	135,	258–259	See	also	Iterative	methods	Convex	combinations,	454–461	convex	sets,	455–459,	466–467,	470–473	definition	of,	454	weights	in,	454–455	Convex	hull,	454,	472	of	Bézier	curve	control	points,	488
(fig.)	of	closed	set,	465,	466	of	compact	set,	465,	467	geometric	characterization	of,	456–457	of	open	set,	465	Convex	set(s),	455–460	disjoint	closed,	466	(fig.)	Index	extreme	point	of,	470–473	hyperplane	separating,	466–467	intersection	of,	456	profile	of,	470,	472	See	also	Polytope(s)	Coordinate	mapping,	216–217,	219–222,	239	Coordinate	system(s),
153–155,	216–222	change	of	basis,	239–244	graphical,	217–218	isomorphism,	220–222	polar,	A6	Rn	,	218–219	Coordinate	vector,	154,	216–217	Correlation	coefficient,	336	Cost	vector,	31	Counterexample,	61	Covariance	matrix,	425–427,	429	Cramer’s	rule,	177–180	Cross	product,	464	Cross-product	term,	401,	403	Crystallography,	217–218	Cube,
435,	436	four-dimensional,	435	Cubic	curve	Bézier,	460,	481–	482,	484,	485,	491–492	Hermite,	485	Cubic	splines,	natural,	481	Current	flow,	82	Current	law,	83	Curve-fitting,	23,	371–372,	378–379	Curves.	Let	U	be	the	2		1	matrix	whose	only	column	is	u1	.	The	following	two	facts	about	W	?	THEOREM	7	Let	U	be	an	m		n	matrix	with	orthonormal
columns,	and	let	x	and	y	be	in	Rn	.	Hint:	Compute	QT	Q,	using	the	fact	that	.uuT	/T	D	uT	T	uT	D	uuT	.	This	implies	that	p4	p3	D	p3	p2	.	tion	6.3,	the	projection	bO	has	the	property	that	b	bO	is	orthogonal	to	Col	A,	so	b	AOx	is	orthogonal	to	each	column	of	A.	The	matrix	of	a	quadratic	form	is	a	symmetric	matrix.	Justify	each	answer.	v/k2	D	ku	C	vk2	D	.u
C	v/	.u	C	v/	D	u	.u	C	v/	C	v		.u	C	v/	D	uu	C	uv	C	vu	C	vv	D	kuk	C	kvk	C	2u		v	2	2	Theorem	1(b)	Theorem	1(a),	(b)	Theorem	1(a)	(1)	334	CHAPTER	6	Orthogonality	and	Least	Squares	The	same	calculations	with	v	and	v	interchanged	show	that	Œdist	.u;	v/2	D	kuk2	C	k	vk2	C	2u		.	Weighted	Least-Squares	Let	y	be	a	vector	of	n	observations,	y1	;	:	:	:	;	yn	,
and	suppose	we	wish	to	approximate	y	by	a	vector	yO	that	belongs	to	some	specified	subspace	of	Rn	.	w	is	in	both	Nul	A	and	Col	A.	P	D	,C	D	2	0	:28	:96	21.	1/n	a0	,	where	B	is	a	certain	polynomial	(by	the	induction	assumption).]	22.	This	proves	the	first	statement	of	the	theorem.	Most	of	the	theorems	have	formal	proofs,	written	with	the	beginning
student	in	mind.	EXAMPLE	2	a.	Thus,	when	dim	W	>	1,	each	term	in	(2)	is	itself	an	orthogonal	projection	of	y	onto	a	one-dimensional	subspace	spanned	by	one	of	the	u’s	in	the	basis	for	W	.	THEOREM	6	Let	S	D	fv1	;	:	:	:	;	vk	g	be	an	affinely	independent	set	in	Rn	.	This	proves	that	ci	D	di	for	i	D	1;	:	:	:	;	k	.	Use	the	Gram–Schmidt	process	to	produce	an
orthogonal	basis	for	W	.	9.	Sections	1.3	and	1.4	show	how	a	system	of	linear	equations	is	equivalent	to	a	vector	equation	and	to	a	matrix	equation.	A	vector	v	and	its	negative	v	have	equal	lengths.	2.)	The	first	two	singular	values	of	A	are	the	lengths	of	the	major	and	minor	semiaxes	of	the	ellipse.	2/	C	4k	D	.	Suppose	that	the	equality	holds	for	p	D	k	,
with	k		2,	let	fv1	;	:	:	:	;	vkC1	g	be	an	orthonormal	set,	and	consider	x	D	c1	v1	C				C	ck	vk	C	ckC1	vkC1	D	uk	C	ckC1	vkC1	,	where	uk	D	c1	v1	C				C	ck	vk	.	.U	x/.U	y/	D	x		y	c.	See	Affine	combinations	in	applications,	31	weights,	27,	35,	201	Linear	dependence,	56–57,	58	(fig.),	208,	444	affine	dependence	and,	445–446,	452	column	space,	211–212	row-
equivalent	matrices,	A1	row	operations,	233	Linear	difference	equation.	Since	Row	AT	D	Col	A,	this	proves	(c).	r0	D	p0	,	r1	D	0	3	3	b.	Since	†	and	†T	have	the	same	nonzero	diagonal	entries,	A	and	AT	have	the	same	nonzero	singular	values.	But	f	is	obviously	in	this	subspace,	so	f	is	its	own	best	approximation:	f	.t/	D	3	2	sin	t	C	5	sin	2t	6	cos	2t	y	y	=	3	–
2	sin	t	y	=	f	(t)	9	3	π	t	2π	–3	For	the	first-order	approximation,	the	closest	function	to	f	in	the	subspace	W	D	Spanf1;	cos	t;	sin	tg	is	3	2	sin	t	.	Show	that	W	?	Let	A	be	the	n		k	matrix	Œ	v1				vk	.	SOLUTION	The	elimination	procedure	is	shown	here	with	and	without	matrix	notation,	and	the	results	are	placed	side	by	side	for	comparison:	2x2	C	x3	D	2x2
8x3	D	4x1	C	5x2	C	9x3	D	x1	0	8	9	2	1	4	0	4	2	2	5	3	0	85	9	1	8	9	Keep	x1	in	the	first	equation	and	eliminate	it	from	the	other	equations.	[M]	w	is	in	Col	A	but	not	in	Nul	A.	This	simple	observation	leads	to	the	following	important	inequality.	If	A	is	an	n		n	diagonalizable	matrix,	then	each	vector	in	Rn	can	be	written	as	a	linear	combination	of	eigenvectors
of	A.	(Compare	this	figure	with	Fig.	The	sample	mean,	M,	of	the	observation	vectors	X1	;	:	:	:	;	XN	is	given	by	1	M	D	.X1	C				C	XN	/	N	For	the	data	in	Fig.	2	3	3	2	1	EXAMPLE	3	Let	A	D	4	2	3	1	5.	Hence	B	contains	all	convex	combinations	of	points	of	A.	MATLAB,	for	instance,	can	produce	both	the	eigenvalues	and	the	eigenvectors	with	one	command,
eig.	Let	fv1	;	:	:	:	;	vp	g	be	an	orthonormal	set	in	Rn	.	Exercises	marked	with	the	symbol	[M]	are	designed	to	be	worked	with	the	aid	of	a	“Matrix	program”	(a	computer	program,	such	as	MATLAB®	,	MapleTM	,	Mathematica®	,	MathCad®	,	or	DeriveTM	,	or	a	programmable	calculator	with	matrix	capabilities,	such	as	those	manufactured	by	Texas
Instruments).	Scientists	and	engineers	now	work	on	problems	far	more	complex	than	even	dreamed	possible	a	few	decades	ago.	Let	p	be	the	polynomial	in	Exercise	22,	and	suppose	the	equation	p.t/	D	0	has	distinct	roots	1	,	2	,	3	.	[M]	According	to	Kepler’s	first	law,	a	comet	should	have	an	elliptic,	parabolic,	or	hyperbolic	orbit	(with	gravitational
attractions	from	the	planets	ignored).	The	material	is	accessible	to	students	with	the	maturity	that	should	come	from	successful	completion	of	two	semesters	of	college-level	mathematics,	usually	calculus.	For	all	odd-numbered	writing	exercises,	either	a	solution	is	included	at	the	back	of	the	text	or	a	hint	is	provided	and	the	solution	is	given	in	the
Study	Guide,	described	below.	The	Spectral	Theorem	The	set	of	eigenvalues	of	a	matrix	A	is	sometimes	called	the	spectrum	of	A,	and	the	following	description	of	the	eigenvalues	is	called	a	spectral	theorem.	2/2	C	.2/2	C	.0/2	D	9	p	kvk	D	9	D	3	Then,	multiply	v	by	1=kvk	to	obtain	x2	1	3	2	3	1	1=3	6	7	1	16	2	7	1	7	D	6	2=3	7	vD	vD	6	uD	4	5	4	2	2=3	5	kvk
3	3	0	0	W	x	x1	1	D	1	9	C	4	9	C	4	9	C0D1	vector	z	that	is	a	basis	for	W	.	This	relation	between	y	and	y	v1	holds	for	any	affine	combination	of	points,	as	the	following	theorem	shows.	Let	U	be	an	n		n	orthogonal	matrix.	If	A	has	a	QR	factorization,	say	A	D	QR,	then	the	best	way	to	find	the	least-squares	solution	of	Ax	D	b	is	to	compute	xO	D	R	1	QT	b.	y	D	4
3	5,	u1	D	4	3	5,	u2	D	4	1	5	4	2	5	2	2	2	3	3	3	1	1	1	8.	The	set	fQv1	;	:	:	:	;	vQ	p	g	of	homogeneous	forms	in	RnC1	is	linearly	dependent.	There	are	substantially	more	drawings	here	than	usual,	and	some	of	the	figures	have	never	before	appeared	in	a	linear	algebra	text.	Because	of	(a),	a	proof	of	(d)	can	be	given	using	Exercise	32	and	the	Schur
factorization	discussed	in	Supplementary	Exercise	16	in	Chapter	6.	EXAMPLE	5	If	u	D	.u1	;	u2	;	u3	/	and	v	D	.v1	;	v2	;	v3	/,	then	p	dist	.u;	v/	D	ku	vk	D	.u	v/.u	v/	p	D	.u1	v1	/2	C	.u2	v2	/2	C	.u3	v3	/2	Orthogonal	Vectors	||u	–	v||	u	v	||u	–	(–	v)||	0	–v	FIGURE	5	The	rest	of	this	chapter	depends	on	the	fact	that	the	concept	of	perpendicular	lines	in	ordinary
Euclidean	geometry	has	an	analogue	in	Rn	.	EXAMPLE	4	In	geography,	local	models	of	terrain	are	constructed	from	data	.u1	;	v1	;	y1	/;	:	:	:	;	.un	;	vn	;	yn	/,	where	uj	,	vj	,	and	yj	are	latitude,	longitude,	and	altitude,	respectively.	Orthogonal	Projections	25.					1	0	5	0	1.	7=5	aa	5	aa	5	2	3	4	p	2.	If	A	is	a	diagonal	matrix,	the	graph	is	in	standard	position,
such	as	in	Fig.	A	least-squares	solution	of	Ax	D	b	is	a	vector	xO	such	that	kb	Axk		kb	AOxk	for	all	x	in	Rn	.	Orthogonal	19.	DEFINITION	An	inner	product	on	a	vector	space	V	is	a	function	that,	to	each	pair	of	vectors	u	and	v	in	V	,	associates	a	real	number	hu;	vi	and	satisfies	the	following	axioms,	for	all	u,	v,	w	in	V	and	all	scalars	c	:	1.	Suppose	the
factorization	below	is	an	SVD	of	a	matrix	A,	with	the	entries	in	U	and	V	rounded	to	two	decimal	places.	(Recall	that	ci	D	hg;	pi	i=hpi	;	pi	i.)	We	can	ignore	p3	and	c3	if	we	want	only	the	quadratic	trend.	If	the	columns	of	an	m		n	matrix	A	are	orthonormal,	then	the	linear	mapping	x	7!	Ax	preserves	lengths.	Hence,	by	the	Basis	Theorem	in	Section	4.5,	fv1
;	v02	;	v3	g	is	an	orthogonal	basis	for	W	.	The	normal	equations	can	be	solved	to	produce	xO	,	and	then	zO	is	found	by	computing	AOx.	3	2	2	3	2	3	1	a	x	11.	Œ.aff	A/	[	.aff	B/		aff	.A	[	B/.	T	F	F	T	d.	Sometimes	yO	is	denoted	by	projL	y	and	is	called	the	orthogonal	projection	of	y	onto	L.	Let	S	be	the	set	of	points	on	the	curve	y	D	1=x	for	x	>	0.	28.	Is	p1	in
Span	S	?	[Suggestion:	Study	jhx;	yij2	.]	b.	Show	that	if	P	is	an	orthogonal	m		m	matrix,	then	PA	has	the	same	singular	values	as	A.	2	3	:5	6	:5	7	6	c.	3;	1/	and	the	origin.	3;	1/;	.	The	inverse	power	method	(with	˛	D	0/	produces	1	1	D	:010141,	2	1	D	:010150.	1,	along	with	x1	,	x2	,	and	the	projection	p	of	x2	onto	x1	.	v2	p1	v1	p3	453	19.	x.	By	statement	(c)
in	Theorem	5,	fv1	;	v2	;	v3	;	v4	g	is	affinely	dependent.	That	is	exactly	what	the	National	Geodetic	Survey	did	in	1974,	when	it	set	out	to	update	the	North	American	Datum	(NAD)—a	network	of	268,000	precisely	located	reference	points	that	span	the	entire	North	American	continent,	together	with	Greenland,	Hawaii,	the	Virgin	Islands,	Puerto	Rico,
and	other	Caribbean	islands.	Then,	since	B	is	convex,	Theorem	7	implies	that	B	contains	all	convex	combinations	of	points	of	B	.	The	process	of	creating	u	from	v	is	sometimes	called	normalizing	v,	and	we	say	that	u	is	in	the	same	direction	as	v.	Typical	elements	of	T	.U	/	have	the	form	T	.u1	/	and	T	.u2	/,	where	u1	,	u2	are	in	U	.	v1	D	2.v2	v1	/	C	3.v3	v4
D	4v1	C	2v2	C	3v3	v1	/	(5)	(6)	x3	v3	v4	v1	v2	aff{v1	,	v2	,	v3}	v3	–	v1	v4	–	v1	x2	v2	–	v1	x1	FIGURE	3	v4	is	in	the	plane	aff	fv1	;	v2	;	v3	g.	See	Difference	equation	Linear	equation,	2–12	See	also	Linear	system	Linear	filter,	246	Linear	functionals,	461,	466,	472	maximum	value	of,	473	Linear	independence,	55–62,	208	eigenvectors,	270	matrix	columns,
57,	77	in	P	3	,	220	in	Rn	,	59	sets,	56,	208–216,	227	signals,	245–246	zero	vector,	59	Linear	model.	1/n	.a0	C	a1		C				C	an	D	.	Let	S	D	fx	W	Ax	D	bg.	Hint:	For	part	of	the	solution,	consider	w1	and	w2	in	H	C	K	,	and	write	w1	and	w2	in	the	form	w1	D	u1	C	v1	and	w2	D	u2	C	v2	,	where	u1	and	u2	are	in	H	,	and	v1	and	v2	are	in	K	.	Let	abc	denote	the
closed	triangular	region	determined	by	a;	b,	and	c,	and	let	pbc	be	the	region	determined	by	p,	b,	and	c.	Two	simple	choices	appear	when	x3	D	0	and	x3	D	1.	Solution	of	the	normal	equations	is	simplified,	just	as	in	Example	4	in	Section	6.5.	See	Exercises	17	and	18.	The	following	properties	of	the	inner	product	are	easily	deduced	from	properties	of	the
transpose	operation	in	Section	2.1.	(See	Exercises	21	and	22	at	the	end	of	this	section.)	THEOREM	1	Let	u,	v,	and	w	be	vectors	in	Rn	,	and	let	c	be	a	scalar.	F	F	3.	In	general,	a	linear	model	will	arise	whenever	y	is	to	be	predicted	by	an	equation	of	the	form	y	D	ˇ0	f0	.u;	v/	C	ˇ1	f1	.u;	v/	C				C	ˇk	fk	.u;	v/	with	f0	;	:	:	:	;	fk	any	sort	of	known	functions	and
ˇ0	;	:	:	:	;	ˇk	unknown	weights.	36.	Observe	that	fu1	;	u2	g	1	1	3	is	an	orthogonal	basis	for	W	D	Span	fu1	;	u2	g.	(Justify	answers	to	Exercises	27–34.)	17.	In	fact,	it	is	easy	to	check	that	fv1	;	v2	;	v3	g	is	an	orthogonal	basis	for	R3	.	fk	.P	n	/	D	fk	.Q/	C	fk	1	.Q/	c.	f.	[M]	A	Landsat	image	with	three	spectral	components	was	made	of	Homestead	Air	Force	Base
in	Florida	(after	the	base	was	hit	by	hurricane	Andrew	in	1992).	Show	that	if	U	is	an	orthogonal	matrix,	then	any	real	eigenvalue	of	U	must	be	˙1.	As	a	founding	member	of	the	NSF-sponsored	Linear	Algebra	Curriculum	Study	Group,	Lay	has	been	a	leader	in	the	current	movement	to	modernize	the	linear	algebra	curriculum.	They	are	crafted	in	a	way
that	retells	the	substance	of	each	of	the	sections	they	follow,	developing	the	students’	confidence	while	challenging	them	to	practice	and	generalize	the	new	ideas	they	have	just	encountered.	Explain	why	W	D	Rn	.	The	laboratory	report	for	each	sample	is	a	vector	in	R8	,	and	the	set	of	such	vectors	forms	an	8		300	matrix,	called	the	matrix	of
observations.	2	3	2	0	1	1	67	1	0	47	7,	33.	Also,	xTB	TB	x	D	.B	x/TB	x	D	kB	xk2		0,	so	the	quadratic	form	is	positive	semidefinite,	and	we	say	that	the	matrix	B	TB	is	positive	semidefinite.	336	CHAPTER	6	Orthogonality	and	Least	Squares	which	can	be	rearranged	to	produce		1	kuk2	C	kvk2	ku	vk2	kuk	kvk	cos	#	D	2	1	2	D	u	C	u22	C	v12	C	v22	.u1	2	1	D	u1
v1	C	u2	v2	D	uv	v1	/2	.u2	v2	/2		The	verification	for	R3	is	similar.	3	1	37.	Compute	Axk	.	3	2	1	1	1	0	05	c.	x0	.t/	D	.	F	T	T	e.	6	4	0	5,	4	1	5,	4	3	5;	dim	is	3	1	2	0	3	2	3	2	3	2	2	0	1	6	27	6	07	657	7;	dim	is	3	7	6	7	6	6	,	,	5.	To	make	A	symmetric,	the	coefficient	of	xi	xj	for	i	¤	j	must	be	split	evenly	between	the	.i;	j	/-	and	.j;	i/-entries	in	A.	1	farthest	from	the
origin,	namely,	3	2					1=3	4	11	14	4	18	5	2=3	D	Av1	D	8	7	2	6	2=3	p	p	For	kxk	D	1,	the	maximum	value	of	kAxk	is	kAv1	k	D	360	D	6	10.	See	Linear	system	System	matrix,	122	Tangent	vector,	482–483,	490–492	Tetrahedron,	185,	435,	436	Theorem	affine	combination	of	points,	437–438	Basis,	156,	227	Best	Approximation,	350	Caratheodory,	457–458
Cauchy–Schwarz	Inequality,	379	Cayley–Hamilton,	326	Characterization	of	Linearly	Dependent	Sets,	58,	60,	208	Column–Row	Expansion	of	AB,	119	Cramer’s	Rule,	177	De	Moivre’s,	A7	Diagonal	Matrix	Representation,	291	Diagonalization,	282	Existence	and	Uniqueness,	21,	43	Gram–Schmidt	Process,	355	Inverse	Formula,	179	Invertible	Matrix,	112–
113,	156–157,	171,	235,	275,	421	Multiplicative	Property	(of	det),	173	Orthogonal	Decomposition,	348	Principal	Axes,	403	Pythagorean,	334	QR	Factorization,	357	Quadratic	Forms	and	Eigenvalues,	405–406	Rank,	156,	233–234	Row	Operations,	169	Singular	Value	Decomposition,	417	Spanning	Set,	210–211,	212	Spectral,	397–398	Triangle
Inequality,	380	Unique	Representation,	216,	447	Uniqueness	of	the	Reduced	Echelon	Form,	13,	A1	Three-moment	equation,	252	Total	variance,	426	fraction	explained,	428	Trace	of	a	matrix,	294,	426	Trajectory,	303,	313	Transfer	function,	122	Transfer	matrix,	128	Transformation	affine,	69	codomain,	63	definition	of,	63	domain	of,	63	identity,	290
image	of	a	vector	x	under,	63	range	of,	63	See	also	Linear	transformation	Translation,	vector,	45	I11	in	homogeneous	coordinates,	139–140	Transpose,	99–100	conjugate,	391n	of	inverse,	105	of	matrix	of	cofactors,	179	of	product,	99	properties	of,	99–100	Trend	analysis,	385–386	Trend	surface,	372	Triangle,	area	of,	185	Triangle	inequality,	380
Triangular	matrix,	5	determinants,	167	eigenvalues,	269	lower,	115,	125–126,	127	upper,	115,	119–120	Tridiagonal	matrix,	131	Trigonometric	polynomial,	387	Trivial	solution,	43	TrueType®	fonts,	492	Uncorrelated	variable,	427	Underdetermined	system,	23	Uniform	B-spline,	491	Unique	Representation	Theorem,	216,	447	Unique	vector,	197
Uniqueness	question,	7–9,	20–21,	64,	72	Unit	cell,	217–218	Unit	consumption	vector,	132	Unit	cost	matrix,	67	Unit	lower	triangular	matrix,	124	Unit	square,	72	Unit	vector,	332,	377,	408	Unstable	equilibrium,	310	Upper	triangular	matrix,	115,	119–120	Utility	function,	412	Value	added	vector,	137	Vandermonde	matrix,	160,	186,	327	Variable,	18
basic/free,	18	leading,	18n	uncorrelated,	427	See	also	Change	of	variable	Variance,	362–363,	375,	384n,	426	sample,	430–431	scene,	393–394	total,	426	Variation-diminishing	property	of	Bézier	curves	and	surfaces,	488	Vector(s),	24	addition/subtraction,	24,	25,	26,	27	angles	between,	335–336	as	arrows,	25	(fig.)	column,	24	I12	Index	Vector(s)
(continued)	complex,	24n	coordinate,	154,	216–217	cost,	31	decomposing,	342	distance	between,	332–333	equal,	24	equilibrium,	257–260	final	demand,	132	geometry,	486	image,	63	left	singular,	417	length/norm,	331–332,	377,	416	linear	combinations,	27–31,	60	linearly	dependent/independent,	56–60	negative,	191	normal,	462	normalizing,	332
observation,	368,	424–425	orthogonal,	333–334	parameter,	368	as	a	point,	25	(fig.)	price,	137	probability,	254	production,	132	in	R2	,	24–26	in	R3	,	27	in	Rn	,	27	reflection,	345–346	residual,	371	singular,	417	state,	122,	254,	264	steady-state,	257–260,	266–267,	279	sum,	24	tangent,	482–483	translations,	45	unique,	197	unit,	132,	332,	377	value
added,	137	weights,	27	zero,	27,	59,	146,	147,	190,	191,	334	See	also	Eigenvector	Vector	addition,	25	as	translation,	45	Vector	equation	linear	dependence	relation,	56–57	parametric,	44,	46	Vector	set,	56–60,	338–346	indexed,	56	linear	independence,	208–216,	225–228	orthogonal,	338–339,	395	orthonormal,	342–344,	351,	356	polynomial,	192,	193
Vector	space,	189–264	of	arrows,	191	axioms,	191	complex,	190n	and	difference	equations,	248–250	and	differential	equations,	204–205,	312	of	discrete-time	signals,	191–192	finite-dimensional,	226,	227–228	of	functions,	192,	380	infinite-dimensional,	226	of	polynomials,	192,	377	real,	190n	See	also	Geometry	of	vector	spaces;	Inner	product	space;
Subspace	Vector	subtraction,	27	Vector	sum,	24	Vertex/vertices,	138	of	polyhedron,	470–471	Vibration	of	a	weighted	spring,	196,	205,	214	Viewing	plane,	142	Virtual	reality,	141	Volt,	82	Volume	determinants	as,	180–182	ellipsoid,	185	parallelepiped,	180–181,	275	tetrahedron,	185	Weighted	least	squares,	376,	383–385	Weights,	27,	35	as	free
variables,	201	Wire-frame	approximation,	449	Wire-frame	models,	91,	138	Zero	functional,	461	Zero	matrix,	92	Zero	polynomial,	192	Zero	solution,	43	Zero	subspace,	147,	193	Zero	vector,	27,	59	orthogonal,	334	subspace,	147	unique,	191,	197	Photo	Credits	Page	1	Mark	II	computer:	Bettmann/Corbis;	Wassily	Leontief:	Hulton	Archive/Getty	Images.
What	do	you	conjecture	about	the	mapping	x	7!	T	.x/	D		xv		v	(for	v	¤	0)?	If	y	is	a	linear	combination	of	nonzero	vectors	from	an	orthogonal	set,	then	the	weights	in	the	linear	combination	can	be	computed	without	row	operations	on	a	matrix.	In	linear	algebra,	the	concepts	are	as	important	as	the	computations.	Closed	5.	is	a	subspace).	Thus	(2)	defines
an	inner	product	on	Pn	.	,	then	z1	must	be	the	orthogonal	projection	of	y	onto	W.	Appendixes	in	the	Study	Guide	provide	comparable	information	about	Maple,	Mathematica,	and	TI	graphing	calculators	(ISBN:	0-32138883-6).	The	amount	of	arithmetic	involved	is	about	the	same	as	in	the	approach	shown	above.	This	idea	is	particularly	useful	when	fu1
;	:	:	:	;	un	g	is	an	orthogonal	basis.	In	a	few	cases,	the	essential	calculations	of	a	proof	are	exhibited	in	a	carefully	chosen	example.	Show	that	if	X	is	the	design	matrix	for	the	least-squares	line	in	this	case,	then	X	TX	is	a	diagonal	matrix.	A	certain	experiment	produces	the	data	.1;	1:8/,	.2;	2:7/,	.3;	3:4/,	.4;	3:8/,	.5;	3:9/.	But	nowadays	mathematicians
regularly	deal	with	objects	in	vector	spaces	having	four,	five,	or	even	hundreds	of	dimensions.	q	/	p.1/	q.1/					c	p.0/	p.0/	T	.c	p/	D	Dc	D	cT	.p/	c	p.1/	p.1/	So	T	is	a	linear	transformation	from	P2	into	P2	.	1,	just	as	Av1	is	on	the	major	axis.	Such	a	matrix	is	necessarily	square.	No	part	of	this	publication	may	be	reproduced,	stored	in	a	retrieval	system,	or
transmitted,	in	any	form	or	by	any	means,	electronic,	mechanical,	photocopying,	recording,	or	otherwise,	without	the	prior	written	permission	of	the	publisher.	Thus,	p	is	on	the	line	segment	b=a	,	which	shows	that	Fig.	This	inner	product,	mentioned	in	the	exercises	for	Section	2.1,	is	also	referred	to	as	a	dot	product.	Thus,	when	S	is	affine,	S	D	aff	S	.
4	3=p20	5,	4	1=p20	5,	4	1=p2	5	1=	2	3=	20	1=	20	p	p	2	3	2	3	3	2	1=p18	1=	2	2=3	0p	5,	4	1=3	5	22.	(See	Section	2.9	or	4.5.)	Normalize	v1	and	z2	to	obtain	the	following	orthonormal	basis	for	the	eigenspace	for		D	7:	2	p	3	2	p	3	1=p18	1=	2	6	7	u1	D	4	0p	5	;	u2	D	4	4=	18	5	p	1=	2	1=	18	An	orthonormal	basis	for	the	eigenspace	for		D	2	is	2	3	2	3	2
2=3	14	1	1	5	D	4	1=3	5	2v3	D	u3	D	k2v3	k	3	2	2=3	By	Theorem	1,	u3	is	orthogonal	to	the	other	eigenvectors	u1	and	u2	.	THEOREM	5	Given	an	indexed	set	S	D	fv1	;	:	:	:	;	vp	g	in	Rn	,	with	p		2,	the	following	statements	are	logically	equivalent.	This	leads	to	a	contradiction,	which	shows	that	the	spanning	hypothesis	is	false.	6.1	20.	A	D	Iterative
Estimates	for	Eigenvalues	325	18.	Show	that	if	B	is	m		n,	then	B	TB	is	positive	semidefinite;	and	if	B	is	n		n	and	invertible,	then	B	TB	is	positive	definite.	That	is,	conv	A		B	.	(Actually,	a	“condition	number”	of	A	can	be	computed	in	several	ways,	but	the	definition	given	here	is	widely	used	for	studying	Ax	D	b.)	EXAMPLE	6	(Bases	for	Fundamental
Subspaces)	Given	an	SVD	for	an	m		n	matrix	A,	let	u1	;	:	:	:	;	um	be	the	left	singular	vectors,	v1	;	:	:	:	;	vn	the	right	singular	vectors,	and	1	;	:	:	:	;	n	the	singular	values,	and	let	r	be	the	rank	of	A.	Instead	of	the	Rank	Theorem,	you	may	use	the	Invertible	Matrix	Theorem,	since	P	I	is	a	square	matrix.	Yes.	aff	.A	\	B/		.aff	A	\	aff	B/.	21.	Today,	linear	algebra
has	more	potential	value	for	students	in	many	scientific	and	business	fields	than	any	other	undergraduate	mathematics	subject!	The	material	in	this	text	provides	the	foundation	for	further	work	in	many	interesting	areas.	In	fact,	the	intersection	of	any	collection	of	subspaces	is	itself	a	subspace.	y	y	2	2	y=t		y=t		t		t	2	(a)	Third	order		2	(b)	Fourth	order
FIGURE	3	Fourier	approximations	of	the	function	f	.t/	D	t	.	y	D	A	cos	x	C	B	sin	x	10.	"	p	p	#			:6	:8	1=p2	1=p2	7.	Roundoff	error	often	creates	an	echelon	form	with	full	rank.	Let	u	D	.u1	;	u2	;	u3	/.	The	mean	of	the	x	-data	is	xN	D	5:5.	The	set	of	all	vectors	in	Rn	orthogonal	to	one	fixed	vector	is	a	subspace	of	Rn	.	Thus,	each	affinely	dependent	set	is
automatically	linearly	dependent.	2	3	2	1	direction	of	greatest	repulsion	is	the	line	through	.1;	1/	and	the	origin.	positive	definite	if	and	only	if	the	eigenvalues	of	A	are	all	positive,	b.	;	Col	A	D	.Nul	AT	/?	EXAMPLE	2	Let	A	be	the	matrix	in	Example	1.	If	it	is	more	cost-effective	to	work	simultaneously	on	both	projects	rather	than	on	only	one,	then	x	and	y
might	satisfy	a	constraint	such	as	4x	2	C	9y	2		36	See	Fig.	By	the	law	of	cosines,	ku	vk2	D	kuk2	C	kvk2	2kuk	kvk	cos	#	(u1,	u2)	||u	–	v||	||u||		(v1,	v2)	||v||	FIGURE	9	The	angle	between	two	vectors.	A0	D	0,	so	the	zero	vector	is	in	Col	A.	THEOREM	8	Let	fS˛	W	˛	2	Ag	be	any	collection	of	convex	sets.	b	0	b.	So,	to	test	whether	a	set	is	affinely	dependent,
subtract	one	point	in	the	set	from	the	other	points,	and	check	whether	the	translated	set	of	p	1	points	is	linearly	dependent.	If	two	vectors	are	orthogonal,	they	are	linearly	independent.	6.3	Orthogonal	Projections	351	2	3	2	2	EXAMPLE	3	If	u1	D	4	5	5,	u2	D	4	1	as	in	Example	2,	then	the	closest	point	in	W	3	2	3	2	1	1	5,	y	D	4	2	5,	and	W	D	Span	fu1	;	u2
g,	1	3	to	y	is	2	3	2=5	y		u2	y		u1	u1	C	u2	D	4	2	5	yO	D	u	1		u1	u2		u2	1=5	EXAMPLE	4	The	distance	from	a	point	y	in	Rn	to	a	subspace	W	is	defined	as	the	distance	from	y	to	the	nearest	point	in	W	.	a0	C	a1	cos	t	C	a2	cos	2t	C	b1	sin	t	g.t/	D	2	a0	C	a1	cos	t	C	a2	cos	2t	C	b1	sin	t	C	b2	sin	2t	h.t/	D	2	15.	In	fact,	some	students	have	written	or	spoken	to	me



after	graduation	and	said	that	they	still	use	this	text	occasionally	as	a	reference	in	their	careers	at	major	corporations	and	engineering	graduate	schools.	Then	conv	S	is	the	upper	(open)	half-plane.	Produce	a	diagonal	matrix	C	such	that	D	D	C	TC	,	and	let	B	D	P	CP	T	.	It	is	easy	to	visualize	the	case	in	which	W	D	R2	D	Span	fu1	;	u2	g,	with	u1	and	u2
orthogonal.	By	Theorem	6,	such	a	matrix	has	orthonormal	columns.¹	It	is	easy	to	see	that	any	square	matrix	with	orthonormal	columns	is	an	orthogonal	matrix.	If	I	A	were	not	invertible,	then	the	equation	.I	A/x	D	0	would	have	a	nontrivial	solution	x.	Thus	det.Cp	I	/	D	.	Point	p2	is	on	the	v2	v3	edge	of	T	.	One	of	the	points	in	S	is	an	affine	combination	of
the	other	points	in	S	.	If	w	is	the	vector	in	RN	with	a	1	in	each	position,	then			X1				XN	w	D	X1	C				C	XN	D	0	because	the	Xk	are	in	mean-deviation	form.	Let	Q	D	Œ	u1	u2				u	n		For	k	D	1;	:	:	:	;	n;	xk	is	in	Span	fx1	;	:	:	:	;	xk	g	D	Span	fu1	;	:	:	:	;	uk	g.	/.	4	illustrate	the	following	definitions.	20.	Explain	why	A	1	is	also	orthogonally	diagonalizable.	4	1=3	5,	4
2=3	5	:8	:6	2=3	0	p	3	2	2	p	3	2	3	0p	1=p10	3=p10	21.	[M]	The	functions	are	cos	4t	and	cos	6t	.	THEOREM	1	A	point	y	in	Rn	is	an	affine	combination	of	v1	;	:	:	:	;	vp	in	Rn	if	and	only	if	y	is	a	linear	combination	of	the	translated	points	v2	v1	;	:	:	:	;	vp	v1	:	v1	438	CHAPTER	8	The	Geometry	of	Vector	Spaces	PROOF	If	y	v1	is	a	linear	combination	of	v2	c2	;	:
:	:	;	cp	such	that	y	Then	v1	D	c2	.v2	y	D	.1		c2	v1	;	:	:	:	;	vp	v1	/	C				C	cp	.vp	v1	;	there	exist	weights	v1	/	(2)	cp	/v1	C	c2	v2	C				C	cp	vp	(3)	and	the	weights	in	this	linear	combination	sum	to	1.	Compute	the	orthogonal	projection	of	q	onto	the	subspace	spanned	by	p	,	for	p	and	q	in	Exercise	4.	But	the	reverse	inclusion,	S		aff	S	,	always	applies.	Spitkovsky,
College	of	William	&	Mary	John	Alongi,	Northwestern	University	Steven	Bellenot,	Florida	State	University	Herman	Gollwitzer,	Drexel	University	David	R.	If	so,	then	.1;	:2/	is	an	eigenvector	and	7	is	the	dominant	eigenvalue.	So	xO	is	a	least-squares	solution	of	Ax	D	z.	u	C	.	Thus	the	proper	flats	in	R3	are	points	(zerodimensional),	lines	(one-
dimensional),	and	planes	(two-dimensional),	which	may	or	may	not	pass	through	the	origin.	By	Exercise	22	in	Section	6.5,	rank	ATA	D	rank	A.	Hence	D	,	and	aD	aD	.	Using	your	matrix	program,	apply	the	Gram–Schmidt	process	to	the	set	fp0	;	p1	;	p2	;	t	3	;	t	4	g	to	create	an	orthogonal	basis	for	P4	.	Lay	A	Note	to	Students	This	course	is	potentially	the
most	interesting	and	worthwhile	undergraduate	mathematics	course	you	will	complete.	Compute	kf	k	for	f	in	Exercise	21.	Explain	why	Ak	approaches	:4	1:2			:5	:75	as	k	!	1.	The	weights	in	a	linear	combination	can	be	computed	easily.	THEOREM	9	For	any	set	S	,	the	convex	hull	of	S	is	the	intersection	of	all	the	convex	sets	that	contain	S	.	Math.	A	D	4
2	,b	D	435	0	1	1	1	1	1=3	2=3	3	2	3	2	3	2	1	1	1=2	1=2		1		61	6	6	67	47	1=2	7	3	7	7	D	6	1=2	7	2	16.
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